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PREFACE. 


Aving for a long time obferv'd, that 
H moft of thofe, that take in hand the 


Elements of Euclid, ave apt to 
diflike them, becaufe they cannot pre[ently 
aifcern, to what end thofe [: eemingly 2ncon/i- 
derable, and yet dificult Propofitions, can 
conduce: I thought I Jhould do an accepta- 
ble piece of fervices in not only rendring them 
as eafie as poffible, but allo adding to each 
Propofition a brief account of [ome Ufes that 
as made of them in the other parts of the Ma- 
thematicks. In profecuting which defign, £ 


have been oblig’d to change [ome Demonftra- . 


tions, that [eem’d too intricate and perplex d, 
and above the ordinary capacity of Begenners, 
and to fubjictute others more intelligible in 
their flead. For the fame reafon, I have de» 
monfirated the fifth Bovk after a method, 
much more clear, than that by Equimuiti- 
ples, formerly ufed. I would nat be thought 
to have (et down all the Ufes, that may be 
A 2 made 


ee - 


The Preface. 
made of thefe Propofitions : to have done: 


that, would have oblig’d me to have compris à 
the whole Mathematicks #2 thew one Book ;; 
which would have render’d it both too large, 
and too difficult. But I have contented my 
felf with the choice of fuch, as may ferve too 
point out [ome of the Advantages they afforai 
us » and are alfo in themfelves moft clear,anai 
moft eafie to be apprehended. I have diftn.. 
σήμα them by* Inverted Commas, that! 
the Reader may know thems not defering he 
fbould dwell too long upon them, or labour too 
underftand them perfectly at firft, fince they 
depend on the Principles of the other Parts. 
This therefore beins the defign of this {mall 
Treatife, I voluntary offer i to the publick, 
in an Age, whofe Genius feems more addi} 
ited to the Mathematicks, than any that bass 
preceded it, 
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Eight Books of the Elements 
of EUCL 11 , together 
with the Ufe of the | Propo- 
{itions. 


THE FIRST Roo x. 


ΗΕ Be on Of EXCLID in this Look 
is to lay down the Firft t Principles of 
Geometry ; and to do it ‘methodically, 
‘he besins with Definitions , and the expli- 
"cation of the mott ordinai γ Ps erms. To thefe 
‘he adds fome Poftalata; and then propo- 
* fing thofe known Maxims, in Which natu- 
€ ral reafon does inftrudt us, he pretends, not to 
pore ince a Περ farther without a Demonftratio 
LEO convince every man, even the molt ob. 
[ie chac will crane nothing , but what isex- 
“pi ted from him. In che fir Propeficion, he 
treats of Lines, and the differen Avgleswhich 
“are 


€ 
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¢ sre form’d by their concourfe ; and having oc- 
« cafion to compare divers Triangles together, 
‘in order to demonftrate the Properties of 
© Angles, he makes that the bufnefs of the 
© Fight firft Propofitions. Then follow fome 
€ Practical Inftruétions, how co divide an Axg/e 
€ and a Line into two equal parts, and to draw a 
€ Perpendicular, Next he fhows the properties 
€ ofa Triangle, rogether with chofe of Parallel 
€ Lines ; and having thus finifh’d che Explica- 
6 rion of this firft figure, he paffes on to Faral- 
€ Jelogram:, teaching the manner of reducing 
any Polygone, ot mulcangular figure into one 
‘more regular, Laftly, he finifhes che firft 
€ Book wich chat famous Propoñtion of Pytha- 
“goras, That in every rectangular Triangle the 
Square of the * Bafe is equal to the Squares of 
both the other Sides. 

# He callschat the Bafe, which is commonly call'd the 
Hy poteaw/e,i.e. the Line that is oppofite to the right Angle. 


on RSR ERS is a Se 


DEFINITIONS. 
A Point is that which hath no parts. 


“This Definition muft be underftood in thts 
€ fenfe : That quantity, which we conceive 


ἆ wichout diftinguifhing its parts, or fo much as | | | 


€ confidering whether or noic has any, is a Af4-. | 

“shematical point; Which 1s therefore very 
ς À: 

dif} 
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‘ different from thofe of Zeno, which were fup- 
* pos’d to be abfolurely indivifible , and chere 
* fore fuch, that We may reafonably doubr whe. 
* ther they are poffible; but che former we can- 
“not doubt of, if we conceive them aright. 
2. A Line is length without breadth, 
“The fenfe of this definition is the fame 
* with the former, Thac quantity, which we 
* conceive as length, without refleGing on its 
* breadth or thicknefs, is that, which we under. 
*fland by a Lines though it be impoffible το 
* draw a real Line, which will tot be of à cer 
tain breadth. "Tis commonly faid, that a Line 
“is produc’d by the motion of a Point ; Which 
“ought tobe carefully obferv’ds for motion 
‘May on that manner produce any quantity 
“whatfoever: bur here, we mutt Imagine a 
* Point to be only fo mov’d, αἱ to leave one 
‘ trace in the fpace, through which it paffes, and 
* then, that trace will be a line. 
3» Thetwo Extreams of a Line are Points. 
| 4. À right Line is that, whofe pornts are equal. 
| 4) plac’d between the two Extreams, 
| “Orchus. A righr Line is che fhortef that 
can be drawn from one point to another. Or 
"yet. The Extreams of aright Line may cafta 
“thadow upon the whole Line. 
Se «4 Superficies or Surface is a quantity, te 
which ts attributed length ,and breadth without the 
éonfider ation of any thicknefr, 


6. The 


a ee 
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6. The Exireams of a Superficies are Lines. 

7. À plane or right Superficies is that, whofe 
dines are equally plac 4 between its two Extreams 3 
Or that, to whith a right line maybe every way 
apply" 4. 

A D Lhave before obferv'd, that 
fT TLL {| ‘ motion may produce any quan” 
rho ea LH HU EN accordingly 
Ci “we fay, when one line moves 
PEt 1 ] cover another, it produces a Su- 
B © éperfcies, or a Plane; and chat 

“chat motion has a kind of affinicy with Arith- 

€ merical Multiplication. Suppofe then the 
"μπε AB co pals along the line BC, retaining 
© fill che fame fcuation, without any inclination 

το one fide or other: che point A will defcribe 

“the line AD, che poinc Bthe line BC, and 

‘the intermediate points the lines parallel to 
€ chofe, which will make up the Superiicies A 
«Ρο D. 1 add further, that this motion anfivers 
“co Arithr vertical Multi plication ; becaufe did 
€ I know che number of points that are-c contain 4 
© in both chofe lines, AB, and DC; by ‘mula- 
* plying them togerher, { thould find a produét, 
“which would give me.the number of points, 
€ which confiture che whole fuperficies ABCD, 
© As for example, if AB contain d four points, , | 
“and BC fax, by faying four times fix make: |} 
“cwenty four, I find, chat the whole fuperficies : | 


© ABCD confifts of twenty four points. Now: li: 
by | 
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‘bya Mathematical point, may be underflood 
“any quantity whatfoever ; ο, 6: 4 Foot, provi- 
“ ded it be not fubdivided into parts. 


8. A plain Angle is the * difance or opening of 


two lines touching each other , [ο not to compofe 
only one line, 


* Overture. Gall. Wess ἀλλήλαι χλίσις, Euch} 


B ‘As the diftance D betwixt the 
‘lines AB; and BC; which are nor 

* parts of the fame line, 
9. À Rettilineal Angle is the die 
D fiance betwixt two right lines. | 
A C ‘ Tischiefly of this fort of Ane 
“gles that I would be underftood at prefenc: 
* which Idefine by dsftance or opening, becaufe 
"Experience reaches, chat the oreaceft part of 
“Beginners deceive themfelves in meafuring 
‘ the grearnefs of an Angle by that of che lines, 

¢ within which it is contain'd, 


, _ Phe Angle that is more 
ν open, 15 che greater; that 
| DR AEs cig when the lines of one an- 
in Ὁ | ‘ele lie more apart from each 
pes ας | \ “other than thofe of another, 
cli \ws taking them at the fame di- 
‘tance from the points of concourfe, the for- 
“mer is greater than the later, Accordingly 
‘ the anole A is greater chan the angle E; be. 
B * caufe 
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© caiife taking the points 1) and Bas remote 
‘fromthe pointe A; as the points G and L are 
€ from the point E ; the points D and B lie far- 
« chet.apart. from'each other, chan the points G 
© and L + from whence Linfer, chat if the lines 
€ EG and EL were produc’d farther,» theangle 
« E would bealways.of.the fame largenefs, and 
€ always lefs than the angle À. 

« Weule chtee letrers when we {peak of an | 
‘Angle, of which the middlemoit denotes the 
‘point of concourfe ; as the angle BAD is the 
“angle which by the lines BA and ADis form'd| 
‘arthe point A: cheangle BAC is that made: ll! 
“by che tines BA and ACs: the angle CAD 185} 
6 compris’d by the lines CA and AD. 

‘A Circle isthe meafure of an Ancle. Theres 
€ fore to know the magnitude of the Angle: 
‘BAD, I place che foor of the Compafs upon 
‘the point A, and defcribe the circle BCD :| 
“the angle is fo much the greater, by Πο 
¢ many more parts of a circle the arch,that mea- 
€ fures it, contains: and becaufe a circle is υ{-- 
5 ally divided into 360 parts, or degrees, there--| 

‘fore an angle is faid to have twenty, ΕΙΠΑ 
‘forty. degrees, according as the arch, com... 
‘pris’d becwixe the lines chat form it, containss| 
‘fo many. Sothe angle is che greater, whicfi] 
é contains more degrees, asthe angle BAD is] 
€ oreater chan the angle GEL. ‘The line C A 


st - 


ς Givides che angle BAD in the middle, becaufed | 
thod} | 
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| .Schearches BC and ÇD are equal: and the an- 
| “gle BAC is part of che angle BAD, becaufe 
|. “the arch BC is part of rhe arch BD. 
To. When one line faliiog upon. another makes 
two equal angles, they ure both right angles: and 
| tholine perpendicalarss Auto | 
| \ Hi LE Asiforexample\: if the line 
RPG AB plae’a uponche line CD, 
make thes apales: “AB Coand 
ABD equal; that is, if, ha. 
Ce ABT DENT defcribd a “femicircle 
“CAD from che ceñrét-B, the arches AC and 
‘AD “ate ‘equal : th@heles ABC, and ABD 
“are call’d tight anofes, and che line AB per- 
pendicutar, Therefore becaufe the arch CAD 
‘is a femicircle, the “StchesCA and AD are 
“each of them a quarcées: of a circle, that is the 
* fourth part of three hundred and fixty degrees, 


© chat is ‘ninety. | 
11. An Obtufeangle-ip that wbich.is greater 
than aright ones.) οὖν « | 
| * As the angle EBD is an obtufe or blunt. an- 
| “gle, becaufe its;arch. EAD contains more 
‘than a quarter of a cirefe, Bere 
» 12, An Acute angles that whieh is lefs than 
wih) 4 right one. RAR EUR Ps re 
* As the angle. EBG@is an acuté, becaufe the 
| ‘arch EC, which meafures it, has lefs thar 
| “ninety degrees. en 
Ù ©:13. À Termiis the extremity or ead of any 
ΔΙ quantity. νε Σα 14. 4 


[ 
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14. À Figure is à quantity comprehended by) 
one or more Terms, =~ 


€ Thac which is call’d a Figure ought to bee! 


“fimited and inclos’d on every fide. 


τς. A Circle is a plain. figure, terminated b:y 
the encompaffing of one lines which 15 ¢all’d thor 
Circumference; and 1s every where equally remotii] 


from the middle point. 


«Της Figure RVSX is :4 
“Circle, becaufe all che 


“drawn, from the point 
‘co the line RVSX, are ς; 
€ qual.. 

16. The middle point i 


cak’d the Center. 


17. The Diameter of a Circle is any line pa} 
fag through the Center, ‘and terminated at thig) 
Circumference, dividing the Circle nto two equaiy 


Darts, : 
€ Ag the lines VTX, and RTS. ” 


€ Buc if any, fhould doubr, whether the fino | 
©VTX docs indeed dividé'the'circle into twig 
‘equal parts, fo chat the part VSX ‘be equal teq 
‘the part VRX ; ic may on this manner bo 


‘prov'd. 


"© Suppofethe part VRX to be plac’d upon chi 


€ other VSX.: 1 fay, they will not ess | 4 
tng ! 


«μπες TR, TV, TS; IX) 


NW 


émet Dore: 
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= oy «thé other.» For if one fuppofe-. 


3 EVSX exceed the other VRX, 
\ © the line’ FR will be lefs chan 


V T * “than TY, whichis contrary to 
“the definition of a Circle, which affirms all 
“the lines drawn from the center to the circum. 
‘ ference to bé equal. 


18. À Semicircle is a figure terminated by thé 
Diameter, and half the Circumference 


19. Reblilineal figures tre fuch as are termi- 
nated by right lines, having three, or four, or fives 
or as many fides as 304 pleale, 


‘Euhd divides Triangles with refpeétei- 
‘ther to their angles, or fides. 


A 20, An Eguilateral Triangle is 
τῶν that which has its three fides equal : 
B/_\e ABC. | 


A 21. An Ifofceles, or eguicruval Tri. 
angle, is that which bas two fides equal : 
€ As if the cwo fides AB, and AC be 
‘equal, ‘the triangle’ ABC isan Ifo- 


B C ‘f{celes. | 
H 22.  Scalenum is 4 triangle hav- 
ing all the three fides nnequal, a GHI. 
23.4 


_NETS : and'inlike manner TZ, 


The Elements of Euclid. 
ο 23.:: À Retlangle. triangle: és that 
which has one right angle, 


‘ As DEF, fuppofing the angle E to 
‘be a fight one. : 


ανν ‘An Ambligone, or Obs 
tafangle triangle 18, that which: 
bas one angle obtufe, As IGH, | 


ALL  Oxygone, : or * Acütangle: 
triangle is that whofe Angles are! 
| alle acute. NS Aer: 


À. ‘ Pe 26, AA A Redlagle(ptoberly {o call 9 
oe is a gure bonfifting of four fides, Ana 
having allits angles rights ; 


27: 1 Square has all its fides 
3 Re nil, and its angles right as AB. 


ο--... ο 28. An Oblong Retlangle has its 
GE Ss fides unequal , bus its κ. right* 
Be a CD. 


SUR DD 22: 


κε. 39 ie cee Te or ο, bas tare fide à. | 
but mrp oi 2 wEFP 


SN 


| 
{| 
| 
| 
| 
| 
| 
| 


The Furl Bo gx 
G | 30. 4 Rhomboides, or oblong 


cin Lofange, hath both its fides awd 

angles πένα): as GH, a 

; | H 31. Other wregular figures of 

four fides.are call’d Trapefias ! | 

A | B 32. Parallel lines are 
fuch, as being in the-(ame 

plane will never concur, 


keeping fiill an equal. di. 
Jlance one from the other : as AB, CD. 


ο 


PART B 33. 4 Parallelogram is α 
figure, whofe two oppofite fides 
Ῥ x) ave Parahels: τας the Figure 
E * ABCD, whole fides AB,GDs 

σ ο D ‘and AC, BD, ate parallels. 


eee The Diameter of a Parallelogr ans: i 4 
right line drawn from one angle to another : a BC. 
356 The Complements are the two {mall Pa- 
ralielograms, through which the Diameter does 
not pals: as AFEH, and GDIE, 


D M 


est τε ERIE ES a I αμ 


DEMANDS, or SUPPOSITIONS. 


‘¥ Το fuppos'd, chara riche’ line may be 
drawn from any point whatfoever to 

1 

another, 


ο 


3. Thar a right line may be continu’d το 
What Ienoth you pleafe, 3. That 


ee ———— -- 
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3. That from à Center given a Circle may) 
be defcrib'd ας any diitance whatfoever. 


MAXIMES, or AXIOMES. 


I. 'T Hote quantities that are equal to a 
third, are equal becwixe chemfelves. 

2. If equal quantities be added to thofe chart 
are equal, the products will alfo be equal. 

3. If, equal quantities be taken away from 
chofe that are equal, the remainders will be e-- 
qual. 

‘4. If you add equal parts to quantiries une: | 
qual, chey will remain unequal. 

s. If from equal quanticies you take away} 
unequal parts, the remainders will be unequali 

6. Quantities that are double, triple, qua. 
druple, Ge. in refpect of the fame, are equal! 
among themfelves. 

7. Thofe quantities are faid to be equall,) 
which being apply’d one to the other, neiche:1} 
exceeds. | 

8. Equal lines and angles being plac’d one¢ 
upon another, do not furpafs each other. 

9. The whole is greater than its part. 
to, All right angles are equal ro one ano» | 


ther. 


. Lesd A 
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5 Let the two 


A £. 

“right angles pro- 
*pos'd be ABC, 
C.F DH F 7 G ‘EFH, Hay they 
‘are equal. For if 
“two equal circles CAD, HEG, be defcrib’d 
* from the centers B and F : the fourth parts of 
* thofe circles CA, HE, which are the meafures 
"Of the angles, ABC, EFH, will be equal : 
“therefore the angles ABC, EFH, having e- 

* qual meafures, will be equal, 
The eleventh Maxime of 
Enclid is to chis effet, If two 


ο /E D third EF, make the internal 

| angles, BEF, DFE, lefs than 

EWo right angles; the lines AB, CD heing pro- 

duc'd, will at length concur towards the points 

Band D, 

“Which, though ic be crue, is not clear 

“enough to be reciv’d for a Maxime : thereforz 
* have fubfituted another in its place. 


It. If two lines be parallel, all the perpen- 
diculars contain’d becwixc chem will be equal. 


AE GB © As for example, if the lines AB, 


“CD, are parallels, the perpendi- 
“cularlines FE,HG, are equal. 
CE HD «Εοι if EF was erearer than GH, 
“the lines AB and CD, would be more remote 

- & from 


19 


lines AB, CD, ‘being cut by a 
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6 from each other towards the points E & F |! 
€ than towards G and H; which would be cons) 
€ crary coche definition of Parallels, where cig 
€faid, chey:are fuch as always keep the famed) 
« diftance, meafu:’d by perpendiculars, 


12. Ywo right lines cannor enclofe any {pa ce+4) 
that is to fay, they cannot encompafs it os all 


13. Two right lines cannot have one com.) 
mon fegiment. ni 


‘By which.J mean, chat cweq 

‘riche fines, fappofe AB, and) 

‘CB, meeting ac the point Β) 

‘cannot together make one folie! 

‘line BD ; but cutting one anny | 

| “other feparate again immediiy | 
¢arely after their rencounter. For, if you de: 
éfcribe a circle from the point B as a center 

< APD will bea femicircle, becaufe the righ» 
€line ABD, paffing through che center B, will 

© divide che’ circle into two equal parts. Thad | 

 feoment CFD will be alfo a femicircle, be: | 

€ caufe CBD will be alfoa righc line, and willl | 

© bats through the center B: therefore the fem 
6 ment CFD will be equal το the fegment ΑΕΙ) 

the part to the whole; which is repugnanal § 

“to che ninch Maxime, | 

| Adver 


| The ΡΕ Βοοζ. | 
I ADVERTISEMENT. 
* T'Here are wo forts of Propofitions: In 
EE fome we have nothing but che bare Spe- 
“|< culation of a Truth,, without defcendme to ή 
tal ° Te κ 4 ; ee Hi 
| ‘Pratice, which we:call Theorems; in the |: 
| “other fomething is propos’d to be done, and ή 
| ‘thofe are call’d Problems. i 
| © The firft number of che quotations denotes i, 
| “the Propofitions, the. fecond the Book. As iF 
ey) © by the 2. of the 3. chat is, by the fecond Pro- je 
ᾗ “pofition of che third Book: but if only one 
) “number occur, ic figmifies fuch a Propopofi- | 
Hé) tion of the book you are chen upon. il 
4 PROPOSITION I. | 
fl ; 
ή A PaosLeM. ' 
1 
4 To draw an Equilateral Triangle upos | 
J any line given, 
f 
4] Ÿ ET che fine AB bepropos’d for the bafe 
ADA of an Equilaceral Triangle 5 from the 


mg) Center A ac che diftance AB defcribe the cirs 
| cle BCD; and likewife from che center B ar 
ln the diftance BA deferibe the circle DAC cut- 

| C 2 ting 
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cing the former ac thepoint C. Then draall 
the lines AC and BC ; and all the fides of tth 
triangle ABC will be equal. 
Demonftration, 
The Lines AB, ami 
AC being drawn frond 
the fame center A tt 
the circumference «0 
the circle BCD are ec 
qual, by the Dis of à Circle ; the lines BFA 
and BC are likewifé equal being drawn {τοῦ 
the center B roche circumference of the cit: 
cle CAD. Lafly rhe lines AC and BC beim 
équal to che fame line AB, dre alfo equal bee] | 
tween chemfelves. All hé three fides thereq | 
fore of the triangle ABC are equal. 
The USE, 
= ‘The defien of Exchid iif 
a= = placine this Problem hert\ : 
= «Was only to demonftrare chi ! 
‘two following Propofitionsy | 
ων © Bue it may be alfo furchee) | 
ο 5 ές 
‘an inecceffible line, as for example, che limd | 
“AB, which by reafon of a River or Precipicg | 
“cannot be approach’d. In fuch a cafe makid 
‘a {mall Equilaceral Triangle ΒΡΕ, either col)? 


rviceable for che meafurinoy by 


“wood. or copper, or the like ; ; aiid having lt 


‘ placed ic Horizontally upon B, obferve chi { i 


ss 


So D Er αμ en 


a ee 


En. 3 = < + — 
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"point A, by the fide BD, and any ether point 
* C, by the fide BE. Then transfer your Tri- 
“angle along the line BC, and place it upon 
* divers ‘parts of the fame line; till ac tength 
“you find a point C, upon which placing the 
“Triangle you fhall fee the point B, by the fide 
"CG, and the point A-by the fide CF. 1 fay 
‘ the lines CB and CA are equal ; fo that by 
‘Meafuring the line BC, you may know the 
“line AB. I might further dcmonftrare that 
“the lines AB, and BC are equal; but lerit 
“ fuffice chac in this Propofition, you are taught 
“the way of making an Infirument proper to 
* take the dimenfions of aninacceffible line. 


em 
PROPOSITION II, 


A PROBLEM. 


From a point given tovdraw a line equal to 
another line given. 


LA ET the point propos’d be 
C  B, from which a line fs to 
be drawn equal to theline A. 
Take with the Compafs the 
A D Jeneth of the line A, and at τας 
| Interval, making B the Center, 
defcribe the circle CD. Drawing then ti 
the 


ao The Elements of Euclid. 

the point B co which fide you pleafe, a line BI, 
ot BD, "tis evidenc it will be. equal coche 
line A. 

“Euclid propofes a more myfterious and in- 
“tticace method of demonftrating this Pro- 
“pofition 5 but in praétice we alwayes make ufe 
of chis ; in as much as, having taken with che 
“compafs che line A, “tis aseafy defcribing 4 
; circle from the center B, as from the cen- 

ter A. : 


PROPOSITION Jl. 
A PROBLEM. 


From à greater line to take a part equal to a lefs. 


isle you were to cake from the line BC, 
a part BI, equal to the line A. Take be- 
twixt che points of che :compafs the length of 
the line A, and ar that diftance, from the cen- 
_terB defcribe a circle, which fhall cuc che line 
BC atthe point I. "Tis certain the lines BI, 
and A, are equal, 

“ The Ufe of thefe two preceding Propofi- 
‘ tions is fufficiencly evident ; for as much as 
“we are frequently oblig’d in prattical G come. 
© try to draw one line equal to another; and το 
“take a parc of a greacer line equal toa line thar 
* as lefs, PROP. 


RD IER -- 
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PROPOSITION IV. 


A THEOREM, 


If two Triangles bave two fides equal, each te 
the other ve{petlively, and the angles aifo, forms'd 
by thofe two fides, equal their bafes and other 
angles will be equal, Fr 


À ET the criangles A 


D 
on ᾱ, BC,DEF have two 
fides equal each to the 
H eat 
LZ. - other refpectively > tnac 
F EC B 


= is to fay , Ἶει AB be 
G S] Ÿ 4 
equalto DE, and AC to 
DF ; and tet the angles BAC, EDF, form'd by 


thofe fides be alfo equal : I fay, che bafes μος 


EF, are equal, and the angles ABC, DEF; 
ACB, DFE, are equal ; and fly, the whole 
triangles equal in aif refpects. 

Demonftration. 

SupPofe the triangle DEF το be plae’d upon 
the triangle ABC : the fide DE being upon 
AB, they will not exceed each other, becaufe 
they are fuppos‘d (ο be equal ; fo chat the poinc 
E willbe upon B, and thé point D upon the’ 
Point A, For the fame reafon the line DE will 
fall upon AC. For if ic thoutd fall on the sah 
fide 
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fide of ic, the angle EDF would be greater than 
che angle BAC ; and if ic fhould fall within: |, ™ 
AC, the angle ΕΡΕ would be lefs : andyer they! N° 
are fuppos’d to be equal. Therefore fince the: 
point D is upon the pone A, and che line DF! 
falls upon the line AC, to which it is equal,, 
they will not exceed each other, Όμως che pointt 
F will fall upon C. Laftly, nce the points E?) 
and Foftheiine EF, fall upon BandC; the 
line EF will fall upon BC ; becaule ic can nei— 
ther fall higher as in BHC, nor lower as im 
BGE ; for r then two right lines would enclofe: 
fpace ; which is contrary tothe twelfth Ma-- 
xime. Therefore che two criangles do not act 
all exceed each other ; but not only the bafess 
BC, EF, buc allo the angles ABC, DEF ; 3 and 
ACB, DFE, are equal. 

Gorell, An Equilateral. crianole hath all iss 

angles equal. 
The ASE, 


pisse © Suppole |} | 
| “was to meaa-[he ti 
= 6 fure an in. 
“acceffible | | 
‘ line AB, ]ἡ 
“obferve | | 
€ from the point C tHe points A, and B; απο 
chen meafure the angle C. T his done, placing: Ἰ 
σα board hotizontally, and obferving fucce ee 
6 
yyy) 


ihe ΥΕ Book, © ng 


ή | «1Ψ.ΌΥ a ruleche points À and B, I draW::tWo 
ity |. “Mines according to the rule, which make the 
ay) “angle C; and meafure with a yard che lines 
| “AC, and BC,. which are fuppos’d' acceffible: 
i) “Then going into an open field, ‘and placing 
ml] ° my board again horizontally upon the poine 
ic} ‘°F, and obferving the lines that I drew upon ir, 
st} “Imake an angle DFE equal to the angle C. 
| “Imake likewife FD, FE, equal to GA, CB, 
© Then according to: this Propofition the lines 
‘AB, and DE, are equal, So that meafurine 
ie) “by che γατὰ the-acceffible line DE, Ifhall 
i) © Snow. AB, which is inacceffible, “RE 


nan αἱ ey ae a "4 < 
FR a re = = 
ee τες SE, eT SE EE £ 
re re 4 Te ο ἴ 


co” > 
D ee ete Seer OnE TT 


eAnother HSE. 


| ἂν Ῥ | ‘ The fame propofition may 
A ο *ferve to teach how to hit a 
| δαν, bowl at Billiards by refle- 
ο δν Ἶ ‘xlon. Suppofe one bow! to 
| ae “be ar the point A, and thac 
1 E © which you would hic at the 
«| “point Β, and CD the Billiard table, Imagine 
| “then a perpendicular -BDE, and take che 
~, |‘ line DE equal το BD. I fay, if you dire 
: | “the bowl from the point Ato E, the reflexion 
, |. will carry it το B. For in the triangles BFD, 
1 |S EFD, che fide FD being common, and the 
ην ji BD'and DE-equal; the angles BED, 
| ΕΕΌ are equal, by this propofition. . The an. 
| D * eles 


WALLY. 
Tela | 
e 
x 


| 
ι 


1 
| 
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© 

“as 1 fhali demonftrate hereafter. Therefo »1|\ | 
‘the angle of Incidence. AFC; is equal ‘to thit) | » 
Canole of Reflexion BFD ; and by confequeliad) |) 


the Reflexion will beby AFB, 


μμ... 


"PROP OSET HON. V. 


Τ η Ε OR EM. 


Ia Ifofceles,' or € πα. ο. triangles, the angl 


“oles AFC, DFE, being oppofite, are alforequai| |: y 


that are above the Bafe: are equal: à Calle à 


thofe that are below tt. 
A D Let the Ifofceles {hi tz, 

| 51 oa tT AB@,-thac is co (ΑΜ. 

Jerrhe fides AB, Al 

{ \s ibedqdual. I fay che ait 

A ‘gles ABC, ACB are: (M: 

Vaud! ; as alfo che aq: 

01 Je 1 K oles GBC, HCB, ΙΤ. 
ate bélow che bafe BC.’ Suppofe another: τι 
angle DEF, having the arele D equal το. 


angle A ‘arid’ the fides DE, DF, equal ro Alf} 


AC. Sincé the fides AB, ACareequal, all ti 
four tbe AB, AC; DEY DE will be equal: |) 
Demohffration. Sincé'the fides AB, DE; At! 
DF, are eqiial ; as alfo the angles A, and σ] 
if che criangté DEF bé! plac’d upon ABC, cha | 
W1ill 4 


| 


| 
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ee nn me te me. 


= 
— 


= > ie 
EC EL en 


* « 
= © " 


= ss = 
a ---. D. 


Dh. qe 
AY SRE 


i 


The Firfi Book. \ \ 22 


will not exceed each other, but the line DE 
will fall upon AB; DF üvon A6-3--and-EF 
upon BC (by the Ath.) therefore: the angle 
DEF, will be equal το ABC. And becaufe one 
part of the line DE falls upon AB, the whole 
line DI will be upon : AG ; otherwife «two 
right lines would have: a ‘common fes- 
ment ; therefore che angle IEF will be equal 
to GBC. Suppofe then’ the triangle DEF 
turn’d, and apply’d another way to the triangle 
ABC, thatisto fay, fo as DE may fall upon 
AB, and DE upon AC. Since the four lines 
AB, DF ; AC, DE, are equal ; as alfo the an- 
oles A and D: the triancles will likewife agree 
this way, and the angles ACB; DEF ; HCB 
IEF, will be equal. Now by the firft c comparing 
them ic appear’d, thatthe angle ABC was ς- 
qual tothe angle DEF: GBC to EF: there- 
fore.the : anoles ABG; ACB being equal to the 
fame DEF; and GBG, HCB, alfo equal co the 
| fame IEF » they “are equal among them= 
| felves. 

I was unwillino to make ufe of Eucha's 
« demonftration, becaufe being very difficulr, 
“it might difcourace bevinners, 


‘D2 PROP. 
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“PROPOSITION VI. 


THEOREM, 


If two angles of a triangle be equal, the triangliq «il 
. will be an Ifofceles, 


ET the angles ABC, ACB of the εΠαησ[έ 
ABC’ be equal: ( fee Fig. preced.) 1 {ayy 

it isan Ifofceles; chat istofay, the two fidess| 
AB, AC, which are oppofire co che equal ana) 
gles; areequal. Suppofe che triangle DEF to) 
bave a bafe EF equal to BC, and the angliq) | 
DEF equal to ABC, as alfo DFE equal to ACB3 | 
fince the angles ABC, ACB are {uppos’d τὸ bog!) | 
qual, all the four angles ABC, ACB, DEF:N | 
DFE, will be equal. Suppofe again therefore. 
che bafe EF co be plac’d upon the bafe BC, fl 
thar-che point E lie upon the point B, the bafeedi® 
being fuppos’d equal it is evident they willl? 4 
not exceed each other. Further, che angle Heu, 
being equal co the angle B, and che angle F too, 
the angle C ; the line ED will fall upon che, 
line BA, and FD upon CA : fo that the linessllln. 
ED and FD will meet ac che point A. Frome. 
whence it follows, that the line ED is equal tec π 


Lec then the triangle DEF be turn d το che,” 
other fide, and be applied another way co the: * 
τι, 


1 
i 
\ 


1) 
i 
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criangle ABC: thacis το fay, (ο that the point 
Elie uponC , and F upon B: the bafes EC, 
FE will perfe&ly agree, being fuppos’d to be 
equal : and becaufe the angles F, and B; E, and 
C, are alfo fuppos’d to be equal, the fide FD 
will fallupon BA, and ED upon CA; and the 
point D upon A. Therefore the lines AC, 
DE will be equal. Whence it follows, chat the 
fides AC, AB are equal between themfelves, 


being equal to the fame fide DE, 


The USE, 


‘ This Propofition may ferve 
‘for taking the dimenfons of 
“any fore of inacceffible lines, 
* "Tis faid chat. Thales was the 
>. © firft chat.meafur’d the heighth 

es “of Obelisks by their fha- 
‘dows : ic may be done by this Propofition. 
“For if you were to meafure the height of the 
‘Obelisk AB; do but exped till the Sun be 
“elevated 45 degrees above the Horizons that 
“istofay, rill the anglé ACB be 45 decrees : 
Sand, bythe fixth Propofition, the fhadow BC 
“will be equal to the Obelisk AB. For fince 
“the angle ABC is 4 right angle, and the angle 
* ACB half aright one, orof4s degrees ; the 
“angle CAB will be half a right one, as I fhall 
* prove hereafter. Therefore the angles BGA, 
| ‘ BAG, 
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« BAC ,are equal: and (by the 6.) the fides AB, 
“BG, are alfoequal. I can alfo meafure the fame 
€ height without making ufeofthe fhadow, by 
“taking a ftand fo far from che point B, as that 
“the angle ACB may be half a right angle, 
€ which may be known by a Quadrant. 

‘'Thefe Propofitions are of frequent ufe in 
“'Trigonomerry, and in all other tracts, 

“The feventh Propofition may be ‘omitted, 
« becaufe tis of no other ufe but to demonfirate 
©the eighth, which may be done without it. 


FROPOSITITION ΥΠ]. 


THEORE M. 


| If two Triangles have all their fides equal, their 
oppofite angles will alfo be equal. 


ET the fide 

GI be equal to 

LT: HI, to VT; 

GH, to LV ; I fay, 

chat the anole GIH, 

will be equal co. the 

angle LT V ; IGH, 

tothe angle 1,5 and IHG, to the angle V. 
From the center H, at che diftance HI, deferibe 
the circleIG.; and from the center G, at the 


diftance GI, che circle HI, 
| Demos- 


ο ο ο... 


εκροών φον ap 
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Demonftr ation. 

Suppofe the line LV brought upon HG : they 
would nor exceéd each other, becaufe they are 
fuppos’d to beequal. 1 add, chat the point T 
will fall precifely upon the poinc 1: For ic 
ought to ‘reach precifely to the circumference 
of the circle IG, becaufe by the fuppoñtion the 
lines HI and VT are equal. Ic ought in like 
Manner to reach:to che ‘circumference of che 
circle IH, becaufe.the lines GI and L'T are e- 
qual. So thew it will light upon che ροῖπε I, 
being. the ‘poine where thofe two circles cut 
each othersIndeed if it fell’ any where elfe, as 
upon O;: the line-HO, “that is-to fy VT, 
would be greater than ΗΙ 5 and the line GO, 
tharis 11 would bé lefsthan G1; which is 
againft the fuppofition) “Whence I conclude, 
that the triangles will exactly correfpond ; vand 
the’ angle GIH be equal to theingle LTV. 5 


πρι SÉ: εν 


‘ This Propofition is neceffary for the proof 
"of thofe'that follow. And further, when we: 
‘ carmot take the medfureiof “an ahele, becaufey 
“the lines meeting inafolidbody, we cannot 
‘apply ourtIsftruments: co it’s we mutt! take 
“ che three fides of the triangles and make: an¥ 
‘ other upon a paper, whofe angles we may 
Smeafure. This isa very ordinary practice in 

Gro- 
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€ Gnomomcks, or Dialling ; and in the creatifes 
© concerning cutting pretious ftones, {0 as to fic 
6 che pannels, and co retain the waters. 


SOP DIRES ο EE TESTS EE ITEC, SER ET Cae conan 
ae 


PROPOSITION IX. 


PROBLEMS 


To divide 4n A #gle into two equal parts. 


R [ ΕΤ che angle SRT be 
| propos'd to:be divi- 
ded into two . equal parts. 
Take the Compafs, and from 
the center R,.at any diftance; 


draw the arch ST’, cutting off | 


cwo equal lines RS,RT. Then 
draw che right line ST, and(by the 1.) defcribe 
an equilateral criangle STV. I fay,the line VR 
divides the angle into tivo equal parts: chat 1s 
co fay, the angles VRT', and VRS, are equal. 
Demonftration. 

The criangles VRS, and VRT, have the 
fide VR common; and the fide RT was taken 
equal to the fideRS : che bafe alfo SV, 15 e- 
qual ro VT, becaufe che triangle SV T 1s equi- 
lacerals Wherefore (by the 8.) the angles SRV, 
VRT, are equal. | 


The 
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The HSE, | Fa 


| ‘the fourth part of a circle.into degrees : for tig 
| “the fame.thing to divide ‘an: arch,..as-.an angle 


“into two-equal parts ; and che line. ΕΥ. does 


| Sboth, thacis, ic divides borh.the arch ST, and 
| “the angle SRT. Having therefore apply’d the 


| “femidiamerer to the fourth parc of à circle, 
| “you.cut off an archof 60 degrees; which.divi- 


| “ded equally gives an arch of 303 and that 
lw) © again divided, makes one of 15 degrees, Tis 
a) “true, to finifh this divifion, we muft divide an 
πι] “arch into three equal parts, but that is not co 


| re 
wi * Propofñtion only. 
| 


ο ο 


| PROPOSITION er 
| A PROBLEM. 


Το divide à right line into two equal parts, 


Co Uppofe the line AB was to 
ας be divided into two equal 
# À 9 

rv: * Parts; upon the line AB de- 


ἂν {crie an equilateral trianole AB 

DR Aes Sp ρε hé « 
|) EE. : C, (57 the 1.) and divide the ane 
, 1” gle ACBinto two equal parts by 
Vi the line DC, (by the ο.) I fay 
E the 


29. 


er This propofition is very ufeful το divide 


m| “be done Geometrically. Pilots [ο divide. 
ant, | “the Compafs into 32 winds by the help of this. 
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che line AB is divided: equally ac che point E. 
chat is τό fay; the lines’ AE and EB are equal: 
"2° Demonfiraiton. oi mi 
Thetriängles ACE, and BCE have the fidicy 
CE common, and the fides CA and GB are ‘€: 
qual, bécaufe che criañgle ACB is equilacerall in y, 
and che angle ACB being divided'equallys the | 
angles ACE and BCE are alfo equal. There 
fore (by the 1.) the bafés AE and BE are’ equal): 


τε Gheit üfe is made of chis Propofition, ‘or: 
Cdinary brasices frequently requiting us tc 
«divide à line in the middle, which Geometrsi4) 
€ cians require fhould be doné exaétly at ΕΠ), 
c fir dafh, by a method that is infallible, ancd... 
“nox by eflays. This practice is likewife prin.) },», 
€ cipally ufeful for dividing meafures into lefty ® 
* parts. re i | 


ΡΚΟΡΟΙ᾽ 


a 
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PROPOSITION XI. 


β 
ή A PROBLEM. ᾗ 
μή ἂν draw a Perpendicular to a line given, pon a l 
i point of the fame line, | | 
| GUppofe you were to raife L 
| a perpendicular upon the i 
| point À of che line BC. te 
| Take two equal lines AB | 
ή and AC ‘on both fides the πι 
) point À, and make an equi- il 
di D lateral triangle BDC up. ie 
ή on the line BC, (by the x.) I fay the line AD 1s ή 
(fd) perpendicular, thac is to fay, the angles BAD a 
‘i and GAD are equal. | ae 
ἥ] Demonffration. vo 


|. The triangles BAD, and CAD have the fide 

| AD common, the. fides AC and AB are equal, 

| and che bafes BD and DC alfo equal : therefore 

| (bythe 8.) che angles. BAD, and CAD, are e- 

| qual ; and (by she τοι def) the line AD per- 
Hi} pendicular to BC. : 


mas 
> 


PROP. 


PROPOSITION XIL 


A PROBLEM». 


To draw a perpendicular to a line giver, from: 
| “point, which 0 ont. of the line. 


ο A 
HE. 
+ 


: _ fcribe che circle BC, whicl) 
“DD ο fhall cur thé line BC, ac cl, 
points’B and'C. Then divide the line BC ir * 
to two equal parts ac che poinc E. I fay che lina) " 
AE is perdendicular co BC. Draw the ήδη Ἱ-- 
AB, AC, :: | | | 

Demonffratios. The criano{es BEA and GEAM 
have the fide AE common: and the fides ECA) 
and EB equal, cheline BC having been equall{i3, 
ly divided ar che point E 5 the bafes AB andi)’ 
AC, being drawn from the center A to the cir: 
cumference BC, are likewife equal: cherefored) 
the angles AEB,and AEC) are équal, (dy the 8. 
and theline AE perpendicular, (by defin, 10.) 

The method, in price, of dividing the lineel 
BCin the middle,is co defcribe two arches at D)! 
at the fame incerval, from che centers B and Gi) 


The 
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The USE. 

* We have need of à Plummer. or Squaring. 
‘line almoft in all our operations: no angles 
* are of ufe in buildings but the right; and all 
* chaits,benches, tables buffers, and other move- 
"ables, are franid by the fquare. ο furvey of 
* Land can be taken wirhout making ufe of per- 
* pendicular lines nor can Diaking be per- 
*form’d withour them. The Carpenter’s Le- 
‘vel contains aright anolé; and the fame is 
*preferr’d before any other, efpecially by the 
“French, in Fortifications: Lafily, not. only 
© Mathematicians, but alfo the greateft part 
“OF practical Artifans, require chat we fhould 
“know how τὸ draw a perpendicular, 


pe μα ντ μα 
PROPOSITION XII. 


A TREORE M, 


One line falling upon another makes with it either 


two right angles, or two angles equal to two 
right ones. dé ‘ 


ê Et the line AD fall upon BG 2. 
«I fay,‘cwill make wich irc either 

two right angles ; or. two angles, 

one obtufe, and che other acute, 


B à G Which joyn‘d together fhall be ο 


equal value with cwo right ones. 
Demon. 
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Demonftration. ος 
: Suppofe the fine AD to fall perpendicularly) Wa. 


upon BG, chen tis evident (by defn. το.) that: Br, 
the angles ADB, and ADG, are equal, and by|/¢ \. 


confequence right angles. Or, — , 


es io Secondly, fuppofe the line: ul 


oO ee à we we use 


B : 
right angles, which are of e=|7 


qual value with the chree angles ADC, ADE,,|} 
ÉDB. But the obtufe angle EDC, and che: 
acute angle EDB, are of equal value with che») 
three angles AD, ADE, and EDB: therefore: |) 
the angles EDC, and EDB, are of equal value:)) 
wich two right ones. , 


ED not to fall perpendicular= |# ‘ny 
ly upon BC, and draw a pers. |} yy 
pendicular AD ( by the 11.))|) ke 
che angles ADB, and ADC ares} ὃν 


This Propoñtion may be more eafily de--|}» 


monftrated by defcribing a femicircle from the: 


center D vpon the line BC, For.rhe angles ' ’ 


EDB, and EDC, will require a femicircle for: M 


their meafure, which is the meafure of two) Mi 


right angles, as I have fhown before ; in the 8.. | 
définition. 1] 


: Corollary 1. Ifthe line AD falling upon BC,, ν η 


make one right angle ADC; it is evident the: M 
other, ADB, will be alfo a right angle. { 


Coroll, 2. Ifthe line ED, falling upon BC,, | | hie, 
make che angle EDB acute 5 the angle EDC} )W,, 


will be obtufe. Ther |N 
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| The HSE, 3 
| _-© By this means, when we know one of the 
||| “angles which is made by one line fallmg upon 
‘| ‘anorher, we know alfoche other: as for exe 
| ‘ample, ifthe angle EDB be one of 70 des 
| “grees, taking away feventy from 186, cheré 
| “will remain tro for the anglé EDC. This 
| opération does frequently occut in Trigono. 
ut} Smetry's and alfo in Afirosomy, for finding ‘the 
| Seccentricity of the circle through which the 
| *Sunannually paffes, - re Ér reg 


PROPOSITION-XIV- 
A THE ORE MY * 

| Df two Lines meeting rogerher at the fame point of 
another line, make with it two angles. equal to 


orn eed > right ones : ‘they will make but.ont-and the 
el fame line. : 2 


SUppofe the lines CA : and 


D À, to meer ac the point A of 
the fine’ AB ; and-chat che an. 

4 oy ο 3 τη 7 
| gles adjoyping, CAB, and BAD, 
ul are equal to two right ones. I 


: fay; the‘lines CA” and DA are 
ο) but one and che fame like ; fo that CA being 
‘ep¢]| COntinued, will fall precifely upon AD: °°: 


- 
λα 


Imagine 


ee 
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Imagine, if you pleafe, chat CA continu’di) >” 


will pafs on. to.B, and from the centrer A: de=: M 
fcribe a circle, ; ., he 
: Demonftration. | 


“Ie you fay. chat CAE is a right line, the are tk 
CBE will be..a. femicircle. But (16 fuppos’d;,|# 
that the angles CAB, and BAD are equal cotw&l@ 
right ones and chat. cherefore their meafure is αλ) 
femicircle. Therefore the: arches CBB, απάἲ 
CBD will beequal'; which is impolible, once” 


being a part of che hen Therefore che line CM! 


being continu’d, will make bac one and chef 


fame. line with AD. 


PL PE XV. 


A Toe BORE Maw ° 


if two rig lines cut each other, the ο ref ite angle πι 


* at the top will be equal, 


3 xt κορυφίώ, Excl. au fommer. Gall. 


ET che lines AB and CD) 
.  cut-eachorher at the pointe}?! 
» E:T fay, che angles AEC, andi} 
DEB, which, are oppofite αι - 
# the top, are equal. 
D Ἡ... Demonftration, | | 
ae line CE falling upon cheline AB, makess|l}: 
ον 
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into the angles AEC and CEB-equal ro two right 
‘ones, (61 the 13.) In like manner the line. BE 
{falling upon che line CD, makes the angle CER 
land, BED equal το two night ones. "Therefore 
μεις angles AEC, CEB, taken together; are e- 
wp Qual.co che angles CEB, BED; therefore taking 
wlaway che anele CEB from both, the angle AEC 
Will remain equal το DEB, (dy the 3. Maxime.) 
Γη], Gorall'1. IE cwolines DE, and EC , concur= 
(γης ac the fame point E of the line AB, form 
ig¢4fWith it che oppofice angles AEC, DEB equal, 
ΟΕ and EC make but ene right line, 
1 Demonfiration, 
| The line EC falling upon the line AB, makes 
the angles AEC, and ΕΡΕ equal co two right 
ones, (Ly the 13.) Tis fuppos’d likewife that 
the angle DEB is equal to the angle AEC. 
iUherefore the angles DEB, BEC, are equal to 
Wo right ones. And (dy the 1.4.) the lines CE 
μιλά ED make burone right line, 


The USE, 


] A © Thetwo preceding Propo- 
Σά “fitions are made ufe: of το 

’ “prove, that two lines make 
sp; a “butione total. As for exam. 
| 4-73: "plein Catoptricks or Perfpe- 

_» (© éyes,where char is required 

“to prove, that of all che lines 

| F thar 
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“that ca be drawn by reflexion from che poiid) if 
“A co’the point By’ thofe are che (ποτε 
“which! make the-an ele of Incidence equal τής 
“che‘anglé of Reflexion. As for example 3 1f cho 
“anoles "BED and AEF be equal, the lines AM, 
“and EB, are fhorter chaz AF, and FB. ' From}, 
‘the point B draw a perpendicular BD ,: amity), 
© make the lines BD and CD equal ; then drat ο. 
CECsand FC. Firftin the triangles BED am, 
“CED the fide DE ‘is common; “and the fidid).... 
BD, and DC being equal, as allo che angle... 
‘BDE, and CDE ; ” the bales ΡΕ and CE wil) 
D equal: as alfo che aneles BED, and DEC, 
by the 4.) In likemmanner I may prove, thai... 
< σας and CF are equal, 
Demonftr ation. 
«The stioles BED and DEC are equal, and chili 
“anoles BED and AEF are fuppos'd likewife tt 
che equal ; therefore che oppoñite angles DE 
“and AEF will be equal; and (by the Coroll « 
“the 15.) AEC one right line; and by «οπή. 
‘ fequence AFC is a triangle, of which the fide} 
« AF and FC mutt be longer than AEC, chat 1h 
‘ro fay,chan AE, and EB, But the lines Al i 
“and FC are equal to the lines AF, and FB3h 


‘rhelines AE and EB. And fince natural caw} 
‘ fes always aét by the fhorceft lines, che Reflid} 
« xfon will always happen in fuch a manner, thai 
«the angles-of Reflexion and Incidence may (ou || PU 
« equal. Fur 


ea 


Es 
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€ Further, becaufe we can; eafily prove, thac 
“all che angles chat: can be: made upon a plane 
© abour the’fame poinc;i-are equal to-four right 


7 
Re oe su 


ἡ © angles, for as mucticas ivche fir figure of 
q “this propofition,: thei angles AEC and AED 


are equal to two:richt ones, as alfo BEC and 


BED: totwo more : | we make a general rule 
‘| © to derermine what Polygones may bejoyn'd in 


1° paving a Hall. Accordingly we fay, chat four 
“{quares,. fix triangles, and three hexseoües, 


EM ¢may-be ufed for chac purpofe; and that:rhere- 
le ? : : 
‘© fore Bees are always :obferv’d το ‘make cheir 


{τής éells-of che laft 4 chat is, of figures con- 
Mm © fitting, of fix: fides.. | η 


| PROPOSITION XVI. 


4 A THEOREM. 


WT Theexternal:angle: of: artriangle 1s greater than 


| ) enther of the intersakoppofite angles. 
SALE à -Pirodice the fide-BC 
‘NEL - of the triangle ABC: 
1-fay che external angle 

p -AGD, is grearer chan ei- 
ther of the internal op- 
polite angles, ABC, or 
BAC....Suppofe the ths 


ή 


angle ABC. co be mov'd''alons the-line Β819., 


V 
y 128 Etats 
4 à aly 
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and catty d into the place of CED.» 
Demoñftration. 

Tis impoñfible thatthe triangle ABC fhoulid us 
be fo mov'd, but che point A mutt come inted 
the place of the point Es + and then. twill apr 
pear, that the angle ECD, thavis to fay; ABC) 1 
1s lefs chan the angle AC D: > therefore the Ίπι ή 
ternal angle ABC is είς ora the extertiail) | 
ACD. | 

Tislikewile eafie to prove; that the angle LATE byes 
is lefs than the external anole ACD: for haw.) 1, 
ing protong’d the fide AC ag far ας. Pythe op) ο) 
pofite angles BCF, and AED, are equal (by thik. 
Ti) Therefore caufing the--triangle ABC. tid 
flide alone che line ACE, 1 fhall demonftrate:| Qi 
the angle BCF to be greater chan the angliq) 1, 
Ae 

The us Be 


+ Wemay draw: from. chis propôfcion. aly 
ὁ moft ufeful.conclufidnsAs firtty hae from dll 
‘point given only one perpendicualar can beg) 
: dra wn to the faite: fie, For example; Sup» 
de A ! ©pofe the line AB/to bel 
7) “perpendicular to/the Lined) 
en “BC: Tfay , that’ ΑΟ ή 
“hot be perpendicular; be:-| 
“edife the fight  angleel 
“ABD muft be ereacer than che internal angles | 
‘ACB ; ; therefore ACB cannot be'a right angle: 
“nor AC a perpendicular. Se. 


Bou 2G B 
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€ Secondly, that from the fame Point A can. 
“not be drawn more than two equal lines; for 
‘example, AC, and AD ὁ arid if you draw a 
‘third as AE, it will not be equal co the for- 
“mer. For finceAC and: AD: are equal, the an- 
“gles ACD, and ADC, are.equal, (Ay the 5.) 

bur ih the ‘triaHele AEG, the exrernal angle 

« ACB is ereater chan Lhe itternal AEC: and 
€ cherefore likewife the angle, ADE, is greater 
€ chanthe anole AED. Therefore the lines AE, 
‘and AD, are not equal 5° “Het by confequence 

“AC and AE. 

‘Thirdly, chat if che’ fe ΑΟ makes ue an- 

‘ole ACBacute, and ACF obrufe, τῆς perpen: 
dicular drawn from the point A will fall on 
‘the fide ofthe ature anole. FOr IF you fay 
“char AE is 4 perpendicular, and that-AÉF is 4 
right anole’; the right añiole AEF would be 
‘oreater than the obtufe ACE: !Théfe- conclu- 

if ions are ferviceable for meédfurine Patatteid- 

“loorams, Triangles, atid ‘Trapefia, ‘ahd (ο re- 

‘duce them 1 into ‘rectaneular figures. ον 


ΡΕΟΡ. 
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PROPOSITION XVII 


A THEOREM, 


‘Any two angles of a “triangle are lefs than twe 
right ones. . 


ET the triangle: be ABC; 

4 fay,. that any “two of its re 
taken together, as BAC, and BCA, 
-are lefs than tWo tight ones, , Pio: 
7 _\ duce the fide CA to the point. D. 

5 € Demonfiration, : 

The internal angle C, 1s [είς chan che exter- 
nal BAD, (by the 16 + Add cherefore.to both 
the anole BAC ; the angles BAC on and BGA, 
will be | lefs chan the, ; angles BAC, and BAD ; 
yet thofe are but.equal to tivo right ones, (dy 
the 13.) therefore the angles BAC, and BC À, 
are lefs chan two right ones. 

After the fame manner I can Sue the 
angles ABC, and ACB, tobelefs chan cwo 

tight ones, by producing the fide BC. 

Coroll. If one angle of a criangle be a right,or 
obgufe,angle, rhe others are acute. 

This Propofition is neceffary to demon- 
“* trate thofe chat follow. 


\ A 


PROP. 
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PROPOSITION XVII, 


A ΤΗΠΕΟΚΕΝΜ, 


In every triangle whatfoever the Lreateft fide is 
 oppos'd to the greateft angle, 


Sere the fide BC of the 
triangle ABC, to be grea- 


A 
ofp Sei ter than the fide AC: I fay,che 


| LS ess angle BAC, that is oppos'd to 
wy BD © the fide BC, is erearer than the 
angle B , which is oppos‘d to the fide AC. 
| Cuc the line BC in D, fo thac CD may be e- 
ax Qual to AC; then draw:the line AD. 
| Demonstration. | 
Since the fides AC, and CD, are equal, the 
| triangle ACD will be.anJ/ofceles and (by the 5.) 
{1} theangles CDA, and CAD, equal. Now: (the 
1 whole angle BAC is greater than the angle CA 
| 
| 


D: therefore the angle BAC is greater than 
the angle CDA ; which yer, being an external 
| angle in refpect of the triangle ABD, is Cree 
| terthan che internal B, (4y the 16,) ‘Therefore 
y | the angle BAC is creacer than the angle B. 
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Son TET TARO SBS 


PROPOSITION XIX. 
Av: THEOREM, 


In every triangle the greateft angle 1s oppos'd to 
the greate/t fide, 


EF the angle A of the 

trianele BAC, be grea- 

ter chan the angle ABC, I 

| G fay, the fide C, which is op- 

pos’d co the angle A, is grea- 

cer ‘than the fide AC, that is oppos'd to the an- 
le B. 

ορ τν 

If the fide BC be not greater chan the fide 

AC, us either equal ; and ‘then the angles A and 

B would be equal, (by the.) which is contrary 

to the fuppoficion’: or lefs ; andiffo, the fide 

AC being greatér than BC, the angle B would 

be greater chan the anole A, though the con- 


trary be fuppos’d. It remains therefore that the 
fide BC be greater than the fide AC. 


The USE, 


We. may prove from thefe propofitions, 
“hot only chat no more chan one perpendicular 
can 


en a 


The ΕΠ B 00k. As 
| can be drawn from the fame point to the fame 
F line ; buc alfo chat it is the fhorteft of all. As 
| R “for example; if che line RV 
“be perpendicular to ST, it will 
“be lefsthan RS: becaufe the 
‘angle RVS being a right angle, 
“che angle RSV will be an acute, 

T “(by the Covoll, of the 17.) and 
_ che line RV will be lefs than 
‘te| RS, (by the preceding.) Therefore Geometri- 

us Γ Crans do always make ufe of a perpendicular, 

. (f when they cake the -dimenfions of any thing, 
lin-f and reduce irregular figures co fuch as have 

mf One or more right angles. Tadd, that it being 
et impoñhible chat more than three perpendiculars 

ἵ fhould meet at the fame point, it cannot be 

{ imagin’d char there fhould be more than three 
ide ¥ Species or kinds of quantity, aline, a fuperfi- 
M1 cies, and a folid body. | 

mit ‘By thefe propofitions we likewife prove, thac 
wis) a bowl exactly round cannot reft , buc-upon 
wif fuch a certain point. For example; lec rhe 

ie “line AB reprefent a plane, 
he | are ‘and C che center of the 

we OA ‘earth, and char CA be 

| he ‘drawn perpendicular το 

( 4 ‘che line AB ; I fay, chaca 
Ρον! being plac’d upon 

«ff the point B ; cannot reft chere, For a heavy 
if body cannot reft, when ic may defcend, Now. 
G the 
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“che bow! B moving towards A continually di 
€ fcends, and approaches nearer the ‘center « 
‘the earch ας becaufe inthe triangle CAB, mA | a | 
épétpéndicular CA is fhorter than BC, 

‘In like mariner we prove, that a liquid bodl}iqy 
€ muft flow from Bro A, and chat its fuperfnl 
ε ciés muft be round. 


PROP O'S ITION XxX, 


A THEOREM, 


iy two fides of à triangle taken together are grecm 
ter than the third. 


R I fay that the two fides TL, LV 
/\ are greater than the fide TW 
| Some men prove this Propofitico 
| by the definition of a right Linq! 
| which is che fhortelt chat can by A 
Ÿ T drawn from one point to anotherr|} 
+ Het the line ‘TV , 1s le:(l 

chan che two lines TL and LV. | 

But’ it may alfo be demonftrated anotheel 
way. Continue the fide VL to Le fo char cm. 
lines LR, and LT be equal; then draw ch qi 
line RT. RE D 

The tides LT, and LR, of the crianole TR) 
até equal ; therefore the angles R, and LTR’ 
aréequal, (by the 5.) But the angle RTV 1 
greater} 
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eater chan the angle RIL: therefore the an- 

"ble R'T'V is greater than the angle R: and {7 

à bbe το.) in the triangle: RT V, the fide A 
thatis to fay,. the fides LT and LV, are grea 
“Yer chan che fide TV. 


lle 


4 PROPOSITIGN. XXI. 


A THEOREM. 


if a {mal triangle be defcrib'd within a Gréaters 
pl upon the fame bafe, the fides of the [mali one will 
| belefs than thofe of the greater ; but they will 

| 17 a greater angle. 


k ET the fmall triangle ADB be 
if PA defcrib’d within ‘the triangle 
nf ACB, upon the fame bafe AB. 1 fay 


aS firft, che fides AC and Bu are grea- 


ni | rer than the fides AD and BD. 
‘Continue the line AD toË. 
Demonftration. 


if] Un che triangle ACE, the fides AC and CE, 
dare greater chan che fide "AE alone, (by the 20. ) 
vag LL herefore adding co them the fide EB; the 
lides AG, and CEB, are greater than the fides 
WAE, and EB, In like manner in che triangle 
“1 MIDBE, the two fides.BE and ED are greater chan 
μεις fide BD alone, and adding the fide AD, 
ἡ G 2 the 


EE 
Barre 


eS 
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the fides ADE, and EB, will be greacer than M 
and BD. = : 

Vfay furcher, thac the angle ADB is creaat| 
than the angle ACB : for theangle ADB is 
external angle in refpect of che triangle DB] 


and therefore greater chan the internal ὈΙ 


(4y the 16.) In like manner the angle DEi 


cing an excernal angle in refpe& ‘of che criælt 1 


gle ACE, is greater than che anele ACH) 

therefore che angle ADB is greater chan ti! 

angle ACB, eas 
The USE. 


‘By che help of this propofition we demon) 
“ftrace in Optecks, chat che Bafe AB view | 
‘ from che point C , will appear lefs, chan whid j 


“itisbeneld from the point D; according fi 


‘ that principle, Tha qnanc ities view’d υπο 
"a greater angle will appear greater. Therefoopip 


* tis, chat Vetravims advifes, not much to leflidh | 
“the tops of very high Pillars, bécaufe the: 
“being fo remote ftom ‘our fight, quickilll 
“appear flender enough without being dim 
*nifh’d, . | 


PRO FM y 


fh! 
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PROPOSITION XXI. 


À T'uBoRE nm. 


To deferrbe a triangle, whofe fides (hall be equal 
to three fides givens provided that any two of 
them be greater than the rhird, | 


TK Pe it be provos’d to de. 
fe fcribe a triangle ;. whole 
fides fhall'be equal ro three 
 B fines given, AB,D,and E; Mea- 
fure with the compafs the fine 
14 D, and fettine one foot thereof 
upon the point B make anarch, Then take the 
line E, andplacing che: foot of your compafs 
upon the point A make:another arch, cucting 
the former at the point C- Which done draw 
the lines AC.and BC. 1 fay that the triangle 
ABC, isfuch a one as you'defire, 
Demonftr ation. 
. The fide AC is equal ro.the line E, becaufe 
it reaches tothe arch, which is drawn from the 
center A at the diftance of the line E ; and for 
the fame reafon the fide BC.i8 equal το the'line 
D : therefore the threé fides AC, BC, and 
AB, are equal ro the lines Ε.Τ, and AB. | 
I added à Provifo, thac'the two lines fhould 
be greater than the third. : becaufe otherwife if 
the 


à 


tr} > 
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che lines D and E were lefs than the line AB, 
the arches could not cut each other. 
The “SE, 
© This Propofition may be ufeful for defcrib- 
“ing a figure equal or like co another :,\ for παν 
ing. divided that, which is. propos‘ to be 
“equall’d or imitated, into triangles ; and.made 
“other triangles, having equal fides with the 
“former ; we fhall have a figure exactly equal. 
“But if we defire only one tbat is like, but lefs 5 
as when we would defcribe a plain, or couns 
“try upon paper: having divided ic intotrian- 
‘oles, and meafur’d all their fides, we πι 
“make fimilar triangles ; giving to each of their 
fides fo many parcs of:a Scale, or line divided 
“into equal parts, as the fides of che triangles 
“propos’d have of yards or feet. 


mas 


PROPOSITION XXHL. 
A PROBLEM. ‘ 

To make anangle equal to another at a point of 4 
| | line given. , 
G Lee's you were ro make 
| an anole! at.the point À 
of che line AB ο equal, το the 
A af: À, angle EDF. Defcribe from 
:, "4% the points À and D as cenrers 
two 


equal. 


DF; fince the 
{crib’d with the 


the bafes‘alfo BC and EF αι 
the anoles BAC and EDF ar 


This Problem is fo 
tipications, Perfbetlive 
parts of the Mathematicks 
part of their Operations would be impoflible, if 
we cid not know how to make o 
to another, or of fuch a number 


we pleafe, 
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two arches BC, and EF, at che fame widenefs 
of che compafs ; then take the diftance EF, 
and having meafur’d as much at BC, draw the 
line AC. I fay the angles BAC, and EDF, are 


Demonftrations 
The trianeles ABC 


» and DEF, have che 
fides AB, and AC , 


equal to the fides DE, and 
arches BG and EE were de- 
fame widenefs of the compafs : 
6 equal, therefore 
€.equal, (7 the 8.) 


neceflary in Geode fia ,For- 
> Dialling, and all other 
» that the createft 


ne angle equal 
of degrees as 


5 


PROP. 
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PROPOSITION XXIV. 


A THEOREM. 


Of twotriangles, having each two fides equal 10 
two of the other, that which has the greateft an- 
gle, has allo the greatelf bale. 


A ET the triangles ABC, DEF, 


L have che fides AB and DE; 
| AG and.-DEF equal; and let rhe 
= SC angle BAC be greater than the an- 


Ls G gle EDF, . 1 fay, the bafe BCis 
</ greater than the bafe EF, 
Fr Make the angle EDG equal to 


the angle BAC, (4y the 23.) and 
che line DG equal to AC; then draw the line 
EG. Firft che triangles ABC and EDG, ha- 


ving che fides À Band DE, AC and DG, equal, 


and the angle EDG equal coche angle BAC; 


cheir bafes BE and EG will be equal (by the 4.) | 


and the lines DG and DF being both equal to 
AC, willbe equal betwixt themfelves. 
Demon|ftratton. 


In the triangle DGF, che tides DG and DE: 


SK DAC > NES = 


being equal, the angles DGF and DFG will be: fim,‘ 


equal, (by the <.) Buc the angle EGF is είς: 
chan the angle DGF, and the angle BFG is: 
greacer than che angle DEG. Therefore ini}, ° 


che: |) 
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he triangle EFG, the angle EFG will be orea- 


[JU au 


af LL 


Fer chan the angle EGF: and therefore (by 
the 18.) the line EG oppos‘d to the greater 
angle EFG, will be greaterthan EF, Therefore 
BC; being equal to EG, is oreater than EF. 


PROPOSITION xxy. 


A THEOREM, 


Of two triangles, having each two fides equal to 
two of the other, that which has the Lreateft 
| bale, has likewife the g'eateff angle, | 


| D À | ET che two triangles AB 
μη /\ 


Ά C, DEF, have the fides 
/ \ ή \ AB, DE 5 and AC,DF, € uals 
| 7/1. .\ and ler the bafe BC be ereas 
ἵ Fe ο ter than the bafe ER, 1 fay, 


that the angle A will be grea- 


Mer than che angle D. 


Demonftration, 


ju Ifthe anele A be not greater than the angle 


D; ic willbe either. equal, and then the bates 


BC, EF, will be equal, (by the 4.) or it will-be 


‘iefs,-and che bafe EF greater than the bafe 


ΡΟ, Cy the 24.) but both are contrary, το the 


ls 
«101 


iuppofitton. 


“- Théfe Propofitions are neceffary.to de- 


ye lf Monftrare chofe chat come after. 


H PROP 
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PROPOSITION XXVI. 


A τε, 


1 one triangle has one fide, and two angles, equal! | μι 
καν thofe of another triangle ; ; tis equal to it 
all re (pects. | 


A Τ ΕΤ the angeles ABC , DEF 

| ACB, DFE, of the Cru dir: 
ABC, DEF, be equal ; and el 
fides BC, and ER, which ate bod 
tween thofe anoles , alfo equal 
Ifay,’ that the other fides are qi 
qual ; for exam pie AC, and DM 


* Imagine, if you pleat ees fide D 
to be greater than PAC: ; and cutting GF equal | 
AC draw the line « GE, 

Demonftration. 

The triangles ABC, ΟΕΕ, have thefides Ex) 
BC ; AC, GE, equals the angle C is alfo fu 
pos’ d το be equal to F. Therefore (by the 4.) ut 
triangles ABC, GEE, are equal in all refpecilh, 
and the:angles GEF, and:ABC, are equal, Bal 
we fuppos'd the angles ABC, DEF, to be equi) 
and fo, the angles DEF, GEE, wouldbe equal 
thar is, the whole to the pares; which is ira) 
poffible. Therefore che fide DE will noc TOM, 

“greater than the fide AC, nor AC greater rl 
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-DF, becaufe the fame demonftration may be 
nade in the trianele ABC, 

Again, fuppofe the angles A and D, C and F 
ko be equal : 5 and-alfo the fides BC, δή EF, op- 
bos’d co the angles A and D; robeequal, 1 fay, 
aigche other fides are equal. Forif DF be oreater 


tem, & Mew CE 


λα AC, cut GE equal to AC, and draw the 
line GE, ‘Demonftration, 

The triangles ABC, «ΕΕ, ‘having the fides 
FF, BC ; FG, CA, equal, will ( by the 2 1.) be 
at In η refpects : and the ane le es EGF, 
BAC, w Hf be equal. Buet-we fy 1pDos’d, char 


he ία. Α ind D : were equal, ος the 


à : 
sihnoles D, and EGF, mu Β be equal, which is 
sf mpol ible, fince the angle EGF, beine rhe ex- 
wi Dternal angle in Se of the triangle EGD 


Dmult be greater than the internal D (2 the 16. 
therefore ethe fide DE | is not ereater than AC 


> ti Beg 


on Bock 
Ae, 
λα 
4 3 
kan oo 


The USE, 


ή 
N © Thales made ule of τ ο να to mea- 
| fure inacceflible sos For example: the 


‘diflance AD being 


€ 2e | κ. - ba 2: re, ie, he dl 
6 τὰ y from tne peine 


=A ‘pendic cular 


q = i = ae 
ant l then defcri bing a ta: circle at the point ©, 
) 4 ht < 
dit Would meafure the angle e ACD, and cake an- 

ᾗ πλ» 


H dl 
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: other €qual to it on che other fide, prolongim!) | 

y the line CB cill ic mer wich che line DA at tth)) * 
point Bs; and then demonftrated the lined! " 

‘AD and AB to be equal; fo that meafurim| 

‘ the line AB, which was acceffible, he coulll 

* know the other which was not. For the cw 

: triangles ADC, and ABC, have the right am 

gles CAD, and GAB equal, the angles ACT) ‘ 
and ΑΟ are allo taken equal ; and the fic 

* AC is common to both : therefore(by the 26: 

* the fides AD and AB are equal, 


ALEMM A, 


ο line which is perpendieylar te one of two pod] 
rallels, 1 alfo perpendicular to the other. 


‘ Let the parallel lines be AB, amt) νι 
CD, and let EF be perpendicuf 
“lar to CD. I fay, tis alfo perpendiil 

στ p “cularro AB. Cut the line CF «dl 

| “qual to FD, and upon che poinni) ~ 
$C and D raife two perpendiculars to CD” 
‘which, by the definitionof Parallels, willbe «al 
‘qualto FE ; then draw che lines EC and EDS ἰ 

Demonftration. | 
“The triangles. CEF, and FED;: have th 
‘fide FE common, the fides CF, FD, equaillh :: 
“and the ancles CFE, and EFD, right, and ΕΠΙ 


‘cosfequence equal ; therefore (by the 4.) chi 
bafed) 


1 
Wa 
hh 
i) 
14 
id 
%l 
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‘ € bafes EC, ED, and εἰ he aneles FED, FEC, and 
‘FCE, HDE, wi! I be equal ; the two tait of 
€ which being then away fio om the right angles 
“ ACF and ΒΡΕ. leave the ‘two angles ACE, 
‘and BDE, equal; + herefore the triangles 
* CAE, DBE, will have ¢ © (by the 4.) che angles 
“DEB, CEA, eq qual ; Wnich beine added to ‘the 
5 equal angles CEF, FED, make the! angles 


‘FEB, and FEA À, cal : theres ore the line EF 
‘is perpendicular to { 


ea a ρρρρϱϱ--ο μαμα a 22-mai-42 D PORN ns 


PROPOSITION XXVIr, 


A Tusorém 


Tf a line, falling upon two others, makes with them 
the alternate angles equal, thofe two lines are 
parallel, 


ET the line EH, falling 
upon the lines AB and 
CD, make with them the 
alternate anoles AFG,FGD 
equal, 1 fay firft, the lines 
AB, and CD, will never 
concur, though continu’d as 
far as you pleafe, se fuppofe them to concut 
in I, and chat FBI, and GDI, aretwo right lines. 
η fi dion: 


If FBI, and GDI, be two right lines; FIG 
is 
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is a triangle 5 and (by the τό.) the external an- 
ole AFG, is greater chan the internal FGI - 
T hey canot Frs be equal, if the lines 
AB and CD ever concur. 

“But becaufe we have examples of fome 

crooked lines, which paver concur ; and yet 

“are not alse els, approaching {till nearer and 

‘ nearer to each other, 

1 fay eit that if the line EH, falling 
upon rhe lines AB,and CD makes 
ο, της alternate angles AFG » and 
B EGD equal ; the lines AB, CD, 
are parallel, or in all refpeéts e- 
c\7 | qually remote from each other, 
IGE p  fochatthe perpendiculars between 
Ja them will be equal: From the 

point G draw che perpendicular 
GA to the line AB; and taking GD equal to 
AF, draw FD. 


Demonffration. 

The triangles AGF, and FGD, have the 
fide FG common; the fide GD-is-alfo taken 
equal to the fide AF, and the angles AFG and 
FGD {uppos’d to be equal. Therefore (by the 
4.) thebafes AG and FD are equal, and the 

anole CDF is equal to the right angle CAB 5 
therefore FD is perpendicular, Tadd, that the 
line AB is parallel το CD : for che only paral- 
[αἱ line that can be.drawn from the point F to 
the line CD, ought to pafs by the point A, ac 
cording 


The Firf Book. | sg 
cording to the definition of Parallels; which res 


quires, that the perpendicular lines AG and 
FD beequal. | | 


— 


SO SR Re a nme TR à 


PROPOSITION XX VI, 
À THEORE Me 


Ifa line, falling upon two others, makes the extera 
nal angle, equal to the internal oppofite angle on 
the fame fide 3 or the two internal angles onthe 
fame fide equal to two right ones ; thofe two 
Lines wilkbe parallel, : 


N the precedent figure, fuppofe the line EH, 
falling upon AB,and CD, to make fi rt: the 
external angle EFB equal to the internal. oppo- 
fie angle on-the fame fide FGD: I fay, that the 
lines AB, and: CD, are parallel, à 
Demonftr ation, . 
The angle EFB is equal το the angle AFG, 
being oppos’d to itat che top (by the 15.) and 
tis fuppos‘d that che angle FGD is alfo equal 


| tothe aisle EFB; therefore the alternité an- 


gles AFG, FGD, will be equal ; and (dy'the 
27+) thelines-AB, and CD, will be parallel: 

I fay in che fecond place, that if the angles 
BFG, and-FGD, -which are the internal angles 
enthe fame fide, be equal rotivo tight ones, the 
lines 
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lines: AB and CD. will ὃς. parallel... 
 Demonfir, The angles AFG and BFG are 
equal to two right angles, (by the 121). and tis 
{uppos’d chat the angles BFG, and FGD, are 
alfoequal to two right angles ; therefore che 
angles AFG, BFG, are equal to che angles 
BFG, and FGDs; cherefore taking away the 
angle BFG, which is common to both, the al- 
cernate angles. AFG and FGD will be equal ; 
and (67 the 27.) thelines AB and CD will be 
parallel. 


ee 


PRO POSITION XXIX. 


A THEOREM, 


If a line cut two. parallels, the alternate angles 
will be equal ; the external angle will be equal 
to the internal oppofite angle ; and the two in- 
ternals onthe fame fide will be equal to two 
right angles. | 


ET the line EH | fee fig, preced.T cut the two 
parallels AB, and CD ; 1 fay firft, che al- 
ternae angles AFG, and FGD, are equal. 
From the points F and G draw che perpendicu- 
lars GA, and FD, which by the definition of 
Parallels are equal. 
| Demonfiration. 
In che retangle triangles AFG, and at 
che 


bi) ER FRE Back + 
the fides FD and AG being equal, as-alfo the 


» Might angles À and D, and the fide FG common 


jy ο both,: I fay firft, chat the fide GD is equal 
) oto AP. Potif GD be greater ; having cut che 


, Nine DI equal to AF, and drawn che line F/ 5 
jx FH triangles AFG, and ΕΡ/, Would have cheir 


bafes GF and FI equal, which is impoñible, 


| ἀ 
val: @LD is an acure,and FIG an obtufe, (62 the 13.), 


of fince the angle Dis aright angle, the'angle 


therefore (By the 18.). inthe triangle FIG, the 


lide FG oppos’d to che obtufe angle , is oreater 
than F/. ‘Therefore DG is equal to A: and 
thé triangles AFG and FGD, having all their 
rides equal, will have che alternate angles AFG 
ind FGD equal, as being opposd to the equal 
adesAG, and FD, . 


| [fay.again, chat the external angle EFB is. 
i PGual co the internal EGD, becaufe (y the τς.) 
it 18,€qual {ο its oppofite AFG, which is equal 


ef 


haa | 


nil 
(le 


inf" 


. 


No its alrernate FGD, ve 
~ |: Lafily, fince che anoles AFG and,GFB are 


gual το, two right ones ; caking away 4FG,. 


ind {ubiticuting in.tts place its alcernare FGD,. 


the two internal. aneles GFB, and FGD, will 


je equal to two right angles. 
| The USE... 
© Eratoftenes found out by thefe Propofitions 


a Way of meafuring the circuit of circumfe- 
I rence 


6x 
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‘rence of thé Earth. In order to which he upp)‘, 


“p0$°d two rays, proceeding from che center col 


© the Stn co. two points of cheearth, tobe phy! 
“fically parallel ; and allo chat at Syere, a town) 
‘in the higher parts of Egypt, the Sun comeel 


“exactly to.che Zenirh upon the day of rhe Soll, 


“flice, oblervine the Wells there to be he 
“hote ons LAS PRO E at QE oie ολ ο se) 
“illutninaréd ro che very botrom : and likewill¢ 


‘ combured the diftance. becween Alexandrtil)! 


“and Syene by miles, or furlongs, 

an SS Lecus therefore fuppole Syl 
“ewe co be at the point A, am 
“ Alexandria ar B, Where yw 


ΑΝ Yar ‘tocthe ‘Horizon; and lee! 


oy Wick sions ΙΓΠ1ΙΣ9Φ 807 Hi | SET ES 
: prefent che two [ays proceeding from the,ceny! 


“cer of the Sun upon the day of the Solfticrell 
“which are parallel to each other. Αι) 


EWAN 


“which paffes by 5 yene, is “perpendicular, chia! 


“the cwo lines DF and EG rq 


Fr 
πι 


se 


i) 


ft 


borates 


“ere& aftyle BC perpendicu) 


ΕΛΛ 


“is icpañles through che center of che αλ) 


“Paving obferv'd by che perpendicular γη. 


«BC che angle GCB, made by che ray of china 


η | 
Ni 1 
ier 


“'Sun EG;1 fay,the raysDA and EG being paraill Ha 


“Jel, the alternate angles GCB ‘and BFA ai 


“equal ; by which means we have gor the απο]! ; 1 


€ ABB, and ics meafure AB ; which gives us iif) 
¢ decrees the diftance between ef /exandria ami 


© Syene. And having fuppos’d ic co be know! 
“in miles, the circumference of the earth mail! 
« Eby 


a 
4 L | ῃ 


Ν 
LL! 


inf wall 360 grue 2 


LL WA 
Ν 
| 


ή 
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PROPOSITION ΧΧΧ, 
A THEOREM 


‘if be found by the fimple Rule of Three, faying, 


a { If {ο many degrees give fo many miles, how many 


λες parallel to athird; are alfo parallel among 


el. 
HT For asmuch as che 1 


Uppofe che fines AB, 
J and FE to be parallel 
to che line CD: 1 fay, 
they.are parallel becwixt 
_. themielves. Lerche line 
GL cut chem all three. 

ο Demonffration. 

ines. AB and CD are pa- 


i " rallel, the alternate angles AHI, and HID, are 
lL aequal (by the 29,) and -becaufe the lines CD 


pnd F 


E ‘are allo parallel, the external angle 


* “VAID willbe equal to the internal ILE; [dy 
__ phe [ame] therefore the alternate angles AH, 
«| tod ILE, will be equal, and the lines AB and 


swift © parallel {by she 27.) 
vil | | 


12 «PROP: 
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PROPOSITION XXXL 
+: A PROBLEM. 
To FL 4 line parallel to. another by 4 point giverdlii| 


| ES it be requir’d to draw, «i 
ras ss a line by che point Cm 
i \ /. - which fhall be parallel co cdi 
line AB. Draw the line CEH). vii 
A ‘~’ B and makethe angle ECD ες 
qual tothe angle CEA. I fay the line CD is pea 

rallel to AB. Demonftv ation. 


The alternate angles DCE and CEA are ee} tr 
qual : therefore the. lines CD and AB are peal titi 
rallels. | 


“The elevench’ Maxime, i.e, If aline Fait 


“por two others makes the snterual angles lefs thas 
“ two right angles, thofe.lines will Concur, May alf(( 
“ now be ¢afily demonftrated: | 
À ue Let che line AC, fallindl 
| _ upon the lines AB and CD)} 
make che internal angle! 
ene . ACD, and CAB, fefs than} 


che liñes AB and CD will concur. Let the ar 11] 
oles AGD and CAE be equal το two right am}, 
eles : : the lines AB and CD will be — ho 


> 


G two tight anoles: I {ay πο], 


4 
=y 


4 


nt rm = 
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[dythe 28.| Take the line AB as long as you 


| pleafe, and by the poinc B draw EF parallel to 


CA. Then take the line EB fo oft as is necef- 
fary, to make ic reach’ lower than the line CD; 
as in the. prefent figure I-have taken iv-only 
twice fothac EB and.BF.are equal. By the 
point F draw a parallel. FG equal. το AE, ‘and 
joyn the line GB, I fay chat the line ABG is 
only one line; and that,therefore the line AB 
concurring in FG., ifthe line CD be conti. 
nu d, fince it cannot cut ics parallel FG, ic will 
cut the line BG between B and G. 
_  Demonftration. 

The triangles AEB and BFG have che fides 
AE and FG, BE and BF, equal ; as allo che al- 
cernate angles AEB, and BFG, (by the 29.) 
therefore they are equal_in'all refpe&ts, (dy the 
4.) And the oppofite angles ABE, and FBG, 
are equal; and by confequence [bythe coroll, of the 
15.] ABand BG make but one righc line. 


The HSE. 
-* The ufe of parallel lines 16 very common ; 


“asin Perfpettives, for as much as the appear- 


“ances or images of lines parallel to che pr@ure 
“or table, are parallel among themfelves. In 


ή) ο Navigasion, the lines of the fame Rhomb of 


“the wind are defcrib’d by Parallels, Polar 
* Dials have the hour-lines parallels. The Com- 
* pafs of Proportion is founded ‘älfo upon paral- 
lels. PROP 


ΓΗ 
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PROPOSITION XXXH. 


A Tukorem. 


The external angle of a triangle ts equal to both | 
« the internal oppofite angles, taken togethers and Ur 
| all the three angles of a triangle are equal to two |) 
right angles, | | 


Tallel to che line AB. 
à Demonstration. . 

The lines AB and CE are parallels, cherefore 
{by the 19.] the alternate angles ECA and CAB 
are equal ; and [47 the fame| che external angle 
ECD is equal co che internal, B. And by con- 
fequence the whole angle ACD, being equal to 
both che angles ACE, and ECD, of which it 18 


compos'd, will be equal co both che angles À M": 


and Brakentogether. . . | 

In the fecond place. _ The angles ACD and 
AGB are equal to two right angles (äy the 13°) 
and I have demonftrated che angle. ACD. tobe 
equal το both che angles A and. B taken tose- 


ET the fide BC of the: |); 
crianole ABC bepro- | ,. 
duc’d to D:, I fay, chat Li. 
the external angle ACD | |. 
is equal to both the iter--|)) 
nalancles A and B taken fl. 
together. By thepoine C draw che line CE pa> |) 


chet 55% 
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| cher ; cheféfore che aholes ACB, A; and B, 
‘|| char is co faysall che angles of the triangle ABC, 
| ‘are equal to two right angles, or, which is al} 
| one, co 180 degrees. 
pk Corollary 1. AM the three angles of one tri- 
ai] angle are equal to all che three angles of another 
Jin) triangle, | 
Coroll. 2. If two angles of one triangle be 
‘| equal cotwoangles of another triangle, cheir 
| thitd anotes are allo equal, | 
Corol. 3. If a triangle has one right angle, 
41 the other ewo will be acure 3 and taken toge- 
._,| thet willbe equal to one righcancle. | 
|. σον, 4/"Ftom à point given dhely one Buts 
pendicular can be drawn vo the fame line ; ‘be- 
| ‘caufea trianele cannot have tWo right angles. 
|: Céroll, $, Α perpendicular is the fhorreft of 
| all che lines, ‘that. cah be drawn'from the {ithe 
aS) point to cfie (athe line, ο 7 ο 
| Ομ, 6, Tu a rectangle triangle the righr 
ii") angle is che oreaceft angle, and the fide Oppos'd 
‘”] to ic the creareft fide. ο. 
pl Οσοι. 7. Every angle of an equilateral cri- Ai 
i") angle contains 60 degrees ; that is to fay, che 
| third pare of 180. | 


> = 
ree 
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* This Propofition is of ufe in Afronomy to η. 
wel “determine the Parallax, Suppofe che ροῖης | 


À 
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“che point B upon. che fuperfi-. 


‘For che angle CBD being, an. external angle: | 
“in refpe of che triangle, ABC,,. icis: (by she: | 
< 32.) equal to, both.che oppolite angles À and | 


«Α.΄ Whence I infer, chat if Lcan know by/| 


€ char fhould be at che center of che earth , andi) 
€ obferve ic ac the {ame rime fromthe [uperficies,,| 


© Parallax BCA. | 


cies be taken rhe, angle DBC,, | 

€ thar is to fay, the diftance of ai | 
tar from che Zewrh D. Ifthe: | 
© éarch Was cranfpareht the ftar: | jm 
“would appear remote from the: lus 
€ Zenith D, according tothe. bignefs of che an-- Mani 
“ole CAD, whichis lefs chan the angle, CBD..| 


«6 "Therefore the angle C. will beequal coo|) 
© che excefs of the angle CBD above che angle}; 


©the cA /fronomical tables how far remote from | ii 
the Zenith che: βατ ought to appear co, him} 


“che difference: of rhofe two angles will be the: |): 


‘A to bethe center of the earth; and ehat froma |) « 
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iP el: 
να mm μα 


ιών αεα ων ο αν he 


PROPOSITION XXXII. 


A THE oRE M. 


ll) Zao lines drawn towards the fame parts, from the 
extremity of two other lines that are equal and 
Mr) parallel, are alfo themfelves equal and par al. 
a lel, ο. 
A B ET the lines AB and CD 
αἱ 4 be parallel and equal ; 
«η + and Jet che: lines AC and BD 
lel = be-drawn from cheit extremi- 
‘ic ο» 
| [ες towards the fame “parts: 
11 fay, chat the lines AC and. BD are equal and 
mparallet. Draw the Diagonal line BC 
| | Demonftration, 
Αμ! Sincethelines ΑΒ ahd CD are parallel, the 
‘the alrernate angles ABC and BCD will be 
jequal (ay the 29.) theréfore in the triangles ABC 
land: BCD, which have the ide BC common, 
land che fides AB and GD equal, togetherwith 
the anoles ABC and BCD equal alfo; the bafes 
[AC and BD will be equal, (dy the 4.) and alfo 
Uiithe anoles DBC, and BCA’: which being~al. 
ernate angles, che lines AC atid BD willbe ρα” 
rallel, (Δε 27.) > : | 
| À The HSE; er Fe 
* This Propofition’is:reduc’d to pradtice for 


the 


ee μη 
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2h € zontal lines, CG, whi hare hidi 


3 


eapd D. Tois done, do the fame again at. thee 
point B, 


‘ing Is called * Cultellation: 
iM Mealuring by pieceemeal. 


A THEOREM 


Cg ter! parts. 
C Uppofe the βουτε A BOC. [fee the fig. of thie 


is to. fay, that the fides AB, CR; AG, dnd: BD) 
ave parallel. I fay, che oppofite fides AB, CD 


| 


κά the meafuring the perpendicue:|jii'» 
D Car bights, AG, of che, valteftt|iay 
ὁ Mouprains : and alfo cheit hori=|| 


t=} 


A «by chaipbulk, Take à large fquare: y 
€ EF G ‘ A)B,andplaceir fo at chepointt} 
CA, chet the fide DB may. fall.per-- | 

€ penditulasly 3 then mealure the fides à DD} 


B. and meafure RE and EC: che fidessÿil) 


PROPOSITEON XXXIV.: 


D. preceding Prop. | to ὃς ᾱ Parallelogram,chaaq 


hi, 
i\ 


11e 


€ parallel to the horizon, AD, BE, added (σοσς-- οἱ 
‘cher give the horizontal lite CG; and cheelli: 
€ perpendicular fires Band EC, give the ροῖι- η 
ε pendicular hicht AG“: Dhis way of meafure-is 


The oppofite fides and angles of a Parallelogr am) 
aneegual ; and the diameter dvvides 1 ino tm 


AC, and BL, areequal. ; 45 alfo that che angles") 
: A 


The Γη Book. \: or 


hi LA and D, ABD, and: Α΄ D : and that the dia- 
‘lilmerer BC equally divides the whole figure. 
τη Demonfiration, 
itil) he fines AB, ;and,CD, are. fuppos’d to be 
lulparallels : .cherefore che alternatermptes ABC 
«ijand BCD will be equal, by the 20.) In like 
Apsimanner che fides AC and BD heing {uppos’é to 
‘sulle parallels. the alrernate aneles Α΄ B and t BD 
ΗΝ] be equal. And further, the criangles ABC, 
ca] BCD, having the fame fide BC ; and the an- 
“eles ABC, BCD; ACB; and CBD eaual, will 
atte equal in all refpeGts, (by the 26.) Therefore 
riche fides AB, CD ; AC, and. Bi), and the an- 
wiggles A and D, ‘are equal’: and the diameter 
divides the figure into two equal parts.) And 
Mince the anoles ABC, BCD : ACB, and CBD, 
mre equal, joyning together ABC and Ci D : and 
~“jhikewife BCD sand AC Β we infer char the Op- 
poñte. angles ABD, ‘and AUD are equal. 


The USE, 
{Α΄ E © “Surveyors hove need of this Pro- 
ji IS * pofition for dividing grounds. If 
604 


‘ the field be à Parallelooram, they 
| : “can divide it into two equal parts 

‘Me GD “by che diameter AD, Bit if you 
(it be oblie’d co divide it by the point E : divide 
ΟΙ firteche diameter inco cwo equal pares by che 
(DAT poine F, chen.draw che line EEG. which tit 
«MF divide che figure into tivo equal parts. For 
À K 2 the 


LA 


à 
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the triangles AFF and GED, having che after:-}*0 
_ bate angles EAF, FDG'; and AEF, FGD Ji" 
; and the fides AF and FD equal, are equall))»™ 
_ Opthe 26.) And fince the Trapezium BEF) 3 
; wich che triangle AEF; ‘that is to fay, the επ. 
angle ADB, is half the parallelogram, (by η 
34) the fame trapezium BEFD with the tri 
k angle DGF will be half the fame. ‘Therefored) Ὁ 
the line EG divides it in the middle. 


Se et σας. 


Μακ λος ry ep a er 


PROPOSITION XXXV. 
_ A THEOREM. 


Parallelograms, having the [ame bale, and δει. ο 
between the [ame parallels, are equal, 


Eu: [ET the Paralleloorami fs. 
| 7 ‘be ABEC, and ABDF’))\\,. 
having the fame bafe ΑΒ), 


5 - and being between the famidhu. 
parallels AB and CD. I {ayy}... 
they are equal. Demouftration. 


The fides: A2, CE,are equal, (4 the 3 4.) al 
allo Ab, FD : therefore CE and FD are equal |. 
and adding το them EF, the lines CF and ED) | 
will be equal, The triangles therefore CFA\} 
and EDB, have the fides‘CA,EB, as alfo CF ,aned) 
ÉD equal, together wich the angles DEB, anaq))"\, 
FCA, (bythe 29.) one beine an external, τα πλ 
τω. 
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| “the other an internal anele on the fame fide, 
if Therefore (by the 4.) the trianolé ACF and 
ul] BED are equal; and taking from them both, 
ip) chat which is common, #2. the little crianole 
‘iid EGF, theerapezium FGBD'will be equal to 
‘i the trapezium CAGE: and adding to both 
της triangle AGB, the Paralléloorams ABEC 
“sand ABDF will be equal. 


The USE, 


© Scotus, and fome Divines fince him, have 
, 4° made ufe of this Propofition to prove, chat 
|. Angels may extend themfelves to what {pace they 
( pleafe. For fuppofing they can aflume any 
Jui! figure, provided they have not a greater ex. 
; ftenfon : itis evidenr, that if an Angel fhould 
[*poñfefs the {pace of the Parallelogram ABEG, 
qui it may likewife occupy the {pace of the Paral- 
N° lelogram ABDF ; and becaufe parallels may 
vie 5 be continu’d 21 infinitum, (without énd;) and 
“nf Parallelourams may be fill form‘d longer and 
sf longer, which will all be equal to ALEC ; an 
| Angel will be able το extend ic felf (till farther 

\) 4° and farcher. 


HD A Demonftration of the fame Propofition by 

\ Indrvvifibles. 
» | “This method was lately invenred by Cava- 
ai feriws ; which has found different acception in 
‘if the 
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€ che world, fome.approving, and others rejeét… || 
“ing it. His method confits in chis ; that wee} 
‘imagine (uperficies’s to be-compos’d of lines, | 
‘jike fo many.chreds And tis certain, chatt| 
‘two pieces of linnen will be equal, if they haves) 
“both the fame number of threds, of equal!" 
“Jeneth, and equally compacted. 
Cc EEF p Le two Paraflelogramss|i:, 
—> therefore ABEC, and ABDF,,) 
be ptopos’d, having che famell 
bafe AB,andbeine between cheel 
fame parallels AB,CD. Dividee 
| the parallelogram ABEC Int)! 
€ as many lines as you pleafe, parallel co ΑΒ) 
which continue to the other paralleloorammi 
€ ABDF. Tis evident there will be no more im) 
€ one, than inthe other; and chat they will beet 
€ of equal length, being all equal to the bale}: 
¢ ABs and chat chey will not be more clofelyy i) 
6 compacted in one, than in che other: chere: 
6 fore the parallelograms will be equal. 


PROPi* 
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PROPOSITION XXXVI 
A THEOREM, 


béni Paralelograms; npon equal bales, and between the 
fame, parallels, :are-equal, 


mes EY ET che bafes CB and OD 


4 


of the parallelograms AC 
BF, ODEG; be equals and 


| LF fer boch be between the fame 


‘ae pag _parallels AE, CD. I fay the 
, plparallelograms are equal, Draw the lines CG, 
nd BE. … Demonfiration. 
wn The bsfes CB,and OD, are equal : OD, and 
WGE, dre alfo equal: therefore, CB and GE are 
equal,” and parallel ; and’ by confeqnence:(ac- 
Er ang to the 33.) CG and BE will be equal and 
ualparailel ; and CLEG will be à parallelogram 
~ qual toCBFA, (by the 35.) havine both the 
kame bafe. In like manner, taking. GE forthe 
Pafe;che parallélourams GODE and CBEG will 
be equal, (by the fame.) Theréfore the paralle- 


κ “ 


_ flograms ACBF, and ODEG, are equal. 


| The USE. 


© We oft reduce parallelograms, which have 
| oblique angles, as CBEG, or OD G, tore- 
 ctangles ; as CBFA; fo that meafuring the 
* Jatcer, 
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“Jacter, which is eafie, being only to multiply) | 
« AC by CB, che pfoduét beino equal to che: 
€ parallelogram ACSF , we may by consequence: | 
“know the other parallelograms CBEG, or: 
* ODEG. | 


eee ates 


Es ee 
| 


PROPOSITION XXXVIL 


A THEOREM. | 


Er having the fame bale, and being between | Μι 
“|. the fame Pepi are equals | 


Re ιών “E ‘the triangles ACD andl 
sea ale CDE, have the fame bafee| 

Me a \E CD, and ‘be inclos’d,betweem)|) ; 
| A a thé- fame parallels, AF, andi 
erp 6h CH, they will be equal. Draw. 
chelines DB, and DF, parallel to the lines AC, 
and CE, and you will have form’d two. paral-:| 
lelograms. 


= 


ποσα 
i 


Demonftration. | 

The Parallelograms AGDB, and ECDF, ares 
equal’ (by the 3 35.) and the "triangles ACD,, 
CDE; ate tea halfs. of thofe Paralleloorams:, 
(by the 34.) Therefore che ttiangles ACD, 
ταν are ae af 


σου), 
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tie … PROPOSITION, XXXVI. 
A TH EOR EM, 


a riang: les, that have equal bales, and are intlos’d 
within the fame parallels, are equal. 


F the triangles ACD, and ECH, [fee fig. 
M preced, | hav re equal bafes CD, and GH, and 
ike inclosd within the fame parallels ΑΕ. and 
CH; they areequal. Draw the lines BD and 
HF parallel το che fides AR and EG; and you 
Mill have form’d tro par:llelograms. 
Demenftration, : 
Hi} The Parallelograms AC DB, and LGHF, are 
i, tiiqual, (by the 36.) and che triangles AC CD snd 


ÊGH are the halfs of thofe para allclograms, 
ih 64 the.34.) therefore they are alfo equal. 


The OSE. 
We have in thefe pr opofitions directions for 
MINS a triangular field incd two equal parts; 


A “for example the triangle ABC. 
ma) D ’ Divide the line which you will 
Of \\ Stake forthe bifes as BC, into two 


--- Xe sail parts in D: Γ fay rhe crian- 
er © 4 “oles ABD, and ADC, are equal. 
For | if you fuppote a line drawn by A, parallel 
‘ko BC, thofe trianoles will have equal ba 6 


À 
ler 
Abe 
>and 


| 
As 
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€ and beinclos’d within rhe fame parallels, ἀπ] y 
“by confequence will beequal. Other Ὀινίβη- ης 
“ons, grounded upon the fame propoñtion.,llhn: 
‘might "be made; but 1 omic chem, chat Ill ch 
: might not be tedious. 


PROPOSITION XXXIX. 


A THEOREM. | 
— Eqnal triangles, upon the fame bafe, are minh 
"the fame parallels, 


. sf © YF che triangles ABC, ee 
ey DBC, having the famed) 
À SA : bafe BC, ‘be equal : he Ro 
L AD drawn by the tops willl) 
τς be parallel to the bafe. Fong : 
if AD and BC be no paral 
lel ; if you drawa parallel by the point A, tit) 
will fall either below the line AD, as AO; oy) 
above it, as AE. Suppofe it co fall above, anc 
produce BD till ic meet the line AE, at shed) 
point E ; then draw che line CE, 7 
Demonftration. 

The triangles ABC and EBC are equal, (oi) i, 
the 38.) Gnce the lines AE and BC are ρα), 
lel; “tis likewife fuppos’d that the triangle} à 
ABC, and BDC, areequal : therefore the tri] | 
ane fee) 


The Firft Book... 79 


2“aneies DBC and EBC would be equal ; which 
‘ls impoflible, che firft being part of the fecond. 
“WV hence 1 conclude, that a line parallel to BC 
:Mlkannoc be drawn above AD, as AE. 
| Ladd, chat chat-parallel cannot be below AD, 
is AO : becaufe the: triangle BOC would be 
, quai co the triangle ABC , and by confequence 
jothe triangle DBC ; that is co fay, the part 
would be equal tothe whole. It muft chere- 
pore be confefs’d, that the line AD is parallel 
jo the line BG. 


= (+ SED sperme one og 


PROPOSITION XL, 


À 
4 


; A THEOREM. 
HIME qual triangles, having equal bafes, if they be τα” 


1 ken upon the fame line, are between the fame pac 
ih rallels, 


af, Ἱ SDE Raat tenet OC 


and DEF, have equal ba- 


We Cri fes AB and DE, taken upon 
1 y ΑΝ. chefame line AE; the line 
L bf NCP drawn by cheir cops will 


Ἡ B D E beparallelto AE, Forifit 
| be not parallel, having drawn 
wi by the point Ca line parallel το AE, it will 
flats eicher above CF, as CG; or below ir, as 
Cl. Demonftration, 
MM Wit pafs above CF, as CG, continue DF till 
y L 2 if 
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ic meet with (4G 1n'Gs and draw che‘line EGG’ 
The ttiane les ee amd GF, would be equanl) ik 
(by the 38.) and ABC and DEF being fuppos” 
to be equal, DEF, DGE: vould be al equall + 
which; one being partiofitheother, cannot posi}! 
fibly be thé eve 6 che’parallel cannot: pafs % 
bove CF: ; that ndicher can itipafs an | 
ας ον Ré cafe then’ the triangles ABG am 
DElw 1 dj be equ: αἷς and Ov cohfequence DEI) 
and DEF: “the part ad thé: whole, Thereforrt 
only CE can be parallel το AE. 


EDR PDT D D ST SN Se OY 


bo POSETION~ ΧΙ. 


“τά εὄκεν 


wf paral x pr ane ee + Labs toa sp i 
they be between the fame paraliels, and bat 
eqzaal Bales 


Δοο ουκ KOBR πο flefogram ΑΟΡΌ 

I\ be of 1. che) triangle EBC, bn 

| Nagy berweeniithe fame parallel | 

κα AE and; BC ; and'have τοι 

G Bouvet . fimebafe:B£ , or only equaall 
bafes:3 the parallelogram ty mili 'n 

be double the: 6: lang! @ocDraw-che line AG. A ADs, 


Denonfirati on, 


“The triangles, ABC cand BCE are equal, 7 
tho 1 


ES 
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iG the 37:) Buv the parallelogram AC" Dis dou- 
itu ble che triansle AB: - (bythe 34,) 1 is chere- 
nf fore double the trianel « BCE. Ic would be alfo 
otault nee acrianclé, chat, h: VI ng a bafe equal to 
ml BC, fhould be between the fame parallels. 


, The US E. 


11 AG * Fheordinary method of meafure 
ANS | ing the area or fupe:ficies of a trian- 
Ua ba Ni Sele is buile upontbis propolition. :If 
B DE ο ‘thetriangle A PG be propos’d; from 
“the angle os we muft draw AD per- 
‘ pendicular tothe BC ;-then multiplying 
the perpendicular AT ) by half ene bafe BE, thé 
€ produdtgivesithe area of the triangle : becavfe 
“multi plying AD, or, what is the fame, ΕΕ by 
BE, we-have 4 reGansle Bi FH, 0 hich fs: e- 

, i qual to. che, triangle ABC. For 8) herve 
| € thetria angle ABC. is half she reétangle HBG 
le G ; and fo hkewife is the rectangle & SEFH, | 
‘Wem eafure : i forts of reine! | hguress 

Cc “as ABCDE:! by dividing them 
a. AN 9 into tt langle les. as BCD, ABD, 
ο το <AED; drawing the lines AD, 
LARGE ‘and BD: and the perpendi- 

| E * culars ς Ge BF, anid BL For 
at multiplying balf of BD by ce and half of 
44% AD by BE, and by EI, we have the area of all 
IF chofe triangles : adding a dich together the 


(yf fomme is equal to the rectilineal figure ABC 
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© We find the area of regular Pol ygones, byy||— 


< multiplying half their circuit bya perpendi--| 
‘ cular drawn _ 
w ‘from their cen—| 


ὁ cheir fides. Forr| 
το © multiplying A\) 
*G by IG, wel 
* hall have a re@angle HKLM equal to che) 


“triangle AIB : and repeating che fame for alll; 


* che other ttianoles, caking always half of the: 


 bafes, we (hall have a re@angle HKON which | 


“will have the fide KO compounded of all che: 
* half bafes, and by confequence equal ro halff 


“the circumference ; and the fide HK equal to. 


“ che perpendicular IG. 
* Tis according co this principle, chat Arebi- 


“cer co one offi), 


À 


< medes has demonftrated, that a’ circle is equalilh"" 


“vo a rectangle compris’ d under the femidia--lh * 


* meter, and a line equal to half the circum--} 
ference. : 
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PROPOSITION ΧΙΙ], 
A ΏβΟΒΙΕΝ, 


re : To make a Parallelogram equal to @ triangle £i- 
ag (À Ven, baving one angle equal to an angle given, 


yt À F G ντα a parallelogram be dew 


pk Po) fir'd, equal to the trianole 
1 4 fe ABC, and having an angle e- 
qual ro the angle E, divide the 
mi bafe BC into two equal parts 
ac the point D ; and draw che line AG paral- 
“Mel to BC, (by the 31.) then make the angle 
GDF equal to E, (by the 23.) and laftly, draw 
the line CG parallel to DE: the figure FDCG 
‘hs a parallelogram, becaufe che lines FG, DC: 
SED, and GC, are parallels, and its ancle CDE 
mes equal to the angle E ; and further, cis alfo 
equal to the triangle ABC. 
Demonftration, 

The triangle ADC is half che parallelocram 
FDCG, (by the 41.) is alfo half che trianole 
BBC ; fince the triangles ADC, and ADB, are 
equal, (dy the 38.) Therefore the triangle AB 

nC 1s equal co the parallelosram FDCG, 


5 


PR OP, 
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me κ. 
Sorter oes 0 


PROPOSITION XL, 


AVHE OREM. 
Thecomplements of @paralleigram are equal 


ν τς fs [ D] LE 
as IN the parallelogram ΑΡΤ 
κι  Ὁ, the complements ΑΠ 

I ) a a eT 
pe EH, and EG1, are equal. 
D 


1 
a EEE 


an 1 + ÿ . 
C G Demonfration. 


ο) ΕΠΕ criangles ΑΕ, and}, 
BCD, are equal, (47 he 34.) cherefore if thee... 
crianeles HBE, and ΕΕ: FEC, and CGE,,N, 
which are alfo equal, (dy the fame,) be fubliras a 
&ed, che conplements ΑΠ, GDIE, Πιο η 
remain, will be equal. if 


a FEE EET TSA μμ ος AT ο 


PROPOSITION XELIV. 
A PROBLEM. 
To delcribe a parallelogram upon a line given AG. 


whith {hall be equal to a triangle, and have {well 
a certain angle 1.c. equal to one given. 


I iH GA  ÇUppofe you be requir 
J to make a parallelooranmih 
éwhich fhall have one of ici | 
Ἐν angles equal to the angle E 
and one of its fides equal te} 
chug) 


The ΡΑΕ Book, 
~ffheline D, andbe equal to the triangle ABC. 
Make, the Parallelogram BFGH,: (4y the 42.) 
which has-the angle BFG equal to the angle E, 
pndis.equalito the triangle ABC. Produce the 
hdes.GF, and GH) fo that HI may be equal’ to 
“ theline D ; and'drawthe line IBN°tillic curs 
BE produc’d:to N ;' and from the point N draw 
ithe line NO parallel to GI, and 10 parallel co 
» “BEE; producing alfo the fide FB co K,and’HB to 
M. The patallelogram MK is that which you 
Wefire. . © Demonstration, | 
41 GF and) HM being parallels, the alternate 
‘hogles ΦΕΒ or che angle E, and EBM; are οὐ 
“qual (by thé 29:) In like manner the lines KB 
“and MN being parallel, che alternate angles 
EBM; and BMO, areequal ; therefore the an= 
ble BMO 1s equal to E, and the fide KB is e- 
qua. co theJiae HI, or D: and Jaftiy, the pa: 
irallelogram MK is equal to the paralfelogram 
IGEBH, (by the preceding,) and that was made 
qual to the triangle ABC. Therefore the pa- 
smlrällelogram MK is equal co the triangle ABC. 


The HSE, 

This Propofition contains a kind 
* of Geometrical Divifion : for in 
| © Arithmetical Divifion a number 

“is propos’d, which may be looke 
 fonasa rectangle : for example 

‘the reGtangle AB, confilting of 

| M cwelv,. 


boi 
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“ewelve! {quare feet, which is to’ be divided by 
© another-number, fuppofe, two ; chat is co-fay,,) 
“another seftangle is defir’d to be made equal! 
“co AB, having; one ofits fides, BD, equal cco) 
two; andthe queftion 15, how many feee (με). 
€ ocher fideought to containswhich is,as ic were: 
€ che quotient. “Fhis. ‘is done Geometrically) Li 
“by the Rule and Compafs.. Take BD confift..) °° 
‘ing of cwo feer, and draw the Diagonal ῬΕΕς 
“che line AF is chat which you feek. For, hav--h\ 
# ing completed the rectangle DGFG, the com il 
€ plements EG, and EC, are equal, (Ay the 43,)) 
‘and EG has. for one of ics fides EH, ‘equal ted) 
€ BD, of ewo feet in length; and ΕΙ equal το a 
«ΑΕ. ‘This kind of Diviñonis call'd Applica. 
“rio, becaufe the rectangle. AB 16 apply'd co, 
che line BD, or EH: and from hence tis, thar). 
< all Divifion is frequéntly. call’d sApplication Ah 
© becaufe che ancient ‘Geometritians made mofeel oy 
€ wfeof the Rule and Compafs, than of © 4rirhallt 


dt Le ER | iW 


Se ag ra 


sur gee 
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PROPOSITION XLv, 


sal? defcribe a parakelogram, whith {hall have à 
(Ù certain angle; and be equalio 4 rellilineal fim 
\ int gure given, 


= 


he ai FIL ET the die fi- 
"| | sure propos d be AB 
kB D ie CD, ‘to whieh you are re- 
HK quired to make an equal 
parallelogram, which thal 
"Nave an angle equal to the angle E, Divide the 
‘l’etilineal into triangles by the line BD: and 
|! Wy the 42.) make a parallelogram FGHI, which 
“Vas che angle IHG equal tothe angle E, and is 
wMyqual to the triangle ABD ; and (4y the 44.) 
Wake the parallelogram IHKL equal to the Cle 
Vlnole BCD, having one fide equal to JH, and 
he angle LIH equal tothe angle FE. The pa- 
hllelogram FGKL. will be equal το the redtili- 
heal ABCD. 


[ } 
iad, 
| 


Wat tf 
sad Wi 


Demonftration. 

nil Nothing need be ptov’d, but chat the paral- 

‘Mklograms FGHI, and HKLI, make up but 
ane; chat is co fay, GH, and HK, make but 
pneright line. The angles GHI, and LKH, 
re equal to che angle B, And the angles LKH, 

M 2 and 
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and KHI, are equal to two right angles, becaufiil’* 
KHIL isa parallelogram. Therefore the anclee! ie À 
GHI and KHI are equal to rwo right angles: ac 
à (y the 14.) GH and HK make one rigth|.’ 

ine. 


μη 


The USE. 


* The ufe of chis propofition is the-fame with) 

‘ the preceding ; ferving το meafure the cap 
“city of any figure whatfoever , by reducing ΠΠ --- 
* into rriangles, and then making a reGaneulia 
parallelogram equal cochem. | 

* Tis eafte likewifecomake a retangular pal 

f rallelogram upon a determinate fide, whicc| 
“may be equal co many irregular figures. I LR 
‘like manner havine many figures a Reëtangll ||: 
< may be defcribed equal to their difference. | ni 


ie 


PROPOSITION XLVI. 


A PROBLEM. 


To defcribe @ [quare upon a line given. 


2 = Το defcribe a fquare: upon tli) ος 
| line AB, draw two perperth 
diculars AC and BD equal to ARC 
and draw the line CD. 
Demonftration. πα 
47 g The angles A and B being se | 
ane lee 


À 


D 
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\tangles, the lines AC and BDare paralléls «(by 
bulithe 28.) They.are alfoequal; therefore che 
i guflines AB and CDare parallels and equals, [by 
im the 33-| and. the angles A and-C equal to two 
righc angles ; -asalfo B and D, [by the 29] and 
ifince A and B are both right angles, che angles 
‘Gand D willbe fo likewife. Therefore the 
myifigure AD has all its fides equal, and all its an- 
x mgles right angles,and by confequence is a {quaree 
ER et pe one te hf oy at ESRI M ge RNA TS MS RAR Lx 


PROPOSITION XLVIL 
(AT DA 
| À THEOREM. 
xs The fquere of the bale of a rellangalar triangle, is 
iii! egsal to the [quares of both the other fides taken 
sii together. 


S Hppofe the angle BAC to 
be a right angle, and chat 
fquares were defcribed upon 
all the fides BC, ΑΡ, and À 
C: char of the bafe BC, 
which is Es to the in 
a angle, will be equal to the 
À = FF fquares of both the fides AB, 
and AC, Draw che line AH parallel to BD, 
” and CE; and joyn che lines AD, AE, FC, and 

(BG. Iwill prove the fquare AF is equal to the 
4ite&ancle BH, and the fquare AG to the tafe 
j i e e 


90 The Elements of Euclid. 
gle CH; and therefore che fquare BE 19 equal. lus 
(ο both the fquares AFand AG. by 

| Demonftration. - , 
«The triangles FBE, and ABD, have che fides: à, 
AB, BF ; BD, and BC, equal: and che angles: M, 
EBC, and ABD, are equal, each containing che: M 
angle ABC more than their refpeétive righe am- hu, 
oles. Therefore [by the 4.1 che triangles ABD),,.. 
and FBC are equal... But the fquare AF is dou-- hu, 
blethe rriangle FBC, (by the 41,| having the: ος, 
fame bafe BF, and being between the fame pa--)) 
rallels BF, and AC. In like manner the re" 
é&angle BH is double the criangle ABD, having: |)).) 
likewife che fame bale. BD, andbeing betweem|l}/\ 
the {ame parallels BD and AH. ‘Therefore τας» ος 
fquare AF ts equal to che triangle BH. Bycheh ~ 
fame method the triangles ACE, and GCB,, 
may beprov’d tobeequal, [Ay the 4.) and che:h” 
{quare AG tobe double the triangle GCB; απών 
the rectanele CH, double the triangle ACE,, 
[bythe 4τ.] therefore the fquare AG is equal to 
the rectangle CH; and by confequence che. 
fquares AF and AG are equal to che fquarehl >! 
BDEC. 


ο μμ “σσ 
RER - Dante sr 
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= 
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ου 
— 4 ο = 


The USE. 


é’Tisfaid chat Pyrhagoræ, having found οὐ. 
“this Propofition, facritic’d a Hecatomb, 1. ον 14: 
“hundred Oxen, co the CW Jes, to return chem) 
“thanks for their affiftance; {uppofing it, ΠΠ 1; 
| feemss]) ii 


a a 


3 


re ne 
un x ET 
= 


The Ferf?-Book, ος 
“qfeems, above che power of bare humane ‘in 
{-vencion.. Nor was his efteem thereof {o arra- 
αι] tonal, 46 to. fome perhaps ic may appear; hig 
Ai Propofition being che foundation of 4 veryicons 
“| fiderable part of the Mathematicks, For in 
"ithe firft place 7: rigonometry cannot poflibly 
©! fubGG wichouc ic, ic being neceffary to com- 
| Apofe a table of all che lines chat may be in- 
"A ferib’d in a circle, as Chords, Sines, Tangents; 
| Secants; as may appear by one example. 
‘ Suppofe the femidiameter AC to 

‘EB. f be divided into reo000 parts, ὃς 
À chat the arch BC contains 30 
| ρα ‘degrees, Since che chord, orline 
ant D C ‘that fubtends 6o.degrees is equal 
©: “to the femidiamecerAG ;..BD the 
“fine of 30 degrees; will be equal to half A C; 
and cherefore ‘contain .;0000 parts. Now.in 
the reétanoular triangle ΔΕ, the fquare οἳ 
‘AB is equal το the Aquares of -AD, and BD, 
#'AMake therefore the {quare of AB, by. mulsi- 
“plying 100000 by 100000, and from the pro- 
Madudét fubftra& the fquare of 50000 or BD ; 
che remainder will be the fquare of AD, or 
"BF thefine of the complement : and extra&- 
{ing the fquare root of chat number, you will 

i ανα the line FB, This done, making as AD 
40 BD, fo AC to CE, you will have the tangent 
“NCE; chen adding together the fquares of 
3! MAG and CE, the product (by the 47.) will ae 
| che 
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€ che fquaré of AE 5. extraéting cherefore frotm |... 
¢chac number the fquare’ root, you will know) 
‘che length of the ‘line ΑΕ, which is the: fe--) 
‘ cant, Wears 14 GRISES HO UT 

os os“ By this alfo'we may aug: 
GC D, BE . «ment figures, ‘as much ass)" 
NOR ‘we pleafe. For: example 5) 
co double the fquare ABC! 1 
D, continue the fide CD), 4 
ο “fothat AD and DE many! 
01.24 17 €be equali: the fquare ool) 
AE will be double the fquare ABCD ; fincih 
(bythe 47.) icis equal το both the fquares cl 
cADrnd DE. Making che right angle AEF) 
“ gndtaking EF equal to AB, the fquare of All 
Swill! be: triple’ the fquare’ ABCD. Αρα 
“making che riche angle AFG, and taking FOG | 
“equalto AB, che fquare of AG will-be quai 
© druple; or four‘ times the fquare of? ΑΡΟΠ tty 


ALI 


= 


> 


€ And chat which “T fay of the {quare, may Co 
© underftood of all fimilar figures: | 


Fi 
| 


| 
| 
4 


ai \i 
PROM: 


i 
η, 
ty 


Se ap ITE 


ας 


μμ 
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PR OPOSITION KL. 


À Es Es À THÉBORE mM ; 

sl οὐ inca triangle the {guare of one fide be equal to 
quel the (quares of beth the other fides, taken toge- 
rin tbery-the angle ή, tw thay fe ρα 4 μη cea 


WW right : 


a κ 
ae &, 


CE be fquare of the fide NP be 
equal το both cthe-{quares..of 
the fides NL, and LP, taken foe 
: oecher ; the angle NEP will be 
| w Es dright angle, : Draw LR perpens 
iif είς to NL, and” “equal to LP; then draw 
ise line Ναι ο. COCHE 
| = Deménfiration, via : 

ong η ‘in the rect4noulartriancle NER,” the {quate 
ο ΝΕ is Equal ro che fauares NL, and RL, ος 
ED, (ey the 47.) - Now the (quare of NP is al. 
D egal to the fame fuites of NL" and LP; 
therefore che. fquare of NR is equal to the 
Huare of NP, and by ‘confequence the lines NR, 
dad NP are equal,” And becauté che triangles 

να and NEP, have che Gde NL common ; 
hé fides LP ier LR equal , _ and their bites 
NP and NR alfo equal’; the angles NLP. and, 
NER will be equal, (By the 8.) “and the angle 
NER being à right angle, the angle NLP mutt 
Ne fo too, N The 


94 


ce 


THE SECOND BOOK 
OF THE 


ΓΕ L E M EN TS sde 
LI 5 zi | 


+ WC. UT in ie Book .treats “OF thee), 
4 "péwers of right Lines ; ‘thacis to αγ 
@ of their. Squares : : comparing the di-) 
“vers Rectangles, which are made upon a Lines) 4 
‘divided, as well with che Square, a3 che 
‘ Rectangle, of the whole Line. "Tis a parti 
‘exceeding ufeful, fetving for che foundation) 
“of the, priticipal Operat’ ons of Algebra, à Cheah iy 
é chfee fit Propoñtions demonfrate the. thircdin}, 
€ Rule, or Operation of Arithmetich, Malin. 
€ pli¢ation. The fourth, teaches, ro excract. (πο νι 
‘ fquare Root of any number Whatfoever. Thole)... 
€ chat follow to. the Eight {erve upon many oc: κ 
¢ cafions in Algébra. The reft inftru€ us in Οἱ | | 
‘perations proper for Trigonometry, "This Boo!) [νι 
<feems at fr view. very difficult ; : because: 
6 men afe apt Co imagine there is fomething my; μμ 
‘ Rerious contain'd therein ; neverchelefs ehudl. 


* great κ 


ie, 


À 
Ν Al 


| 
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Hereateft parc of ics Demoniftrations 46: ‘eround- 
‘i bed on this πιοβ évident Principle, thac the 
iwhole is equal:to all its parts taken tocerher, 
But it ought noc’ to dilcourage any, : i they 
Afhould not at the Be eee fully con: pre- 
Den them. LA 10"0He 


DEFINITIONS. 


L A retlangular parallelogram is sori ται 
(°° two lines, that form aright angles 


jl ALE Bis Bferve char hencefor- 
: ward by a rectañole we 
* fhall intend ‘fuch'a paralle- 
μι τι ‘logrant, whofe angles are 
sl | BE c ‘all right angles , ditlineuifh- 
‘ing it by giving its longi- 
“Wide and latitude,” naming two of its fides, 
\@which contain one of its anoles, as the lines 
(@AB and BC. For the rectanole ABCD 15 
ft id compris’d under che lines ΑΒ “and BC: BC 
Hdenoring its longitude and AB its latitude ; 
ad and che other being equal to thefe ir will noc 
ibe neceflary toname them. 1 have alfo for 
Mmerly intimated charthe line ‘AB,’ remain- 
wl ing perpendicular to BC, and being mov'd 
«ftom one extremity thereof to the other; pro- 
“ouduces the re étangle ABCD ; ‘and that that 
Lui 2 © moe 
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“ motion-has. fome refemblance το Arithmeticaullit 
“multiplication: {ο chat, as che line -AB-moven|/ ih" 
€ ingover the line BC, thacis, ceken io many πό 
“times, as, chere are points in. BG, cotnpofesaf 1 
¢ ch@ rectancle. ABGD +: fo-the mulciplicatiom) ο” 
“allo of AB by BC, will give the retanglea! #4 
πι “ABCD. As, fuppofe I knew che number xt | il 
ae € cA£athematical points, chat are in ΑΒ; foi 
¢ example 40, : and, that there were όο in BC fui 
‘ic isevident thatthe reftangle ABCD will 
“havefo many. lines equalito AB, as there a Ἆν 


A 


“points in BC. and τας multiplying 40 byy? ie 
€ 60, the produ&t will be 2400, which is che à 
€ number of Mathematical points in che reétang leq? nun 
SABCDe fist 2 vi | a i 
SE may-take whae quanricy I pleafe for a 44a ln 
Cthematical point s provided 1 co not afrerwardis} bir; 
€ fubdivide ic sie muft therefore be obferv'diliu 
€ char-when Imeäfure a line, for a Afathemats-2Ni\, 
‘cal point: Leake that meafure which belt fyxess 
‘with my occafions;. for example, whens far) 


a FhAr 
Ul 


“a line of five footin length, my A4athemais) 
€ tieal -poiat is a line of afoot long ; which. I 


à 


‘rake wichouticonfiderine, that ic is compos dir 
¢ of any parts. In meafuring a fuperficies. likes. 
« wife Iidovhe fame, -1¢king, fome known fupers- 


« ficiess for Example, à foot fquare; which hdc 


À 


it 


έπος afterwards -fubdivide. -- I make-ufe, of. 1410 

« fquare tather: chan any other figure 3, decaufed 

«τά length and breduh being equal chere.is no. 
| 4 neccd] 


nu, ! 
ont 


a 
Se 
hy 
/ 
/ 
n, 


ς 
i 
| 
ΕΙΝ. 
ΙΛ 


| 
| 
| 
| 
| 
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ME need of namine more than oneof its dimenfi- 
Mt ons to defcribe 1. . Accordingly when I would 
inf mark out the rea of the re&tangle ABCD, 
a | I do not confider the fdes as fimple lines, but 
1ff-as seQangles.of a dererinate bredrh : for 
‘if example, ‘when 1 fay thatthe rectangle ABCD 
ra μας τίς fide AB: of four foot long, fince a foot 
Fis ro me: inftead of a Mathematical point, | 
Γή ο ονε the fide AB το have alfo afoot in 
πῇ bredeh, Απά [ο be as the. re&ansle ABEF, 
4 Therefore knowing how. many times the 
M bredth BE is contain’d in the line Ρο I 
ist fall know how many. times rhe line AB is 
η} Contain’d in-the rectangle ABCD; that isto 
ifay, multiplying AB which has four foot 
@ {quare by 6,che product will be 24 foor fquare, 
ui Zn: like manner knowing the magnitude of rhe 
wii rectangle ABCD tobe 24 foot fquare,and one 
ya OF its fides AB to be 43 dividing 24 by4 
# the quotient will cive me the other fide BC, 
| | confilting of fix foot {quares 
ld ED 2. Having drawn the diameter of a 
x. Tetangle, one ofthe leffer rectangles 
“ai η mar thro which ir paffes, together with 
‘ia 


>> 
> 


the two complements, is call’d rhe 
Gnomon. ‘ As the refanele EG, 
il “chro which the diame:-r BD pattes, 
ee | together with.che complements EF and GH, 
À is “call? d the Gnomon 3 their figure cogecher 
Ml Seprefenting a Carpenters fquara, 


mate 


ενος, 
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ο μου ων ern 


DE ο ο --- ΙΑΛΑ 
LU 


PROPOSITION I yj ift 
7 A THEOREM. ae 
If two" Lines be propos d, whereof oneis divided BH M 
toSdivers parts, the rettangle contain'd under”) 
thofe two lines ts equal to the retlangles contain’ à | 
under the line which is not divided, andthe parts |} 
of the line divided, | | 
Cr Le ET che fines propos’ d. bell 
σος | AB, and AC; and let AB hy 


be divided into as many parts 45 — 
SRE - you pleafe. The rectangle AD) 
ñ ~ F concain’d under che lines AB -andil}= 
AC , is equal το the reStangle AG conrain’dl |i 
under AC and AE; tothe reétangle EH con--}/ it 
tain'd under EG equal to AC , and EF ; and ton Γη 
the rectangle FD contain’d under FH equall)) Ww» 
to ΑΟ and FB 
Demeonftrat ton, 
The reanele AD is equal to allits partss Bis 
raken cogether ; which are the reétangles AG ,, 
EH. and FD; and'noocher. Therefore che} 
rectangle AD is equal tothe rectangles Αι 
EH and FD caken rogether. ; 
By Numbers. | 
Fhis propofition holds crue likewife in num--|/ 
bets. Suppofe the line AC co be five foonr) 


i 
| 
| 
} 
i 


pe tape 
HAE DE 


long} AE two, EF four, FB chrée ; and By 
confequence AB nine: the rectangle pentane | 
under} 
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‘nder AC five; and AB nine, that is to fay, 
Five times nine, which makes forty five; ise. 
ual co twice five ‘or ten, «four times five or 

| fwency,and chree times five, ot fifceen ; for ren, 

“| Ewency, and fifteen, make forty five. 


The USE, es 
(A, στ]... By this propofition is demontiira- 
B, g| ted the ordinary operation of mul- 
(WHET T5739] . Uplication.. For example, if: you 
αν σσ ‘Were. to multiply: che number! A, 


rs D. “which is (5, by.the number! B, 
Mis? 241 “char is. 8, Divide-the numbet A 


12 lar?! Inco fo Many parts,as there ‘are char. 
if 2 474) “acters :that is,two, sojand 3: which 
Hon! Multiply by 8,.faying, eight times three ts 
doh Evency four 3). and fo you make one reétanele. 
«lc Æhen multiplying the. number, so. by-8;>.the 
-Æproduf will, be 400. “Buc. *tis evident that 
ἔτμε produét of eighe times [53 being. .434, 
wot AS equal.ro:the produ& of 24,-and che product 
 \G ARO taken together... GY 435-4 17 


ρα 
ν 


euh À 


NE) ον 
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areas EE RAR ENS ΙΑ): 
PROPOSITION IL nf 


A THECRENM. 


The [quare of any line is equal to, the reflanglets\». ., 
contain'd Μεν the whole line, and all tts parcs, ος 


CGHD ET the line propos’d be ABI" 
| ad its fquare ABDC. I fall 
the fquare ABDC is equal το the τος 
l'angle” contair’d’ under the whole Παν 
AEFB AB; and AE; anocherunder AB απ 
‘EF + and achird under AB and’ FB, : * : 
5 Demonftrations Ὁ LU 
The fauire ABDC’ is equal: toil its partis 
aken rogether, which are the τα η νε 
EH, FD. Τοε-βια AG ts contain d πάς ης, 
(ΑΟ θα! to AB ;” and AE: The fecond Elu, 
Sscontain’d utuer EG equal to AC or AB , any 
FE. Thethird FD is contain’d'üsder FH eel 
qual to AB, and FB: and 45 the farm 
thing to be contain’d under a line equal ro AB} 
and to be contain’d under AB it felf. Theree 
fore che fquare of AB 1sequal to the reRanglee 
couraind under AB, and AE, EF, FRE 
the partsof AB. 


|. 
4 
ή 


| 
4 
À 
{ 


ὃν. 
4 
1! 
uy 
vy 
| 


By Numbers. i 
Lectheline AB reprelent the number ninee]}\] 


itd) 
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à fquare will be 81.° Let alfo cheparc AE 
ew four ; EF three ; and EC cwo : nine times 
» far make chirty fix ; ninetimes three tu ency 
ren; and nine timestwo eighteen , and’tis 
ain chat 36,27, and 18 make 81. 


The “SE, 


°F This propofition fetves likewife to prove 
” Mulciplication ; as allo for Equations in Al- 
hebra, 


4. PROPOSITION UL 


A THEOREM. 


AS 
«\Fontain d under the whole line, and one of it 


\wiiparts, 15 equal to the {quare of the fame part, 
αἱ μαμά rhe reftangle contatn’d under both the parts. 


wh a line be divided into two parts, the rellangle 


{ 
4 
] 


RE ok ET theline AB be divided 
‘4 into two parts at che point 
| Baha | C; ana lec a rectangle be made 
M€  B of the whole AB’ and one of 


{parts AC, chat: is co fay, lec AD be e- 
Bl to AC; and then if re&anele AF be 
@pleated, ic will be equal to the fquare of 
C4 ‘and the retangle “contain’d undér AC 
#2 CB. Draw che perpendicular CE. 
| Ω De. 


À 


με ορ ή 


Demonftr ation. st 
The reftangle ΑΙ contain’d under AB ali 
AD equal co AC, is equal co all its partit 
which are the retangles AE, and CF. TI], 
frf AE is the fquare of AC, the lines 44 
and AD being equal; and the rectangle (Qu 
is contain d under CB, and CE equal το 4A | 
or. AC. Therefore che rectangle contain 
under ΑΒ and AC 15 equal co the fquare:| 


AC, and che rectangle contain’d under J? 


and CB. 
By Numbers, 

Lec AB be 8; AC 33 and CB «Στ 104, 
rectangle contain’d under AB and AC, wy. 
be three times eight, or24:cthe fquare of AA! 
3, is nine; and che reétangle contain d uno] 


AC 3, and CB 5, is three times 5 ort 
But ic is evident chat 15 and 9 make 24. 7 


The USE, 


© Theufe of this propofition 1s {A . 
“co demonftrate the ordinary practi), 
‘of multiplication, For example,,l}}; 
© you would multiply the number {|} 
“by 33 having divided the πω 
“43 into4o, and 3: three timesilh, “ 


1 


€ will amount to as many as three times three)“ 
© ni hac is the f f chree ; and chi 
nine, that is che fquare of three ; and thai 
“times 40, that is, 120 ; for three cimes {ο 
“three is 129. Beginners ought not to be cdf. * 
€ me | ON 

ο 
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,purae’d, ifthey do not prefently apprehend 
“thefe “propoñtions ; which yet, in cruthare 
apt dificult, but as they are conceiv’d to con- 


it vin fome ftrange myftery. 


t 
ΗΡΑ 8 
IL \S 


PROPOSITION IV. 


| A THEOREM, 


1 


W line δε divided into two parts, the {quare of 
the whole line, willbe equal tothe fquares of 
Woth the parts ; and two retlangles contain’d 

fender the fame parts. 


i ᾿ E FD ET the line AB be di- 
(og vided in C, and its fquare 
iG  ABDE αμ: let its di- 
Ἆ agonal alfo EB be drawn and 
A” GOB a perpendicular cutting | it CP: 
Al by that point let the line GL be drawn. 
cat léfto ΑΒ. "Τίς evident that the fauare 
is DE is equal to che four re&angles GF , 
‘i, CG, and LF. The two fit of which 
th the fquares of AC and CB: and chetwo 


"En are contain d under AC επ} 


if Demonstration. 
‘The fides AE and AB are equal; therefore 
ή angles AEB, and ABE are half right 


O 2 angles 
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angles :..and becaufethe lines GL and AB ares) 


fquare. GF (by. the 29. 1.) willbe equal $3 
as alfo their fides (by the 6. 1.) Vherefore GF 15! 


{quare of CB * che re€tangle GC is contain’d]) 


to AC, and FD equalto BC. | 
the rectangles which it cuts are fqares. 


(A, raql, € This.propcfition teaches the mess} 
iB, 12 thod of extracting the fquare root off) 
IC, τη “any number propos'd. Ler the nume4) 
πι ber be A, or 144,reprefented by thee! 
“fquare AD, and its root by the line ABA 
«Τ fuppofe ic known from other principles chat 
“it requires cwocharaGers, 1 imagine theres4) 
“fore chat the line AB is dividedin C, fad) 
“chat AC may reprefent the firft character} 
“and BC the fecond... Then fearching thés 
“root. of the firft charaGer of the number 1444! 

| 


9 


“whichis 100, | findit tobe το; and. makings 
“ics fquare 100,reprefented by the {quare. GF 4 
€] fubfra& ic from 144: and chere remains. - 4.44) 
“for the reétanoles GC, FL; andthe fquared) 


“CL: Buc becaufe the figure of a Gnomon 193, 
re) 


“not proper for chis operation, I tranfpore ches) 
| 
| 


‘rectangle FL unto KG , making ane wholes] 
€ 
Γεδῖ»- 


parallels; che angeles of che triangles of ches) ' 


Coroll, If you draw the diagonal of a fquares Lu 


4 # 11 
if 


the fquare of AC. Inlike manner CL isthe)! 


ANT η 
IVY, μιά 


chereftangle LF is contain’d under LD equal} 


τή 


[δή 
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fl 
ALU 
|! Va 
ÿ it 
{WA ep 
Nah |) 
fn, 
iat 


ANA 
all (Ph 


D 


xi © and ten, 


μαμα] το the fquare 
all fquare of 2, thatis4; and twice 20, which 
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rectangle KL, chatis, 44. 


‘log 
T know alfo al- 
ready almoft the whole fide KB: for AC be. 
“ing το, KC muft be26: Pmiuft therefore di. 
“vide 44 by 20; that is tofay, for my Di- 
* vifor doubling the root found : Tenquire then 
‘how many rimes 20 I can have in 44? and 
“find twice : and therefore take 2 for the fide 
‘BL ; and .becaufe 20 was not the Intire fide 
“KB, but only KC : that two which came 
"in the quotient I add to the Divifor, making 
“it 223 which number being found precifely 
* twicein 44,adding 2 tothe root before found, 
© I conclude the whole fquare root of 144 to be 
“12. You fee then that che fquare 144 is e- 
of 10, whichis 100, the 


ς 


“make the two rectangles contain’d under two 
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Ltée ca MORIN eo 
PROPOSITION V. 

A THEOREM... 


If a line be divided into two equal parts and two 
parts that are anequal ; the reflangle contain'd 
ander the unequal parts, together with the [quare 

‘of the intermediate part 5 is equal to the {quare 
‘of half the live | 


soie Gs: FF the line AB be divided 
| into two equal parts in C; 
| and two! unequal’ parts in D; 
ea Ἡ the “feSangle AH contain'd 

ή ‘under the unequal fegments 
AD, ahd DB, with the fquare CD, will 
be equal το che fquare of CB, thatvis, the 
fquare CF, Compleat the figure as you fee; 
the reétangles LG and DI will be fquares. 
(by the corol. of the 4.) Iwill prove then that 
the reftangle AH, contained under AD, and 
DH equal ro DB, with the fquare LG, is e-. 
qual εο the fquare CF. 

| Demonftration. 

The reSanele AL is equal to the rectangle 
DF , both being contain’d under half the line 
AB, and DB ot DH, which is equal to it. 
Add to both the reétangle CH; the reangle 


AH will be equal co che Gnomon CBG. Add 
phere. 
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therefore again to both the {quare LG: and 
the rectangle AH, with the fquare LG will 
be equal cothefquare CF. 

By Numbers. 

Lec AB be ro; AC willbe 5, and CB like: 
wife ; and lec CD be 2, and DB 3 :! the 
rectangle contain’d. under. AD 7 and DB 
3» thatis to fay 21, with the fquare-of CD 
2, that is. 4». will be equal to the fquare ΟΒ.ς., 
which is 25, The USE. 

* This propofition is very ufeful in the chird 
“book: it is alfo us’din Algebra, to demon- 
* firace che manner of finding the root of an af. 
“fected or impure fquare. FAT 
ο ο el τς νο κα 

PROPOSITION VI 
A THEOREM. 


Ifa line be divided into two'egual parts, and to 
“À #t another line added; the reflangle contain’d 
under the line compounded of thofe two, and that 
which is added, with the fquare of half the di- 
παρά line, is equal to the {quare of the line 
Compounded of that half and the line that is added, 


F_G'E FF cotheline AB, divided 
| Into cwo equal partsin C , 
be added the line BD; The 
rectanele AN, contcain’d un- 
der the line AD, and DN’e: 
equal.co BD, with the {quate 
οἱ 
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of CB, is equal co thé fquare of CD.° Make 
the fquare of CD, and having drawn the diago- 
nal FD, draw alfo BG parallel to FC, cutting 
ED ac the point H, through which pañles the 
line HN parallel to AD, KG will be che fquare 
of CB; and BN, that of BD. 

Demonftration, 

The reStangles AK, and CH, being upon 
equal bafes AC and CB; are equal( by the 36.1.) 
The complements CH and HE are equal, (by 

the 43.1.) therefore che rectangles AK and 
HE are equal. Add to boch the rectangle GN, 
and che fauare KG : the reétangles AK and CN, 
chat is, the rectangle AN, with che fquare KG, 
wilt be equal co the re@angles GN and HE, 
and the fquare KG, that 15, the fquare CE. 


By Numbers. 


Let AB confit of 8 parts ; AC of 45 and 
CB of 4; BD of3. fo rhat the whole AD be 
11. Tis evident the reftangle AN is three 
times 11, thatis 33 ; which with che fquare of 
KG, equalto CB 4,that is 16 ; make 49, and 
therefore is equal το the fquare of CD 7, which 
is 49 3 for7 times 7 make 49e 

The USE. 


© Manryloeus,by the help of this Propofition, 


€meafur à che whole Earth at one fingle Obfer- 
vation. 
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jwation, To effet which ,. he advifes, thar 


“from the top of a Mountain of 
À “known hight A; you obferve the 
‘angle BAC, made by the line 
“AB, touching che fuperficies of 
“the earch ac B, and che line AC 
pafling chrough the center: and 
thacin the criangle ADF, know- 
‘ing the angle A, and the rigbr 


4, αποῖς ADF, you find by Trigoxometry the fides 


.-AF and FD: and becaufe tis eafie to demon- 


> 


(trace that FB and FD are equal, you will then 


‘| Know the line AB, and allo ics fquare. Now 


we have demonfitared in the preceding pro- 


g Mpofition, chat the line ED, being divided into 
“yequal parts in C, and che line AD added to 


it ; the reétangle contain’'d under EA, and 
LAD, with the fquare of CD, or CB, is equal 
co the fquare of CA; and the angle ABC, 
being a right angle, (as is prov’d in the chird 


ook) the fquare of CAüsequal to the fquares 
“00€ AB and BC 3 ‘thétefore the rectancle un- 
" oder ABand AD, With the fquare of BC, is 


” (equal co che fquares of AB and BC. Take 


) therefore from therit ‘boch the fquaré of BC, 
Vand che reétanole undef AE, and AD, will be 


Hequal to the fquareof AB. Divide rherefore 
the known (quare of ‘AB, by the hiehe of the 


mountain AD, and the Quotient will be che 


wat line AEs from which fubRraGing che hieht 
- Γ 4 Lee 


L ot 
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‘of che mountain, the remainder. will be cheat, 
€ diameter of the earth DE. | 

© We have made ufe likewife of the fame pro--|| 
“ pofition inour A/gebra,to demontftrate the thite-|) Tin: 
“teenth propofition of the third Book, co find: 
€ che root of a fquare equal to a number, more af | 
© certain number of roots. The two that follow, 
6 do alfo {εινα for the proof: ofthe’ like operatis}\in 


€ ons. 


PROPOSITION VII. 


: A THEOREM. : 
If a line be divided , the {quare of the whole 
line, with that of ont of its parts, is equal to twao\) 
velangles contain d under the whole line, ‘andd\) ii 
that firft part, together with the {quare of thee)" 
other part. | 


ET che line AB be dividedilbh, 

4 any Where in C ; che (άμα (i 
AD of the line. AB, with: cheer: 
fquare AL, will be equal’ to:twedl) 
right-angles contain’d under AH 
and AC, with che fquare of CB! 
Make the fquare of AB, and haved), 
drawn the diagonal EB, and the lines CE) 
and HGI ; prolong EA fo far, as char AK may 
be equal to AC: fo AL willbe the {quare of AG) 
and ΕΜ. will beequal το AB; For HAïs equaill 
ced] 


ἱ 
i 


ἅ 
1 
\ 
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"GC, and GC is equal to CB, becanfe Clis 

he {quate of CB, (by the Corol. of the 4.) 

Demenftration, 
NM "Tis evident, that the fquares of AD and AL 
Vise equal το the rectangles HL and HD, and the 
Mfuare ΟΙ, Now the rectangle HL is contain’d 
der HK equal to AB, and KL equal to AC. 
‘il, Tike manner the reGtangle HD is contain’d 
ader HI equal co AB, and HE equal το ΑΟ. 
“Therefore the fquares of AB and AC are equal 
) two reétangles contain'd under AB and AC, 
d the fquare of CB. 


In Numbers. 


vin yu Suppofe the line AB to confift of 9 parts, 
j, MOF 4, and CBof 5. The fquare of AB ο 
1891, and that of AC 413 16: which 81 
hd 16 added together make 97. Now one re- 
ngle under.AB and AC, or 4 times 9, make 
igs Which taken twice is 72 : and the fquare 
md CB s:is25; which 72 and 25 added to- 
: tther make alfo 97. 


ni 
| 


soe The Elements of Euclid: 


PROPOSITION VII. 
A THEOREM. 


If you divide a line, and add another to it equal tao) 
one of its parts, the [quare of the whole compoun=-| 
ded line will be equal to four retiangles contain aA , 
under thefirfi-line, and that part that να εάν 
together with the {quare of the other part. | 


τα ET che line AB be divideddh 
5 κ | μα 


= 


R any where in the point Cy” 
and BD egual to CB addecdst" f, 
H to ic: the fquare of AD will beg) 
PN PE cal co four rectangles concain'ed) 
- “under AB, and BC or BD, andd 
the fquare of AC. Make the fquare of AD 
and hiving drawn che diagonal AE, draw like 
wife the petpendiculars BP, and CN, -cuccingg) yin 
the diagonal tn T, and © : and alfo the πε)! 
MOH, and GIR, parallel to AB. The reSanag? dv), 
oles GC,LK,PH,MB, and NR, will be fquaressy) ni}, 
(by the Corolt. of the 4.) | 
‘Demonftration. | 
The fquare ADEF 15 equal to all its parts} 
and the rectangles LB,OD,PM, are contain’) 
under lines equal to AB,and BC, and if you adcd) 


} 
{ 


D. 


che restangle MI tothe reftangle PH, they του]! 
gether will give you another rectangle contain (gj 
undesii 
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_-@linder à line equal to AB, and another equal to 
ο. CB or BD’ Befides which there remains no- 
4 {hing bur che fquare GC, which is the fquare 
of AC, Therefore the fquare AD is equal το 
four re@aneles contain’d under AB and BD, and 

‘ul the {quare of AC. 
| In Numbers, 


Let the line ABconfift of 7 parts, AC of 
3, and CB of 4; as alfe BD: the (quare of 
AD 11 willbe 121. And one rectangle under 
LAB 7, and BD 4, makes 283 which taken 

. (kourtimesis 112: and chofe, cogether with the 


“flquare of 3, which is 9, make allo 121. 


see ea 


PROPOSITION IX. 


A THEOREM. 


fe line be divided into two equal parts, and two 
LH anequal, the fqnares of the unequal parts wih be 

wl double the [quare of half the line, and the (quare 
wil Of the intermediate part. 


ΕΤ the line be divi- 
ded into wo equal 
parts ac the point C, and 
two unequal et the point 
4 D: che fquares of the une- 
ap C-D ® gual parts AD, and DB 
| wil 
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will be double che fquares of AC, which is half 
AB, and CD the intermediate part. Draw CE 
perpendicular to AB, and equal co AC ; draw 
alfo the lines AE, and BE, and the. perpendicu- 


lar DF, as likewife FG parallel to CD, Then. 


joyn che line AF, 
Demonfiration. 

The lines AC and CE are equal, andthe an- 
ele Cis aright angle: therefore (by the 5.1.)the 
anoles CAE, and CEA, are equals and confe- 
quently half right anoles. In like manner, the 
angles CEB, CBF, GFE, and DFB, are half 
fight angles; and the lines GF and GE,DFand 
DB, equal, (by the6.1.) andthe whole angle 
AEF is a right angle. Now the fquare of AE( 07 
the 47. 1.) is equal to the fquares of AC and 
CE, which are equal: therefore it is double 
the fquare of AC. For the fame reafon, che 
fquare of EF is double che fquare of GF,or CD. 
Now the fquare of AF is equal co the fquares of 
AE; and EF, becaufe the angle AEF. is 4 right 
angle : therefore the fquare of AF is double 
the {quares of AC, and. CD, The fame fquare 
of AF 1s likewife equal to che fquates of AD, 
and DF or DB, the anole D being a tight angle. 

Uherefore the fquares of AD, and DB, are dou- 
ble the fquares of AC, and CD. 


In Numbers, | 


«τει AB be το Ας 5, CD 3, and DB: 
2%: 
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rte: the {quates of AD 8, and DB 2, that isto 
aay, 64 and 4 , -which make 68, are double the 
eat quares of AC 5, that is, 25, andof CD +. 
twievhich is 9 : for 25 and 9 make 34, Which is 


thalf of 68. 
The USE. 
“Thave-not'mec with this Propofition, ον. 
cept in Algebra; no more chan thar which 
(a * follows. | 


ne 


PROPOSITION x 


De 


=a 


3 


| A THEOREM. οἱ 
AUN a line be added to another that & divides Mite 
VW two equal parts : the Square of ‘the lize Cons 
Di pounded of thofe two, with. the fquare of thas 
bs which is added, makes double the fquare of half 


NU QU 
[ 


iW the Line, and the fquare of that which ϱ; Cons 
Mél: pounded of half, and the line thar is added, | 


4 
# 


[ΕΤ the line AB be 
divided ‘in the 
middle ar the point C, 
and the line BD added 
to 1ος. theefouares of 
AD, and BY),, will be 
double the fquares’ of 

RO, and CD, Draw the perpendiculars CE 
(Did DF equal ro AC : and then draw the lines 


AE, 
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AE,EF; and producing FD-toG, fo chat Ὠαι νο 
may be equal to BD, joyn the lines AG, andl}; 
EBG. L. 
Demonftration. 
The lines AC,CB, and CE being equal, andl) 
the angles at the point C being right angles 3: 
the angles CAE, AEC, CEB, and CBE, will bell. . 
half right angles. In like manner che angle DD} """ 
being a right angle, and the lines BD and Όσα 
equal, che angles DEG, and DGB, will be half} *"" 
tight angles ; and fo will likewife GEF, thee) 
angle F being aright angle 5 therefore the lines 
FG and Fe are equal, (bythe 6.1.) and ER) 
is equal to GD, (by the 33.1.) Now che fquared?’ \ 
of AE is double che fquare of AC, and ché 
fquare of EG alfo double che fquare of EF, ου. | 
CD, (by the 47. 1.) But the fquare of AG ig, 
equal το the Squares of AE and EG, (by thy 
fame :) therefore the fquare of AG is doubligfitu 
the fquares of AC and CD. The fame (αὐτόν 
of AG is likewife (by the fame) equal to εκ 
{quares of AD, and DG equal to DB: theres; it 
fore the {quaresof AD and DB are double εἰ η, 
fquares of AC and CD. | 


Κ 
By Numbers. à. 


Let AB contain 6 parts, AC 3; and Ομ 
3, BD4 3; the fquare of AD 10 is 100]: 
the fquare of BD 4 is. 16, which make cogediis, 
ther 116. The fquére alfo of AC 318 9: cher 

- (αυ 


> ee 


al \) 
(#4 


8, che half of 116. 


v\ 


; G 


raw EB, and take EF equal to ΕΕ. Then make 
ne fquare of AF, chat is to fay, lec AP and AH 
"ye equal. 1 fay, the fquare of AH will be equal 
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juare of CD 7 is 49, Now 49 and 9 make 


D send 


PROPOSITION XL 


A PROBLEM. 


> 


«Do divide a line in {uch a nsanner, that the retlax- 


le under the whole. line, and one of its parts, 


(hall be equal to the [qnare of the other part. 


C peer the line AB to be di- 
vided in fuch a manner, thar 

the reétangle under the whole 
line AB, and BH, may be equal 

to the fquare of AH. Make che 
fquare of AB, (by the 46.1.) and 
dividing AD in the middle in E, 


WH 


1” Hbrhe reStangle HC, contain’d under HB, and 
"MC equal ro AB. 


η 
\\ 
, 4 


Demonfirations 
À The line AD is divided equally in che poinc 
ii. and the line FA added to ir, therefore (27 
jibe 6.) the rectangle DG contain’d under DF, 


dad FG equal to AF, with the fquare of AE,ts 


!" Maual co the fquare of EF,equal to LB : now the 


Ww 


: Mquare of EBis equal to the {qua 


of AE and 
AB 


fa 
res 


Le 
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AB, (bythe 47.1. }cherefore che fquares of AB and: |. 
AE are equal to the rectangle DG, and the fquare:) 

of AE: and fubftra@ing from both the fquare off 
AE: che (quare of AB, that is, AC, will be e- 

gual co the reétangle DG: taking away chere 
fore the re&tanele DH, which is common toi)!" 
both, che rectangle HC will be equal to ες; η. 


ra] 


fquare of AH, chat is, AG. 
The USE. 


This propofition teaches how to cut a line:)) wi, 
€ according to the extreme and middle propor--|, 
€ tion, as will be fhownin the 6th. Book, Τίς. 
€ alfo frequently made ufe of in the 14th. bookl}}|\\ 
© of Euclid's Elements, to find the fides of regu--|,.\.\ 
€ Jar Solids. . Ic'isufeful alfo inthe 11. of ρε: 
<4, toinfcribe a Pentagone ina circle, asalfo at ή, 
« Penredécagone (or a figure with 15. angles, ))}kn. 
‘You will fee'alfo other ufes chereof in divid--hir 
“ing lines on this manner, in the 30th, propo-: 
© Grion of che 6. 


a eel ee = aa ne Ea wa EES RE FF 
* = = i es ae = CD = + 
= ~ De = = 5 == f 7 παν oe 
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PROPOSITION ΧΙ, 


A THEOREM. 


a an Ootufangle triangle , the {quare ofthe fide 


oppos'd to the obtufe anglesis eqnal to the {quares, 
of both the other fides, and two reftangles con- 
tain d under the line npon which a perpendicular 
will fall, and the line which hes betwixt'the tri. 
angle and the perpendicular. | 


A [LET the angle AGB, ‘of the 
i | \ 7 triangle ABC, be an obrufe, 


“PCB 


and let AD be drawn perpendi- 
cular to BC; the fquare: of the 


“hide ABisequal to the {quares of che fides AC 
oe) ad CB, and two rectangles contain’d under che 


ide BC, and DG. 


Demonftration, 
| The {quare of AB is equal co the {quares of 
AD, and DB, (by the 47.1.) But che fquare of 
OB is equal to che fquares DC, and CB, and 
vo rectangles contain d under DC and CB, 
7 the 4.) Therefore the fquare of AB is equal 


lb the fquares AD, DC, and CB, and two re. 


ikangles contain’ d under DC and CB. In .ftead 
if the cwo firft {quares AD, and DC , put the 
fquare of AC, which is equal to them,(6y.the 47. 
|.) The fquare AB will be equal co the {quares 
| 3 AC 
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AC and CB , and two re&angles contain dll} 


under DC and CB. 
The HSE, 


‘This propofition “is ufeful in Trigonometry) 


© to meafure che area of.attiangle, whofe fidess 
‘are known. For example , fuppofe the. fides 


ε ABto.confift of twenty. foot, AC of 13, BCu) # 
of ri: che fquare of AB will be 400, char oft)) |), 


«AC 169, and that of BC 121. The fummes) 
< of the two laft is 290, which fubfiraéted from) 


€ 400, there will remain 140 for the two reét-<|! 4 
der BC and CD. The half of which;;ll 


‘dividing which number by BC, 31, we fhalll 


«have « for theline CD ; whofe fquare 25 be: 1 


“ing (ubftracted from the fquare of AC, 1694; 


€ Jeaves the {quare of AD, 144, whofe root 122}; 


D | 
; 


. 
i) 


€ wil} be the fide AD; which being mulripliedd))ii:), 
“by 53, the halfof BC, will give che area obi} 


che criangle ABC, that ts, 66 foot fquare. 
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ce ES 


PROPOSITION XII. 


A THEOREM. 


“a any triangle whatfoever, the fquare of the fide 

® oppos’d to the acute angle, with two retlangles 
WW contain d under the fide apon which the per pen- 
dicular falls, and the line which is betwixt the 
WS perperdicalar and that angle ; v equal to the 
A Squares of both the other fides. | 


A SRE the triangle to be 
ABC, and the acute angle 
| C, and AD the perpendicu- 
αν ματ lar falling upon BC: the 
fauare of the fide AB, oppos‘d 
to the acute angle C, with cwo rectangles con- 
\i@ain’d under BC and CD, will be equal co the 
mAquares of AC, and BC. 
Demonftratione 
| The line BC being divided in D, (by the 7.) 
the fquares of BC and DC are equal to two re- 
ftangles under BC and CD, and the fquare of 
BD. Add to both the fquare of AD: the 
Jquares of BC,DC,and AD, will be equal το 
(wo retangles under BC, and ED, and ‘the 
Inuares of BD, and AD. In ftead of the fquares 
KE CD, and AD, pur the fquare of AC, which is 
bqualtothem, (4y the 47. 1.) and inflead of 


wee MS 


the 
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the fquares of BD , and AD, fubftitute themit 
fquare of AB, which 1s equal to them, (by heal 
fame) the fquares of BC, and AC, will ber) 


equal torche fquare of AB, and two rectaneles: teat 
contain °>d under BC,and CD. 


The USE. 


Thefe propoñtions are very ufeful in Trigo--)) 
à HOME ET | I have made ufe of them in (με... 
“eighth propofition of my third book, to prove, ll: 
© that in atrianglerhe Sine total has che πιο» 
proportion το the fine of an angle, as che re&-4#, 
“angle contain’d under. che fides, which forma” 
chat angle; to.double the triangle. 1 have 
6 μες chem lik kewife in the feventh, and divers} 
“ather : propoñtions. [ 


— oa 


DC AD I CRETE 


PROPOSITION XIV. Fi 


A PROBLEM: à 


To defcribe a faste equal to a rebtilineal fi gore) ἤ 
; Liven; 


ως FYVO defcribe a fquare -ᾱ-- | 

RATER … qual co'the οφ Ἡ 

À A, make (by the-4.5.1.) a real. 

| angle BCDE equal το chee 

(Pise | reétilineal A: If the fidesd) 

D. E CD, and CB were equal, wee (À 
[που] 1 
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*fhould have what we defir’d : but being une- 
'ual, continue the line BC, fo that CF may be 
“equal to CD ; and dividing the line BF, in 
"the middle aethe point G, defcribe the fem: 
ircle FHB; this done, prolong DC ‘to H, 
“he fquare of CH is equal tothe re@ilineal A. 
yaraw che line GH. 
Demonftration, 
The line BF is divided into two equal parts 
2G, and two unequal in C: therefore (by the 
vit) the reétangle contain’d under BC, CF, or 
«Dy thatis to fay, che rectanele BD, wich the 
ματς of CG, is equal to the fquare of GB, or 
ΣΠ, which is equal το it. Now (Oy the 4.9.1.) 
“Me fquare of GH is equal to the iquares of CG; 
Ind CH: therefore the rectangle BD, and che 
ματς of CG, are equal to the fquares of CG, 
ind CH ; and therefore taking away the fquare 
{ CG, which is common to both, there will 
#Main the fquare of CH equal te the reGanele 


\ 


D, or, which isthe fame, the reGilineal A. 

| The USE, 9 
1° This Propofition reaches us in the frft placé 
“iP reduce any rectilineal figures to fquares ; 
1WAvhich being the chief meafure of all fuperfs 
iies’s, becaufe ics dimenfions are both equal, 
se can by this means take the Maonirude of 
OOM forts of reQilineal fioures, A: helps 


440 ain LE ne} Ρ 


Mis to find a ίσιο proportional berwixe cwo 
A 2 = 
: 
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« lines given, 


ag we fhall fee in che chirteenth 
€ propoñtion of the fixth book. 

« Arifhotle brings this propofition as an ins 
€ lance of a Formal Definition : for, in his fecona . 
“book, de Anima, ett, 12. diftinguifhing bes» 
© qwixt a Formal and 4 Caufal Definition, he x=» 77) 
“plains them thus. if, when cis demanded L 
e ‘What it is to fquare a Rectangle ? anfwer be: 
Creturn’d, that ic is to defcribe a fquare equal |) 
“to a restineal ; this anfer contains the fore"), . 
‘mal definition. But if it be faid, that itis coll 
€ find a middle proportional betwixt cwo linesiä}, 
“chis gives the Caufal definition. For to findil} 
€ a middle proportional 15 the caufe of makingil 

€ a fquare equal to the testilineal propos’ d. à |} 
This propoficion may alfo be farther (σα η | 
€ for the fquaring of crooked figures ; and alfoys) 1 
€ as far as is poflible, even che Circle ic felf5 on tn 
«21! (orcs of crooked figures may, at leat as Fat 
«ας is difcernible by fenfe, be reduc’d to reGtts4) tn 
elineals. As for example, if we infcribe in 140: 
ε circle a Polygone conffting of a thoufancd) ton 
¢ Ades, there will be no Cenfible difference bell. 
épwixe ic and the circle: therefore reducinggtt ης 
€ this Polygone to a {quare, We do, as far as oui 

c fenfes are capable of judging, fquare che circléel 


|) 
ε 
i 
εἰ 
Ακ 


| ΜΙΑ \ 
H 


THE THIRD BOOK 


OF THE 


ÆLEMENTS 
EUCLID. 


YHis third Book explains the propertiesof 

a Circle, and compares divers lines 

which may bé drawn wichin, or without 

+ circumference. Ic confiders likewife the 
:cumftances of circles, that cut each other. 
wwe touch a right line ; and the differences 
, je angles char are madé eithet ac che centers 
μα {| cifcumferences. ‘In Fite : it lays down the 
ae principles for the eftablifhirg che practical 

τί of Geometry ; for which the circle is 

ή “be commodioufly made ufe of in’ 2Imoft ali 

.Mreatifes of che Marbematicks, 


R DE- 
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αἱ μπω πε SONDE RON GRR VA GE όλ 


DEFINITIONS. 


1. Thofe Circles are equal” 
whofe diameters or femidiamn) ., 
cers are equal. +} | à 


2. Alineisfaid το touch a cri) 

A B cle, when, Meeting with its ci 
cumference, it does not cut its |) 

the line AB. ap 


3, Circles. touch). 
when meeting, they} 
not cut eachother, jj" 
che circles A,B,anddj 


A —~C 4. Thofe lines are equally 
mote from the center; when che jg7 
pendiculars, drawn from the cer}; 
to the lines, are equal. ‘* Asi] 
D ‘example, If EF, and EG, perp), 

€ diculars to the lines AB, and (4) 
“be equal, AB and CD will be equally rem} 
“from the center ; becaufe the diftance ου) 


6 always cobe meafur'd by perpendicular Hill 


Du anc ot 
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5- Afeoment Of a circle is 4 
ο figure terminated on one fide by 

a right line, and on the other by 

z= the circumference of a circle, 


4m" As LON; EMN, 


~ 5. The angle of the fegment is the anole 
ich che circumference makes wich che riohe 
re. ‘6 As che angles LNO, NLM. 


7. An angle isin that feoment in 
which are the lines τας form it. 
‘As the angle FGH, isin the fe 
‘ment FGH, 


‘#. An angleis upon that arch, to which ic 
“Bppos‘d, or which is as its bafe, ‘As the 
Ino le FGH, is upon the arch FIH, 


+ 


Ow 
αι) 


9. The Seétor is a fioure con- 

1 tain'd under two femidiameters, 

ie and the arch which ferves them 

LE for abafe, © As che ficure FIGH. 
Le 
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PROPOSITION I. 
A PROBLEM. 
To find the center of a Circle. 


TO find the center of the chi 
cle AEBD, draw the lin 


SSS 


at the point C 5 through whit 


which alfo divide into ewo equal parts at Ui 
point F, and that point F will be the centers), 
the circle. If it be nor, fuppofe che point Gi} 


be the center; and draw the lines GA,GB,an, ~ 


GC. Demonfiration. 


If the point G be the center, the criangbll}| 


GAC, and GBC, willhave the fides GA, ai 


GB equal, (by the definition of a circle:) and £4) | 
and CB will be equal, the line AB being dis) 


ded in the middle at the point C, and CG beni 


} 
1 
common, the angles GCP, and GCA will ben}... 
qual, (67 the 8. 1.) and « G a perpendicular, 18}, 

| 


draw the perpendicular ENS 


AB, and divide it in the middd)) ~ 


ag 


pr 


CD, which is contrary to the fuppofition. 1 heel} 


fore the center muit of neceffity be in che A 


CDs I add, thac it muft be at the pointe 
where it is divided into two equal parts : otha), 
ΜΜ, 


—— : 
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wife che lines drawn from the center co the cir- 
cumference would not be equal. 

Cool. The center of a circle is in chat line; 
which falling perpendicularly upon another, di- 
vides it into two equal parts, 

The USE, 


“This propofition is neceflary ro demon- 


‘à “ trace chofe that follow. 


ee 


PROPOSITION IL 


A TREOREM, 


"D A right line drawn from one point of the circam.. 


ference to another,fatis wholly within the circle, 


ET a line be drawn from the 
point Broche point C. I fay, 
ic will be wholly contai d withe 
inthe circle. To prove that ic 
cannot fall without the circle, as 
BVC 3; having found the cen- 


i@ ter of che circle A, draw che lines AB, AC, and 
Wa AV. 


ο Demonftration. 
The fides AB, and AC,of the triangles ABC, 


i are equal : therefore (47 the 5.1.) the angles 
1} ABC and ACB are equal, And fince che angle 
ή AVC is an external angle iD réfpect of the CTi= 


angle 
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angle AVB, it is greater chan the angle ABC, 
(by the 16.1.) and then alfo ic will be greater 
than the anole ACB. Therefore (by the 19.1.) 
in the trianole ACV, the fide AC, oppos’d to 
the greater angle AVC, will be greater than 
AV: and by confequence AV ought not to 
reach to che circumference of the circle, if the 
line BVC was a right line. 
The USE. 

“Tis by chis propoficion that they demon- 
*ftrace, chat a circle can touch a right line bue 
“in one place. For if the line touchd two 
“points of the circumference, ic would be 
© drawn from one of its points to another : and 
‘by confequence, according to this propofitions 
“would enterthe circle ; though by its defini- 
“tion, the line chat couches ought not to cut 
“the citcumference. Theodofius makes ufe of 
“the fame Demonftration to prove,that a Globe 
“can couch a plane only in one point; for ο” 
‘therwife the plane would enter within the 
© Globe, 


PROP? 


TheTherd Book. 


AKI re κρωκωςς, 
PROPOSITION IIL 


A Tusorem 


0 Uf the Diameter divide a line, which does not pafs 
through the Center, into two equal parts, it will 
Cutit at right angles ; and uf 18 Cut it at right 
angles, it will divide it into two equal parts. 


F che diameter AC, cut the 
line BD, which does not 
pafs through the center F, in- 
co two equal parts at che poine 
B, ic will. ους ic ac right an- 
fit A eles. Draw che lines FB, and 
if FD. Demonstration, 

In the triangles FEB, and FED, che fide EF 
εὔ Ἡ 16 common; the fides BE and ED are equal, 
“ef becaufe the line BD is equally divided in E, 
x1@ and their bafes FB and FD are equal : therefore 
121 (by the 8.1,) the angles BEF and DEF are e- 


ιν... 


| qual, and by confequence risht angles. I add, 
{ chac if che angles BEF and DEF be right änoles, 
ithe line BD will be divided into two equal 
{parts at E, chat isco fay, the lines BE and ED 
va Will be equal. 
| Demonftration. 
The triangles BEF and DEF are rectangu- 
| far: cherefore (by le 47.1.) the fquare of the 
fide 
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fide DF will be equal to the fquares of the fides 
ED, and EF. Now the fquares of BF and FD 
are equal, becaufe che lines are equal, therefore 
the fquares of BE and EF are equal to the 
{quares of DE and EF $ and taking away che 
fquare of EF, the fquares of BE, and ED will 
be equal, and by confequence the lines, 


PROPOSITION IV. 


A THEOREM 


Two lines drawn within a cirele cannot cut each o- 
ther intotwo equal parts, unlefs they both pals 
through the center. 


ia the lines AC and BD cut 
each other ac the point I, 
which is not the center of the 
circle, they wall not equally 
D divide each other: Firft, 1f 
one of chofe lines, as AC, pafs 
through the center, tis evi- 
dent it cannot equally be divided but at che 
center. But if neither pafs chrough the cen- 
ter, as BD and EG, draw the line AIC through 
the center. 


Demonftration. 
Tf the line AC divide the line BD into two 
equal parts in I, the angles AID and AIK will 
Be 
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‘Ai right angles, (éythe 3.) In like: manner if 
‘ve line EG was equally divided in I, the anole 

IE would bea right angle ; and confequent- 
the angle AIB and AJE would be equal, 

/ "Thich is impoffible, one being part of the other, 

1% a word the line AIC, which paffes through 

ecenter, would be perpendicular to the lines 

.#) and EG, 1f chey were both equally divided 

the point I. | 

The USE, 
Thefe two Propofitions are üs’d in Frigone- 
wetry, to demonttrate, that the half of a chord 

ΜΜΕ an arch is perpendicular to the femidiame. 

iy ters and confequently, chat it is the fine of 

nalf the arch. By thefe alfothey demonftrare, 
chat the fides of a triangle have the {ame pro- 

/'>ortion,as the fines of the oppofite angles, We 

11ο make ufe of it co find the Eccentricity of 

il! @he Circle, which che Sun defcribes in his an. 

(ull! oual motion, 


PROPOSITION V. 
A THEOREM. 


«Mercles thar cat each other, have κο the fame 
Center. 


5 HE circles ABC, and ADC, 
Which cuceach otherin A 
pa) and C, have nor che fame cen- 
ter. If chey had che fame center, 


S SUD 
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fuppofe E, che lines EA and ED would be es] 
qual, (by the defisition of @ circle ;) as alfo thee) 
lines EA, and EB: cherefore the lines ED andi) 
EB would be equal, which is impoffible, ones) 
being part of the-other. 


— 


PROPOSITION VI 


A THEOREM. 


Two circles that touch each other on the inner fider|\ ., 
have not the fame center. 


HE circles BD and BC,,/ 
which coucheach other on} 
the inner fide ac che poinc B,,|. 
have not the fame center. Fort|/ 
fhould the point A be fuppos’dil . 
co be the center of both che circles; the linesslic-- 
AB and AC, AB and AD, would be equal, (mi \ 
the definition of a circle,) and confequentiy the=|)\) 
lines AD and AC would be equal, which isim-4}... 
poflible, one being part of the other. q 


PROP. 


PROPOSIT 


A THEOREM. 


— ας many lines be drawn from any one point within 
the circle, which is not its center, to the circum. 
ference: 1. that which paffes through the cen- 
ter 5 the greateft: 2. the remainder of tt, 
continu’ dto the oppofite part of the circumfes 
rence, ts the leafk: 3, that which is neareft to 
the gveateft, exceeds thofe that are more remote : 
4, There ean be no more than two of them equal 

Γη roeach other. 


Guppofe many lines to be 
drawn from the point A, 
Ag being not the center of the cir- 
cle;to the circumference-; and 
the line AC co pafs through 
| the center B: I will demon- 
Ware thar it is greater chan any of the other; for 
ikample, thac it is greater chan AF. Draw FD. 
Demonft ration. 
| The fides AB and BF of che triangle ABF, 
Ne greater than AF alone, (by the 20.1.) But 
apaiE and BC are equal, (by the definition of a cir- 
wer) therefore AB and BC, that is to fay, 
IC, 1s greater than ΑΕ. 
l'add in the fecond place, that AD is the 
S 2 jeaft ; 
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leaft; for example, chat ic is lefs chan AE 
Draw BE. DemonStration. be 

The fides EA and AB are greater chan Bilhur 
alone, but BE is equal to BD, therefore EI! 
and AB are greater than BD: taking cherefonl 
from both chat which 1s common AB, AE ΝΗΙ ‘iv 
remain greater than AD. : 

Further, AF, which is nearer AC chan AEE 
is alfo greater than i it. 

Demonftration. | 

The triangles FBA, and EBA, have the fidedhu: 
BF and BE equal, and BA:is common to both: 
but che angele ABF is: greater chan the ang fe 
ABE: therefore (by the 24.1.) AF is greated Ha 
than AE. 

Lafily, I fay, chat no more than two lines? jn, 
that are equal co each other, can be drawn fronil 
the point A tothe circumference. ‘Take re | 
aneles ABEand ABG equals and draw clip Bie 
lines AE and AG. 

Densoxftration, 

The triangles ABG, and ABE, having chil 
fides BE and BG equal ; the fide AB common | 
co both, and che angles ABE and ABG αι 
cherefore their bafes AE,and AG will be equaill 
(67 the 4.12): Bacall che lines that can be rail ε 
either onone fide or the other, will be either} 
nearer AC, than AE, and AG ; or more remotil 
fromics and accordingly will be eicher orecil 
cer or lefschan AG, Therefore there can a 
Moi 


ws 
© Of 
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ifmore than two lines equal berwixt themfelves 
be drawn from the point A το the circumfe- 
ll mence, 


The HSE. 


* Theodofius advantageoufly ufes this propofi- 

1 tion to prove, chat if from any point of the fu- 
lil perficies of a fphere, which is not the pole of 
any certain circle , divers arches of greater 

| circles be drawn co the circumference of that 
‘ite circle , char which paffes through its pole will 
nf be the greaceft. For example : If from the pole 
#44 of che world,which is diftin& from the pole of 
saat che Horizon, (for the Zenith is ics pole, divers 
à arches of greater circles be drawn to the ar- 
mi cumference ; the arch of the Meridian, which 
ni pañles through the Zenich, will be the greaceft 
“March. This propofition is alfo brought to 
iyi) prove, that che’ Sun, when in his 4 pogenm, 
fis moft remote from the Earth: 
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PROPOSITION VII. 


À T HEOREM. 


If from a point taken without the circle, ΜΑΛΙ 
lines be drawn to its circumference, x. of all 
thofe that extend to the concave circumference," 
that which paffes through the center is the σγέ--- ον 
teff : 2. thofe that lye neareft toit, are greaterrl\\: 
than thofe that are more remote: 3. dmonr thof@e) \ ἳ 
that fall upon the convex cireumference, that 
whith being continu’d paffes through thé center; JP) 
ss the leaft: 4. the nearer to that are lefs than 
thofe farther off : 5.. there can be but two eqn ut 
lines drawn from the fame point either to thee 
Concave or convex circumference, 


SUppofe many lines weret}), 
drawn from the point À «60 
the circumference of che circleell;,, 
| GCDE, ‘ 
| Firft, che line AC, which paf, 
fes through the center B, is ched,); 
oreateft of all thofe that reach cody” 
the concave circumference ; opi) 
example, ic is greater chan AD. Draw che lines, 
BD. ~ Demonftration. i; 
In the triangle ABD, che fides AB and BL}. |” 
dre greater chan AD alone; buc che fides AEP, 
anti] 


| 
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hd BC are equal (ο AB and BD : therefore 
B and BC, or AC, is greater than AD, 
1 2 AD is greater than AE. 
Demon ftration. 
The triangle ABD and ABE, havethe fide 
MB common to both, andthe fides BD and BE 
(ual, and the anole ABDis greater than the 
(mangle ABE: therefore (Zythe 24, 1,) the bafe 
ua D is gfeater than the bafe AE. 

» 3+ AF, which being continu’d pafles through 
“he center, is the Jeaft of all thofe that are 
, jaa to the convex circumference LFIK ; for 
mi@ample, it is lefs chan AI. Draw IB. 

| Demonftration, | 
tin the triangle AIB the fides Aland IB are 
»iater than AB alone, (by the 20, I.) therefore 
ing from both che equal lines BI and BF, ΑΕ 

MIT remain lefs chan AI. 

4. Alistefsthan AK, Draw the line BK, 
Demonftration, 
Han che triangles AIB and AKB, the fides AK 

MKB are oreater than the fides Al, and IB, 
ply the 21.3.) therefore taking from both che 

ual fides BK, and BI, ΑΙ will remain lef 
a1(| PR AK, 
5+ There can be but two lines equal betwike 
qimemfelves drawn. Take the angles ABL, and 

HK ; as alfo ABE, and ABG, equal. - 

Demonffration 


ου ° 2 = "ες + 
dig Be tranetes ABL, and ABK. will have 
ts / o 


AL LIGA VY &, 
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bafes AL and AK equal, (by the 4. 1.) and byyl 
che fame alfo AE and AG will be equal ; butt) |" 
no other line can be drawn, that will not be et--|) 
cher nearerto, or more remote from AF, of 
AG ; and confequently, that will not be eitherr)™" 
greater or lefsthan AK and AL, AE and AG.) ο 


ο... μμ A 


PROPOSITION IX. 


A THEOREM, 


That point from whence three equal lines can bik 
drawn to the circumference of a circle, 1s Hi 
centr. 


i che point were not the center of a circlée | 


there could be but two equal lines drawu 
from it to the circumference, (by the 7, and 8] 1 
PROPOSITION X. 
A THEOREM. 
® Two circles cut each other only 1 two points 


D À Τε two circles AEBD, ami, 
ABED, fhould cut each 00 

ther in tbree points A, B, amillh, 

D; find (by the 1.) che centt (iy, 
D C ofthe circle AEBD ; arti 

draw che lines CA, CB, amp. 
CD. DA 
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‘Demonftration. 

The lines CA, CB, and CD, drawn from 
ire center C to the circumference of the circle 
ΙΕΡΟ, are equal: but the {ame lines areal(o 
“awn to che circumference of the circle ABFD: 
(Mi@erefore (67 the 9.) the point € will be the 

enter of the circle ABED. So-that two cir- 
es, which cut each other, wili have the {ame 
mter ; whichis contrary to the fifth propo- 
ion. 


= 


a SE SEES PSE 


PROPOSITION ΧΙ, 


A THEOREM. 
| two circles touch each other on the infide, a line 
|, 4rawn through both the centers, will alfo pafs 
ithrough the point where they touch, 


TF the two circles EAB and 
EFG. touch each other on 
A8 theinfide, at the point E : a 

l line. drawn through both their 

centers will pafs through the 

poe. Forif the point D 

nas che center of the leffer circle, and C thee 

\@ the greater, fo chat che line CD paffing 


fl 


FN j Lup ay 
1) CH On| (Vv ALLOM, 
1 —™ 


r- 1 q 
4 m τε Χ ie ? { 1\¢ - n 127% ray 
Le uines We, and DG, drawn from the 


T 
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center of the lefier circle Ὁ toits circumfes 
rence, would be equal : and adding che lina? 
CD, the lines ED, and DC, wou Hd be equal tit 
CG. Now sett A DG are . greater than ECC 


atone, (oy the 20. 1.) and fo CG will be creat) 
cer than GE ak C being the center of cit, 
greater cire CE and CB are equal : thereforti) 


le, € 
CG will b e greater than CB, which is impoffiil 
ble. 


en a SL 


PROPOSITION XU. 


mina π.μ 


A THEOREM. 


df two circles touch each other on the outfide, à Luin 
drawn through both their centers , will ΑΝ 
through the aot where they touch. | 


Ÿ 


Ca A rang th & pain 1€ το where chi 


} arcles cane be faid to be craving, 
Sic from the center A το the center F8} 
A] ον draw the lines AC and BC. 


at 
au:  Demonfiration. | 
\ 4 } Yn the triangle ACB, the fidill.. 


nie 
than the fide AB alone, (which! = 

contrary to the 20e 1: ) becaufe AD and A 

8 aifo BE and BC, are equal. 


a 
αν ο 


. | 
/ AC and BC woutd not be greatilhi. 
| 
| 
¢ 
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it Will pafs through the point C, where the cii 
cles touch, (by the 12 -) But if you fay chat shed at 
touch alfo at che point D: ος drawn ehh 

lines AD and BD ; the lines BC and BD, Ait 
and AD, being equal > the two fides of a cr 
angle rate togethe st, Would be equal to chi 
third, which is contrary to che 20. I. | 


“The us EE: 


* Thefe four propofitions are very clear, amy 
‘evident.s. and alfo He ry in Afr or ke 
“when we n nake ufe of Epicycles, to explain chi, 


& Tw vat AAC δι η 
ο ΠΟΙΙΟΗΩΡ OF ENE À Planets. 


PRET DORSET IASI 


PROPOSITION XIV. 


A THEORE™M, 


Equal lines drawn within a circle, freres reap 
24016 fron the center s and t bofe ; that ¢ AYE equal da 
ly remote j ο the αμα 476 equal. pu 
À —€ Uppofing the lines AB and Cli 
HN νι Bts qual : I prove, chac cha] 
es 1G) perpendiculars EE and EG drawit | 
\ | / from the center, are allo equal 
Bs D Draw the lines EA and EC, | 
Demonfirats 1039 
The perpendiculars ΕΕ and EG di 


ines AB and CD in che middles at the pointed 


A SS FCAT RSS SS SS a NN Ts Ji i: 
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‘UF and G, | by the 3.| the refore AF and CG are 
a il al. The ancles F'and G are ο πολι angles: 
he < fore [by the 47. a che {quay ‘eof EA 1 15 ς- 


Ae ro the ο ος Of EF and FA : as alfothe 
qua C 1s-equal to the fquares of EG and 
EC: b ut che fquares of EA and κών 
gecaufe the lines SA and ECare equal : rhere- 
gore che fquares Ob EP and FA are equal to 
jhe fquares of EG. and GC: and taking ᾱ- 
ty the equal f{quares ΑΙ F and CG, there wil 
emain the {quaresof EF and EG equal ; and 
aflonfequently the lines EF and E EG, chicks are 
he diftances of the lines AB and CD from the 
eater, are equal. 
| Burfi fuppofing the diftances or perpendiculars 
RE and EG to be equal; I will prove after oe 
fame manner that the fquares of EF Fand FA 
Jjqual co the fquares of EG and « GC $s and a 
bg away che equal [αυ uarés of EF and EG, chere 
PET ἱ remain the fauares of AF ind CG equal. 
‘Mand therefore the nes AF and CG, and eels 
fauble AB and CD, are equal, 


Lome J 


SRST πο ο VST 
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PROPOSITI ON XV. 


A THEOREM. 
The Diameter is the greateft of all lines inferibed τω, 


aCircles and of the τε that is the greaiefiilhun 


which vs nearof the center. 


| 


oreateft of a all lines) 
that can be drawn in thee 


CD: for draw the line: 
EC and ED 


Dewsonftrati OW 


In thetriangle CED, the fides EC and El}, 
are oreater hen ης alone, [by the 20.1 | bu ‘lala 


HE diameter AB κελιά ; 


μάς. IDC. As for οχο 
ample, 1tis greater Sur | 


| RAR 
LM 


AE and EB, or AB, is equal to EC and ΕΡΤ, 


therefore the diamerer AB is greater than CDD} 


he 


Secondly, let the line GI be more remot 7 cg 
from the Es than che life CD ; chat is th, 
fay, let the perpendicular EH be greater chat i 


the perpendicularEF, I fay chat C Dis oreateelh 
than GI, Draw the lines ee and EG, | 
Demonffr atio 
The fa ares of CF and rE [by the 47: Τε] arid 
equal tothe fquare of EC : bur the fquare of EG 


is equal co the fa quare of EG, and che fquare ¢ | 
E 


i 
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@G equal to the f{quares of GH and HE: 
herefore the {quares of CF and FE are equal to 
squares of GH and HE ; and taking from one 
fide the fquare of HE, and from the other the 
yquare of EF, which is lefs chan the fquare of 
MIE, the fquar eof CF will remain greater than 
‘ithe fquare of GH. Therefore the line CF will 
Wie. greater chan the line GH; and the whole 
dine CD, the double of CF, will be grearer 
than GI, the double of GH, 


The USE. 


‘ Theodoft ims makes ufe of thefe two Propofi- 
| tions to demonftrare, chat in a fphere the. lef- 
| fer circles are more remote from the center. 
4 1 have alfo made ufe of them in Affrolabes. To 

| thefe Propofitions may likewife be referr'd 
À chat Mechanical propoñtion of Arifforle , by 

M which he thows, thac the Rowers at iid mid- 
}M dle of a Galiy have greacer force, than thofe 
OM chat are at,eirher the fore ,or hinder part there. 

DE of ; η the fides of the Gal ly being 
el cr rooked, the Oars of the middle parc are lon- 

LM ger, 2, ο. reach farther, than the ref. The 
» 11 Demonftrations relating to the /ris, or Rain- 
tit) bow, do alfo fuppofe the ruth of thefe pro- 

À Pofitions. 


\ thf 


= 


PROPOSITION XVI. 
A THEOREM. 


«4 line drawn perpendicularly upon the extremity 
of the diameter falls wholly on the ontfrde of theel} ei 
circle, and touches it, But any other line drawmilesin 
ιο that and the cirenmference of the circle;, ki 
enters wethin the circle, and tuts it. 


κα ον ET che perpend dicufar AC. 
; be drawn upon the point A, Bi: 
which is the extremity of che dial 1 
meter AB: I fay firff, char all che, 
other parts of the fame line, forth; 
example the point C, fall on thesk, 
outfide of the circle. Draw the line DC. | 
Demonftrai 10H 4; 
Since the angle DAC of the triangle DAC, 
is aright angle, DCA will be an ac ure: and! fr 
(by the 19. 1.) the fide DC will be ereater hale 
the fide DA; cherefore “the line νο 
beyond the circumference ¢ ορ A 
Ladd, that the fine CA touches the circle” 
becaufe that meeting with ic at che point A 1608), 
does not curic, but all its points are on che ους»! 
fide of the circle. b 
Tfay alfo that no other line can be draw, 
from! 
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pm the point A below CAs Which does noc 
it the circle. If there could, fuppofe EA-co 
4 {uch an one ; and from the point -D draw 4 
ipendicular toit, DI, 

| Demonftration, 
Pince the angle DIA js à right an 

wile TAD an acute, AD will b 

ime + therefore the line DI doe 


we circumference, but che point 
&cle; | 
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ole, and the 


$ not. reachto 
Tis within the 


The 4 SE, pitié πο 
| Some Phifofophers ufe this Propofition,. but 
! \itogether in vain, ‘to prove, that quänticy is 
pt divifible jy safinitum, or that there. teally 
‘le in che world fuch things as Zenonieal, ie. 
WU folutely and in their own nature indivifible 
Mines. “For the Propofition does nor, as they’ 
Would have ir, prove; that a circle couches 2 
the line in a Genomcal, but in a cAr athema~’ 
Val point, which is nothing elfe but à quanti- 
‘DIM confider’d without diftinétion of parts, char 
ico fay, without conceiving them diftin® and 
‘barate one from the other, whether in reality 
4108 has fuch Parts of not making mo matter, 
Me can therefore take any Quantity whar{oe- 
Mt for a Mathematical point s which being 
hee eRtablith’d, our Circle will conf of fuch 
yimints, and will be mathematically perfect, 
Mvided ic touch ποι α riche line; but in a 
“FL equal co that quanticy which we have ae 


. 
/ 


ν par 


σα. 
ον, 


€ greater chan 


ΙΙ 
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s ken for a point. Bur if we afterwards caked 
¢ Je{s ‘part for our Mathematical point, che circcl| ye 
€ which was exactly perfect according to. tl 
«ΕΠΗ fuppoñtion, will be imperfe& in che ff. 
€ cond, and degenerate. into a Polygone. I Ὦ 
‘ lieve, tis as “impofhible co defcribe a. circllii 
“chac according to any {uppofition whatfoew/ 
‘(hall be moftexa&ly perte@, as ic 1s te con 
“ceive the leaf poffible quantity. | 
:#Sécondiy, thoféconfequences, which form \ | 
€ men draw from this propofition relating to εἰ! 
“anole of conta@; which they take το “be lee 

‘chan any reGtilineal angle, “are grounded ρα. 
ών Ll 

10 


6 chis miftake, that they i imagine an angle co, iF 
£ a true quantity ; che contrary of which mang} 
“appeat from hence, That the lines, that conf”: 
“tain an angle, being g produc’d to any longa 
< cude, the anole becomes not at all rhe greatta} 
6 Further, τε ‘ought (ο be duly confder d, while it 
© we mean, When we fay, that one angles ore a 
«(ος than another ; for this is all we unded? bo 
€fland, chac a circle being defcribed from οἱ ὔι 

ὁ point "of concourfe at any “diftance whatfoeve Ε | 

€ che lines of chat'we call che greater angle wy 

‘contain becwixe them 4 greater arch “of η! 
€ &rcle, than chofe of chat which we call οἱ 
είς» which is che fole meaning of the Excedl! 
‘of one angle. above another. From wheneet α 
¢ infer, that the angle of contact can no more. 5 i 

κ. 


© compar'd with a “reétilineal angle, than a {| 
Pertes 


The Third Book, Τοντ 


gl berficies Wich à line, being at the fame time 
vn pth equal, atid otedter and lefs than a reQi- 
lineal angle. As for ex- 
“ample; from the point 
¢A draw the line AD, 
“making with AE a re- 
‘@ilineal angle; E fay 
“ic is both greater. and 
“lefs than, and equal (ον 
‘the angle of contac. 
br 1 we. fuppofe divers circles defcrib’d 
Pm che point A, asthe center, whereby to 
: eafure chofe angles: ic is evident that, ac- 
_ arding to the arch drawn beyond the point D, 
ARC is the arch EF, the angle of conrad is 
acer chan che cedtilineal anole. But on the 
ntrary, according to the atch CB, the re- 
| dbineal ancte is the oreater of therwo. And 
ly, according to the arch DG, palling 
‘Mrouch the point in which AD cuts the. cir- 
‘nference , they are both equal. From 
Mhenceit follows, that the angle of contac is 
“Ghe fame cime both lefs and greater than, 
"Md equal το, che reétilineal angle : : and con- 
| quently, they ought nor at all to be come 
4 ‘d together. In a word, Angles are no quan- 
Hes ; nor are they call’d Ιεῖς ot greater one 
mo another, but wich refbe& το the arches 
A ey contain: fo chat all the difpures 
Wut the anole of conta&, and all che Para- 
V 2 doxæ, 


152 Lhe Elements of Euclid; 


 doxes, conclude nothing eicher for or agairg| 
< the divifibility of quanticy ; an Angle being 
| ‘no fpecies, but only a broperty thereof. 


ανασα ία. ee 


PROPOSITION : XVII. 


A PROBLEM. 


From a point given to draw a line-that may tow 
a Circle, 


[VO draw a line from til) 

point A crouching the til)’ 
cle BD, draw the line AC toilll\ 

center ; and ac the point Bdreq 

a perpendicular BE, which mil 

cut an arch of a circle, defcribbll d 
from che center © chrough fit 
point À, at che point E. Draw alfo che limit 
EC, and AD. I fay che line AD τους ο 

the circle in D. pue 

D'emonffration. À 
The triangles EBC and ADC have the farm) 
angle C; and the fides CD and CB, CE an | 
CA, equal, “(by the defintt. of a Gani ) at 
cherefore they are equal in all refpedts, (by ti) 
4. 1.) and che angles CBE and CDA are equaqy 
But che angle CRE i is aright angle, therefooll 
the angle CDA will be fo too, and (64 the x 66) 
the line AD will touch the circle, | 
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PROPOSITION XVII. 


} =o. 


A ‘RHE OREM. 
M Line drawn from the center of # circle to the point 
where a right line teaches it, 1s perpendicular to 
that line, 


ΤΕ the line CD be drawn 
from the center C to the 
point of conraé&t D, CD will 
be perpendicular to AB. For if 
itbe not, draw the line CB 
perpendicular to AB, 
Demonftration. 
y@ Since che line CB is fuppos‘d to be perpen- 
@icular, che angle B will bea right angle, and 
“fonfequentiy CDB an acute, (by the 32. 1.) 
atl herefore the line CB, oppos’d to the leffer 
hnole, will be lefs chan CD, which is impofhble; 
becaufe CF, which is but part of CB, is equal 
0 CD, 
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ETRE ALE 


PROPOSITION XIX. 


A THEOREM 


Fa line, perpendicular to the tangent, be. ἆ να) 


from the point of contact, 1t will pals through the 


center of the circle, 


ET the fine AB | fee. Fig. preced.\ touch the 


perpendicular to AB,. I fay, thac DC paffes 
through the center. For ifir did not, drawing 
a line from the center to rhe point D, it would 
be perpendicular to AB, (by the preceding) and 
fo there Would be two perpendiculars drawn 
tothe famepoint D of the fame line, which 
cannot be, 
The USE. 

“The ufe of lines Zangents is very common 
“in Trigonometry : upon which account it is chat 
“i have made a table,whereby to meafure all forcs 
“ of criangles,as well fpherical as re@ilineal. In 
“my Opticks likewife are divers propofitions 
“ founded upon 7 angents ; as when is derermin’d 
“ what part of a Globe is enlighter?d. The pha- 
* fes or Apparitions of the Moon are eftablith’d 
“alfo upon the fame doftrine 3 and that famous 
“Problem of Hipparchur’s, by which he found 
“the diftance of che Sun, by the difference οἱ 
the 


ae 


circle at che point. D, and the line DC be: 


1 
Ras 
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ithe true and apparenr Quadrature, In Dial. 

— ing the Jtalran and Babyleman hours are fre. 

i quently defcrib’d by lines T angents. hatily, 

we take the dimenfions of the earth by a line 

| chat touches its fuperficiess and in the art of 
Navigation, take a Tangent lane for our Hori. 


alll ZON: 


PROPOSITION XX. 


A THEOREM. 


Γι be angle at the center is double the angle at the 


circumference, which has the fame arch for ὧν 
bale. 


F the angle ABC, which is 
at the center, bad the anole 
) ADC, ac the-cireumfer ence, have 
of the {ame arch AC for their bafe,, 
48 vhe firt will be double the ee 
cond: This propofition hasthree 
‘’Mifferent cafes: the fitft of whichis, when tl the 
mine ABD pafies through thecenter B, the line 
PB: in one triangle concurring With theline BD 
‘ifthe other: 


Demonfir ation, 
The angle APC is the ext cernal anole in te 
peét of he-trratele BDC::° theref ώς bythe 
2,1.) iC 18 equ al το bork a the angles D and C z 


by 
ap | War 
LEURS: re 
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which being equal, (by che 5-1.) becaufe cheiti) 
fides BC and BD are equal, the angle ABC isgi\ew 
the double of either. 1 
The fecond cafeis, when one angle inclofess) iii: 
the other, but none of che lines 
chat form them concur it one 3 438): 
_youfeein che next figure. : Thé! 
| angle BID is at che center, anéd| 
the angle BAD at che circumsdli 
ference. Draw the line AICH 
chronoh che center, 
Demonfiration. | 
The angle BIC is double che angle BAC, 0) 
and CID 1s double the angle CAD, (by rhedun 


— >; 


η 
CAL 
Ἰ A 
\ 


preceding cafe :) therefore che angle BID igi 

double the angle BAD. | 

The third cafe is, when it happens, that neï-wm. 

ther one angle inclofes che other, no: does anyytteii 

of the lines that form them, concur in one 

Which cafe ts wholly omitted by my eAuthor, bat: 
for the ‘Keaders fatisfabiion ws here {upplied, | 
ον Let the angle at che cent 


ter be BED, and the angleg| 
| at che ciccumference BCD 
having the fame arch. fon 
their bafe BD. I fay, chee 
angle BED is double’ rheq: 
| angle BCD. Drawthe lined} 
EC, and conciaue ic Lo the point A. | 


Demon 
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Demonstration, 

“Whe angle AED is double the angle ACD, 
προ 1. cafe; ) and (by the fame) the angle 
“WB is double the angle ACB: therefore the 
“Mainder of the one BED is double the re. 
“@inder of the other BCD, 


The USE, 


im That Problem, which is ordinarily pro- 
\bs’d, fhowing howto defcribe an Horizontal 
Fal by one fole opening of the Compafs, is 
tile in part on this Propofition. And again, 
Hlnen we would determine the Apog eum of the 
Min,or che excentricity of his Circle, by three 
ii) Mfervations, we fuppofe the angle at the cen- 
# co be double char at the circumference. 
hlolome y makes frequent ufe of this propofition 
«na determine both the excentrick circle of the 
win, and the Epicycle of che Moon. The Επ 
y, Mopofition of the third book of Trigonome- 
ris grounded alfo upon this here. 
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PROPOSITION XXL |} 


A THEOREM. 


The angles, that are in the fame fegment of a θε) 
cle, or that have the fame arch for their baal’ 
are ‘equal, ι 


Α ορ j' the angles BAC and BI] 
har are in the fame fegmenty) 
3 a circle, which 15 greater thi 
a femicircle, they will be: bide 
7¢ qual. Draw the lines BI aap 
CL. | 
Demonfiration. i 
* The angles A and D are each of them) (ii: 
half of the angle BIC, (by the preceding ,) rhea)’ 
fore they are ‘equal. Tr hey have likewife {νι 
fame arch BC for their bafe. a 


= 


Secondly, let the angles A anc à 
be inthe fame feoment BAD, whill aN 
is lefs chan a femicircle ; they We 
neverthelefs be equal. ; 


AR | 


D emonftration. 2 

All che angles of che triangle ABE are ecq}” 
to all che angles of the triangle DEG, (47 1. \ bot, 
roll. of the 33.1.) but che aneles AEB and Di 
are equal, (61 rhe 1 50 1.) Alfo the angles Ε' FA 


| 


by 
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_&) ABE are equal, (21 the preceding cafe, being 
“the fame fegment ABCD, greater chan a 
| Bicircle ; therefore the angles ΒΑΕ, and 
NC are equal ; which, the angles ac E beino 
tal, and confequently (y the Coroll. of the 15. 
wfifl che lines AE and EC, making but one right 
jit, 48 likewife DE and EB another, are the 
des A and D, in che fame fegmenc ABCD,, 
ahaving che arch BC for their bafe, 


The ASE, 


ml This Propofition is produc’d in Opticks to 
| Bove, chat the line BC will appear of the 
, Be greatnefs, when tis view’d from A, and 
© becaufe ic is feenin both cafes under e- 
al angles. 5: 
MM he fame propofition is us‘d to defcribe large 
#Æcles wichout having their cencers ; for ex- 
nem Plesif we would make large Copper bafons of 
. Mpherical figure, fuch as we might work upon 
i polifhing Speétacles, and olafles to fee are 
deat diftance. For having made in Iron an an- 
, & BAC equal to char, which is contain’d in 
“|e fegment ABC, and at thefoints B and C 
“'Bongly faften’d cwofmall iron pins; if the 
Hanole BAC be mov'd fo, that che fide AB 
‘Pry always touch che pin B, and che fide AC 
“Ge pin C, thepoint A will defcribe an arch 
‘A the circle ABCD, This manner of defcrib- 
"Op acircle may alfo be us‘d in making great 
"élrclabez. 22 PROP, 
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PROPOSITION XXIL 
A THEOREM. 


Quadrilateral figures, infcrib’a in a circle, baa) 
their oppofite angles equal to two right angles. 


ET a quadrilateral 
cure, or a figure of ft 

D fides, be infctib’d in a cc 
cle, in fuch fort chat all 
anoles may terminate ati 
circumference of the cirrt 


= or al Teas 


ABCD: I fay the oppobll) / 


anoles BAD and BCD are equal to two Πα 
anoles. Draw che diagonals AG, and BD. 
Démonftration, 
All the angles of the triangle BAD are ecg] 
to two sight angles. In flead then of the ang{de! 


= 
== 


BD put the angle ACD, which is equal to it, | in 


the 23.) being in the fame feement ABCD: |; 
inttead of the anole ADB, put the angle AC 


A. Therefore the angles BAD, and the: 


| 
which isin che fame feoment ofa circle Bo LS 


eles ACD and ACB, chat is to fay , the whit li, 


angle BCD, are equal to two right angles. 
The Ὁ 


S Ptolomey makes ufe of ps Propofitiom 
‘frame che table of Chords, or lines fubres 


ο eepenleal SE RE eee aaa 
Ξ] = = 
2 = Ξ 
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ing arches. I have alfo us’d the fame in my 


i third book of Trigonometry, to prove, that the 

i * fides of an obtufanole triangle would have the 

4‘ fame proportion among chemfelves as the 
4 A fines of the oppofite aneles, 


PROPOSITION XXIIL 


A THEOREM 
wil Two fimilar fegments of a circle, defcrib’d upos 
the fame line, are equal, 


κά ο if call chofe fimilar fegments 
+ LAN ofacircle, Which contain 
i) ie el N\ equal angles ; and I fay, chat 
TA B iffuch be defcrib d upon the 
fame line AB, they will fall 
«i one upon the other, and not exceed each other 
if in any part. For if either did exceed the other, 
ya as do the feoments ADB, and AC 3, they would 
4 not be fimilar: to demonftrate which, draw the 
,f@ lines ADC, BD and BC. 
Demonfiration. 
M. The angle ADB isan external angle in re- 
ua fpeét of che triangle DBC: therefore (dy the 
“16, 1.) icis greater than the angle ACB, and 
1 by confequence the feoments ADB and ACB 
M] contain unequal angles, which I fay is tobe dif- 


“i fimilar, 
| FROP,. 
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BE 


PROPOSITION XXIV, 


A THEOREM, 
Two fimilar fegments of α circle defcrib'd upon 


equal lines, are equal, 


F the fegments of the circles 

| AEB, and CFD, be fimilar, 

and the lines AB and CD equal, 

the fegments alfo will be equal. 
Dewmonftr ation. 


plac'd upon the line AB, being 
fuppos’d to be equal, they will not exceed each 
other; and thenthe feoments AEB and CFD 
will be defcrib’d upon the fame line, and 
therefore will be equal, (by the preceding.) 


The USE, 
© Crooked figures are frequently reduc’d το 
* re@ilineals by this propofition. As for ex 
A. ‘ample: if two fimilar fegments 
‘ofa circle AEC, and ADB, be 
“defcrib’d upon AB and AG, the 
a “the equal fides of the triangle 


Andes pot 


‘pofing the fegment AEG unto 


an 


ADB, che triangle ABC is equal co che figure: 


ADBCEA, PROP. 


Ῥ) Suppofe the line CD tobe 


| 
BA co ARC: tis evident, that, tranf-:| 
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PROPOSITION XXV. 


À PROBLEM. 
[To compleat a circle, of which we have but a part, 


Aving the arch ABC 

given , to compleac 

the circle we muft find ics 

center ; to which end draw 

the lines AB and BC, which 

having divided in the mid- 

idles at che points E and D, draw cheir two per- 

@pendiculars ET and DI; which will meer at 
“the point I, che center of the circle, 

Demonftration. 
The center is in the line DI, (by the corok, of 


} 
- 


‘Whe i.) iris alfoin ET, (by the fame:) therefore 
fic muft be at che point I, 

| The “SE, 
“This Propofition occurs very frequently’; 
( but fometimes it is exprefs’d in orher terms : 
Hg as to infcribe a trianole in a circle ; or to de- 
“fcribe a circle through three 
“points given, provided chey 
© be not plac’d ina right line. 
‘ Let the points propos’d be 
‘A, B, and C3; and placing 
‘the foot of the compafs ar 
“the point C, defcribe two 
arches 


4 


We ale 
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“arches F and E, at any diftance whatfoever, .||— 


* Then remove the foot of the compafs to thes) 
© point B, and at the fame diftance defcribe two) 
“other arches cutting che former in E and F 3; 
¢ alfo from the point B, asthe center, defcribe:}k 
€ ac any diftance the arches G and H, and at: 


“che fame diftanee from the center A two other]. 


5 arches cutting them in G and H, Which done: 
“draw che lines chrough F and E, G and H,,) 
€ which fhall cuc each other at the point D, che:| ; 
€ center of the circle. The Demonftration 1911 
‘obvious enough; for if you had drawn che:ll/; 
lines AB, and BC, you had, by this opera 

6 tion, divided them equally and perpendicue.||\\ 
“larly. This propofition is exceeding neceflas-|) 


“ryto defcribe Aftrolabes, and compleat cire<|) 7 


“cles, of which we have but three points. Thatt|f /,| 
©Propofition in Affronomy, which teaches howill}\ 
“to find the Apogeum, and excentricity of theslk 

i 


€ circleof the Sun, virtually contains this. Andi 
“Jalfo have made frequent ufe of ic In my! 
© Treatile concerning the Cutting of Stones, 
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TP a aesechehaain animes μονο κώκοςς 
PROPOSITION XXVE 


A THEOREM. 


(meg@al angles, whethen at the center sjor the cire 
sul amferences of equal circles, have equal arches 


1] for their bafes. 


= (>: F ché angles Dand-J,-at: the 
i, centers of equabcircles ABC, 
and EFG;beequal; thé arches 
BG and FGawill be equal.) |For 
if chesarchiBC was oreater ος 
efs chan che arch FG, fitice the 


E angles are: meafur’d by! arches; 
the angle Drwould be gtearer ος 
L- lefs chan the angle I, 


But if the equal angles-be -fup- 
pos'd tobe-atithe circumferences. 
of equal circles, as A and E; the 
‘ "Seles which chey enclofe at’ the: centers, as D 
% Id I, being their doubles, willbe likewife e. 

pal, and confequenly requite equal arches for 

ir bafes, BC and’ FG © which arches are 

Mewife ; cheemeafures of-che anoles-A and 


PR ο P, 
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PROPOSITION XXVI, 


A THEOREM. 

Angles, swhether at: the Centers or seiveumfers “mi 

rences oe equal circles, having. equal ne fen 
their bales, are alfo equal. ra 


onmesar 


= 


5 


FF che. angles D and Efis, preced.) ar thea! 
~,. CeALE SS af equab ‘icirches: have equal arche: 
BC and FG for theimbafes; they will be equally 
becdufé cheir medfures BC and FG are equalll 
And ifthe angles A‘and B,at che circumferences) 
of equal circlés have equal: arches BC and Σά 
fortheir bafes, fince:rhe angles they enclofe ang)? 
che centers will be eqaal, they alfo chat are hed! 
halves of ae angles (by the 20.) will be equall}s 


æ 


PR ΟΡ O SIT ON XXVIH.- 


tees M, ll: 


nee Be is 
ele ο and EF be “Pil 
ne 7E plied to equaill 

ιο circles, ABC 
anc 4 
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_ tid DEF, they will. be the chords of. equal 
larches, BC, and EF... Draw che lines’ AB, AC, 
ED,EF, Demouftration, - 
| In che triangles ABC and DEF;the fides AB 
and AC, DE and DF are equal, betng the. femi- 
mfiamerers-of equal circles: and their bafe’s BC 
‘ind EF. are fuppos’d-equal,therefore( by the 8.16) 
the angles Aand D will be equal ; and (by the 
26.) the arches BC and EF will be alfo 
“pqual, 


PROPOSITION XXIX. 


A THEORE™. 


AM be lines that fubtend equal arches of equal circles 
are equal, 


| ΤΕ the lines BC and EF ( fee fig. preced. Prop. ) 
1 fubtend (or are the chords of) equal arches 
BC and EF in equal circles, chey will be equal. 
Demonft ration, 
| Thearches BC and EF are equal, and parts 
if CQual circles ; therefore (by the 27.) thean- 
iles and D will be equal. Therefore in che 
trianoles ABC, DEF, the fides AB,AC,DE ,and 
“DE Deine equal, as alfo che angles A ana D ; 
s “the bafes BC, EF will be equal, (oy the 4.1.) 
The ASE, 


a 6,7 heode fus by che 28 and 29: demonfirates, 
| ο > that 
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€ chac the arches of the circles of-the- 4/44 
“and Babylonian hours, contain’d between: cw) 
€ parallels, are equal. “We have alfo-demom)/ii 
€ (traced after the fame manner, that’ the archeelht® 
“of the circles of che Aftronomical hours; corn 
€ tain’d between two lines parallel coche Egaaalhi: 
“zor, are likewife equal. Thefe Propoñtions atti 
€ almoft‘of continual ufe in fpherical Trigonkapie: 
€ metry, and alfo in Drallizg. 


ee Me sa à + À 


PROPOSITION ΧΧΧ, 


A PROBLEM. 


Το divide an arch of 4 circle into. two cqual 
PATISe 


S Uppofe the arch AEB .was: cf 
be divided. into two equiil 
) : πι parts, Place che foot: of ch 
LS" compafs ar che point A, and deel} 
fcribe two arches F and G ; cher} thy 
removing it to che point B αἱ ve 
the fame diftance defcribe orheall 


che ey GF will cut the hy AB equals A | Ν 
the point E.. Draw che line AB. vi 

| Demonffr ation. q 

By this operation you have divided the fine AEH), 
into two equal parts. For fuppofe chere: ποτε %), 

| drawr | i 
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: dawn the lines AF, BF:; AG, and' BG; (which 
tMhave not done , lealt the fioure fhould appear 
Anibnfus'd,): the triangles‘ FGA and FGB would 
vive all their fides equal, therefore (by the 8.1) 
sume angles AFD,& BF D:would:be equal. Again, 
vie triangles DFA and DFB have the fide. DF 
twibmmon, the fides AF and ΕΕ equal, and the 
wingles DFA and DEB equal : therefore _(4y the 
|, 1.) the bafes AD and BD are equal, and alfo 
ge angles ADF and BDF. ‘We have therefore 
~ vided the line AB equally and perpendicular- 
ται της poinc D. Theréfore (by the 1.) the 
bnrer of the circle is in the line FG. Suppofe 
ithento be the point C, and draw the lines 
AA and CB; all the fides of the triangles ACD 
ad BCD are equal: cherefore [by the 8.1. | 
he angles ACD and BCD are equal, and [by the 
«45. | che arches AE and EB. 


The USE, 


AM Having fréquent occafion to divide an arch 
into two equal parts, the exercife of this Pro- 
_qapofition is very commom ‘Tis thus that we 
,ividethe Mariners compafs into 32: winds : 
Jor having drawn: two diamecers cutting each 
“Wptherat righc angles, we divide the circlein- 
Ho four; and fubdividing each quarter in the 
.Mniddle, we have eight, parts ; and again fub- 
‘ealtividing chofecwice, weomake 31. :We bave 
alfo 
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‘alfovoccafion for che fame operation in the dil) yi 
‘viding a femicircle into 180 degrees ; ami 

*becaufe to compleat that divifion we are obb rss 
€ io" to divide an arch into three equal parte, 
“all Geometricians have ought after a methool) is) 
“ofdoing that Geometrically, but have not yedpt 
“been: fo happy astofind one. : f 


L 2 


PROPOSITION XXXL | 


A THEORE M. 
The angle in à femicirele is a right angle, +haalbr: 
which ws ina Segment greater than-a femicireilll 


san acute, and that which is ina lefler fegmens 
15 An obtufe, 


—— dA iG the angle BAC be in a fem ex 
circle, 1 will prove thac ic ti) 
arighe angle, Draw the lined) 
DA. Demonftration, | 
The angle ADB being an ext 
ternal angle in regard of the cri} 
angle) DAC,1s equal co both che internals DA}, 
and DCA(4y the 32:1. )and thofe being equal(byyi., 
the ¢.t.)becaufe the fides DA and DC:are equal, ! 
ie willbe double the.angle DAC In fike Παπ ο. 
nec the angle ΑΏΓ 15 double the angle DAB: | 
theréfore:che:: rwoxangtes ADB; -and> ADOMN 
which are equal corwosright angles, are κο. | à 
is chad) 


“init 
“NT 
TAN 
ΑΛ 
4 |] 
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,, Whole angle BAC, and confequentiy the 
| Gele BAC 16 4 right angle, 
“@Secondly, the angle AEC, which is im the 
pment AEC lefs than ‘a femicircle, is an ob 
‘ie angle. For in che quadrilateral figuré AB 
‘ME; the twooppoñite’inoles Eand B are equal 
| tWotighcängles, (by the 12): but the angle 
—fis an acute; ‘therefore the anole E will be an 
με. ος EEE FARMER 
Thirdly, the angle B, which is in the feg- 
ent ABC’ vreater than 2 femicircle, is an 
sites becaufe in che triangle ABC, che angle 
‘MACis a rightanele, ~~ | 
WS Mechanicks make ufe of this Propoñri- 
| "on to try if cheir Squares 
‘ be juft';~ for having defcrib’d 
‘a femicirele BAD , they lay 
“down the poine A of ‘their 
‘ fquire BAD upon the ‘cir+ 
mm ~~ >, |“ cumférence,’ and ont of ifs 
ups “dés AB üpon the polar ofthe 
(DM iameter B :"and'cKen'the other branch AD 
qiiught to pafs precifely to the point D; whith 
sl thé-other extreme of the dtamerer] OF 484) 
yt" Prolomey ufes this Propolition to compofe 
Mes table οἳ Chords ‘or Subréndants, ‘of which 
he Has océaGon in his Prigonometry. 
(oa There is ao a method” A 


re al a 5 
OF railing à perpen= 


ικα ae 
QicuraLr 
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€ dicular-at the end. of a line, grounded upoolu, 
€ chis propoficion. For example,to raife a perpergnw 
: < dicudat at che point: A of che line AB. 1 placahn 
“ che foot of rhe compafs, upon the point C te 
«ken any where, | and, defcribe a circle chrougo 
‘chepoint A, cutting the line AB ac rhe Ροή! iis 
©. B... Then I draw che line BCD : ‘and: fo» ert iit 
«evident, that tbe line AD is in a: Semicirclesiins 


PROPOS ITION XXX, 


Α΄ THÈOREN. 


Aline cutting a circle at the point of conta r ον 
with the tangent angles, “equal te to cars in the aa}, 
ternate. fe euro 


Bue 


AB Le ste its Ἱ fay the anal. 
CBD, made by the line BD ari re 
the rangenc ABC, is equal 19) 
the angle Fin. che -alcernaalin,, 
fegment BED; and char the anole. ABD ‘is «4 , 
quil co the anglé Ein the feement BED. | 
Fix, if che “line. pals through the center, | 
che line BE, ic will make with the tangent EM} 
right angles, (bythe 18.) and the angles of thi} 
femicircles would be alfo right angles, (by 2 
pr 
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\@eding,) therefore in this cafe che propoñ- 
Mn would be crue, But if the line do noc pafs 
\fough the center, as BD’; draw the line BE 
tough the center, and joyn the line DE. 
Demonftration, 
‘she line BE makes with the tangent two 
Be angles; and all cheanglesof.the triangle 
ΙΕ are equal to two right angles, (by the 11. 
3) therefore taking away the right angles 
dE, and D which isin the femicircle, and 
wife che angle EBD which is common to 
Hb, there will remain the angle ABD equal 
the angle E, | 
imMAzain, che angle CBD is équal to the anele 
iv becaufe in the quadrilateral figure BFDE, 
fichis infcrib’d ina circle, the oppofice:an- 
fs E and F are equal to two right angles, 
tthe 22.| bucthe angles ABD and CBD are 
iit @ equal cotworight angles, | by the 13. 1.Jjand 
i¢@ angles ABD and E are equal, as I have now 
ivamonftraced : chereforeche angles ©BD and 
‘dre equal. | 
| The USE. 
ke "This propofition is neceflary to prove chat 
ΗΡΙ ΕΠ follows. 


PROP, 
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PROPOSITION XKXIIL 


A PROBLEM. 


Upon a line given to — sbe a Segment of à cr 
Capable of an angle given. 


ET ic be propos'd to: 
fcribe a feoment of a cd} 
cle upon the line AB capable! 
the angle C. Make che amy? 
ορ BAD equal co che angle (13 - 
C£(P draw AE perpendicular το ΑΛ, 
make alfo the angle ΑΡΤ cage ' 
tothe anole BAE.: and in fine, from the pool 
FE, where BF and AE concur, at the diftanl) 
BF or FA, defcribe a circle. The: (επι 
bEA is capable of an angle equalto the angteell be 
Demonftration, 
The uncles BAF and ABF being equal, 
fines FA and FB are equal, [by the 6: AUDE LT 
the circle, whichis defcribd from che cenceslhi;: 
by A,pafies by B: Now the angle DAE bess, 
a tight angle, the fine DA touches the Chih 
in A, [by the 16 .| cherefore the angle concatifin,, 
in the fegment BEA, as the angle Ἔ, 18 ed} 
rothe anole DAB, that is che angle C ο, [épi 
preceding. Ἵ But if the anole given be an | obetill 
we muft cake an acute, Its complement co ff 
degrees. Lee | 
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ή PROPOSITION XXXIV. 


A PROBLEM. 


igircle being given, to cut a fegment in it capable 
of a certain angle. 


B D O cut a fegment of the 
circle BCE capable of 


‘ONS 

Lo the angle A, draw [bythe 17.] 

η}. the tangent BD, and make che 
angle DBC equal co the anele 
A. Tis evident [47 the 32] 


fic the fegment BEC is capable of an anele 
Wal co DBC, and confequently to che ancle 


κ 


À 


The USE. 

{1 hive made ufe of this propoñtion το find 

Ὁ Romerrical) the excentricity of the Annual 
(rele of the Sun, and his -Apogenm, having 
Alice obfervations given. Tis ufed likewife 
ft Opticks, το find a point where two unequal 
fmes propos’d may appear equal, or under 
qua angles, by making upon each fine feo. 


vents which will contain equal angles. 


Z 2 PROP. 
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PROPOSITION ΧΧΣΧΥ, 


A THEOREM 


Tf two lines cut each other within 4 circle, they: 
clangle contatw'd under the parts of one is eqt ο 
to the retlangle contain'd under the parts of if) 

other, 


Irft, if the two lines cut each other in tt) 
L center, they will be both equal, and balle 
equally-divided ; fotharin chat cafe it is ew) κ 
dent, the reétangle contain’d under the partss|}\': 
one, will be equal to the reGanele contaira) : 
under che a parts of the other. | 
Secondly, if one of the lira) | 
pafs through che center F, fix 
AC, and divide the line Bow: 
into two equal-parts ος teh) 
point E: I fay, the reétangghui 
contain'd under ΑΕ, and EC. pul GE 
equal to the rectangle cont) à: 
cain’d under BE and ED , thatis to fay, το chy ein 
fquare of BE. The line AG is perpendicalgia 
to BD [#7 the ai 
Demenflration. 
* Since the line AC is divided equally i in Fat hic 
unequally in E, che rectangle contain d nd diy 
AE, and EC, with the fquare of FE, is can] ha: 


ώς À ος 
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Jp the fquare of FC or FB, [47 the 5.2.| Now 
, Ine angle E being a right angle, che fquare of 

ΤΒ is equal to the fquares of BE and FE; there- 
bre the reétangle under AB, EC, with the 
square of FE, is equal to the fquares of BE and 
4.0 2 and taking away the fquare of EF, there 
,|,gemains the rectangle underAE, EC, equal to the 
niquare of BE. 

Thirdly , lec the line pafs 
through the center F, and die 
vide the line CD into unequal 
i ee parts at the point E: draw FG 
κ aps να... to CD, [by 
τν the 3.] the lines CG and GD 
| HED will be equal. 

Demon tration. 
wl Since the line AB is divided equally in F 
: Ind unequally in E, the re&angle contain’d 
-Hnder AE, EB, with the fquare of EF, 1s equal 
othe fquare of FB, or FC, [bythe 5.2.) In- 
jalkead of che fquare of EF put che fquares of FG 
“nd GE, which are equal το ic, [by the 47-1.| 
dl In like manner the line CD being divided 
“~aquallyinG, and unequally inEs the rectan- 
Me under CE,ED, wich the fquare of GE, is e- 
qual coche fquare of GC.Add the fquare of GF ; 
the reGtangle under CE, ED, wich the fquares 
ο GE and GF, will be equalto che fquares of 
ACG and GF, thacisto fay, [dy the 47. 1.110 
_ tlhe fquare of FC, Therefore the reétangle see 
er 


>= 
a 


i ae A 
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der AE, EB, with che fquares of EG and GE, 
is equal to the rectangle under CE, ED, ναι 
the fame fquares : and confequently caking away?) 
the fame fquares from both, the reStangle AE, | 
EB, will be equall to the re&tangle CE, ED, 

Fourthly, if che lines CD and HI,. cut each 
other in E, neither of che two paffing chroughàll ji 
the center: I fay, che reétangle CE, ED is ὁν η. 
qual co the reangle HE,EI. For drawing thes) jy 
line AFB, itis plain the refangles CE, ED, lun 
and HE, ET, are both equal to the re&angle AE, | 
EB, [by the preceding cafe ;| therefore they are: 
equal betwixt chemfelves. 


The USE, 


_ Weare taught by this Propofition a methodi|), 
“of finding a fourth proportional to three Jiness| 
* given, or a third proportional co two, 
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5 PROPOSITION XXXVI, 


A THEOREM. 
WF from a point taken without the circle @ line be 
‘US drawn to touch, and another to cut, the circle : 
UN the [quare of the Tangent will be equal to the re- 
#4 Elangle contain d under the whole fecant, and the 
external line, 


Uppofe the line AB to 
be drawn from the point 
A, taken withour the circle, 
το touch the circle in B ; and 
the line AC, or AH cutting 
it. The fquare of AB will 
be equal to the reXanele con- 
taind under AC, and AO, 
is alfo the rectangle contain’d under AH,. and 
ΑΕ. : Ifche fecane pafs through che center, as 
AC, draw che line EB. 
Demonffration. 
Since the line OC 15 divided in the middle 
\jaat che point E, and the line AO added toit ; 
the rectangle'contain'd under AO and AC, with 
the fquare of ΟΕ or EP, will be equal to the 
iquare of AE, [dy the 6.2.| Now the line AB 
Ms {uppos’d το touch the circle at the point B: 


αἱ Ç 2 shine ς ; τα PL ERA - Ae 
therefore [ey the 18,] che angle Bis a right an- 


4 


---. 
— 
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ole, and (bythe 47.1.) the fquare of AE is een 
qual το the fquares of EB and AB; therefored piv’ 
the reftangle under AC and AO, with cheep 
fquare of EB, is equal to the fquares of EB andijppir: 
AB: and taking away the fquare of EB from) in: 
both, the re&angle under AC, AO will be e--} 
qual to the fquare of AB. q 

Secondly, fuppofe the fecant AH not to pafsshin 
through the center; and draw the line ΕΟΟ η 
perpendicular to EH,which will divide in che 
middle che line FH at che point G ; draw aliol 
the line EF, 


Int 


Demonfiration, 
The line FH being divided equally at chee) 
point G, and che line AF being added to ic sil 
the reétangle contain’d under AH, ΑΕ, wichä}}wn 
che fquare of FG,will be equal το che fquare off} tui 
AG. Add το both the fquare of EG : the rectan=allii, 
ole under AH, AF, with the fquares of FG απ! 
GE, that is (by the 47.1.) che fquare of FE, ott}? i 
EB, willbe equal to the fquares of AG andi}, 
GE, tharis, (4ythe 47.1.) the fquare of ΑΕ.. ήν. 
Further, the fquare of AE (by the fame) is equal η 
to the fquares of EB and AB: therefore the real}, 
étangle contain‘d under AH, AF, with the fquares} fiw), 
of BE, is equal to the fquares BE and AB: απ νι 
taking away the fquare of BE from both, the reét-alh,, 
angle contain’d under AH, AF will be equal tool}... 
the fquare of AB. 11 
Coroll, x. If you draw divers fecancs from (δει. 
fame ® | 


ul | 


All 


The Third Book. 181 


me point, as AC and ΑΗ; che reStanoles un 


“Rr AC and AO, AH and ΑΕ; will be equaf: 
jrwixt chemfelves, ‘hace they are both equal 
y che fauare of AB. ο το 14 omit oy 

© Corol. 2, It you''draw two tangents from the 
me point, as AB,AT, they will be equal: be. 
sufe the fquares willbe equal to the fame rect- 
Mole under AC, απά ΑΟ: 'απά ‘confequencly 


eiewixt themfelvess:as‘alfe'the lines: ocr”! 


PROPOSITION: XXXVI, 
nil ST THEOREM. Pilg agers 
the rettangle contain’d:- unden the fecant and the 


external line be equalote the (quare of a line 
wh ae falleupon the circles that line willtouch the 
wt Cirle; WLIO 193 ey 

jad, Uppofe the fecatic robe: AC ors AH, and the 


rectanple‘AC, A O; or AH, AP, (fee figapre- 


de) τσ δε ‘equal to the fquare of the line AB: 
(jie dine: AB will touch che circle: Draw the 
swhgent AI, (by the 17.) and the line IE. 


Demonftration. 


Since the line AI couches the circle, the re&. 
ele AC,AO; or AH, AF, will be equal to che 


@iuare of AI, But che fquare of AB is fuppos’d 


be equal to either of thofe reftangles ; chere- 
de the fquares of AI and AB are equal, and 
Mnfequentiy the fines AI and A®. Ther fore 


φ 


À 4 ine 
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the triangles ABE, and: ALE, having all. fideel 
equal, will:be equiangulary (by the 3-10) anal 
becaufe the angle Al isa right angle (Ay th) 
18.) the line ΑΙ being a tangent, the απο]. 
ABE oi a sight-angles‘and che line AB 
tangent, (by the 1 6:)y ο: is ο... 

ὁ Adaprylocus makes ufe of this Propofition cy 
‘co find the diameter: of che Earth... For obferw 
“ing from the top of a mountain OA, the fui 
“perficies of the earth by the line BA , πι 


€ cakes notice of the angle OAB, made by ie i) 
€ {ine AB and aperpendicular AC : and by T7#i J | 


© gonometry calculatés the ‘length of che line AFL 
“Then multiplyingAB‘ by AB ο: ‘have! πι 


“fquarey: he -dividés che..produ&. by. 40: chil] 


“height of the mountain, .whith.gives' the.qucd) 
© tient AC, che diameter of the earch, Αα chi) 
“height of the mountain ; from whicmhavitii} 
€fubdusted AO, there ill temain- OG, chi 
€ diameter of theearch This propofition ferved 
“alforo prove che fifth: of the chird book « 
6 Trigonometry. et T4 | 
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ELEMENTS 
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is sie fourth book..is exceeding ufeful in 

Trigonometry, For by infcribing Poly- 

wfgons ina Circle, we learn che methods of 

vii compofing the Table of Subrendants, Tan- 

yiiigents, and Secants s a practice moft neceflary 

M fortaking all forcsof Dimenfons. 

yi) ‘Again, by infcribing Polygons in a circle, we 
find the divers Afpeëts of che Stars, which al- 
L fo take cheir names from thofe Polygons. 
'.* Thirdly, che {ame Operations give us the 
| Quadrature of the Circle, as exa& as is needful. 
4) And by them we alfo demonftrate, that Cir- 
) cles are in the duplicate proportion of! that of 
N their Diameters... - 

‘Fourthly , Military Archirefture does. fre- 

| A4 2 quently 


= 
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“quently require to infcribe Polygons in 4 ciréd) 
< cle, to compofe the défigns and ον 5 
‘ regular Fortifications. | 


oe 


4" 


it 
ας 


ο ae ὃς Tr IONS. 


Fr. Reétilineal rehire 18 ina) 
fcrib’d in 4 circle, or. ii 
circleis cefc:ib'd about Lc where 
allics angles arein che circum), 
ference of the fame circle. α 
‘As the triangle ABC 1s Την. 
*fcrib’d in a circle, and the circle is defcrib’ aN 
about the triangle ; ; becaufe its angles A, Bi 
“and C;'do all terminace ar the circumferences ge 
* The triancle DEP ‘is noc.infcrib’d in the cire4 it 
“cle, becaufe the angle D does not terminate dr | 
the circumference of the circle, 
2. Arectilineal figure is defcrib’d about ad 
circle, and the circle infcrib’d within char fi.- 
| oure, When all che fides of τά: 
HK σσ figure touch the circumferencee 
; of the circle. ** as the trian-- 
‘ole GHI is defcrib'd abourtll\ 
‘the circle KLM becaufe itss| 4 
© fides touch της circumferencee|| 
‘of the circlein K, L, and MA 
3° A line is apply ‘d't0; or infcrib! dima cir--| 


1! ) | 


κ 
wl $1) 


τν es 


re a Ae æ—=- 
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ii fle, when its two extreams couch the circum- 
VN erence of the circle. ** As the line NO. But 
# che line RP is not infcrib’d in the circle. 


PROPOSITION I. 


A PROBLEM. 


ilo infcribein a circle a line, that does not exceed 
its diameter. 


Eta line be propos'd to be 
infcrib’d in the circle 
X AEBD, nor exceeding its di- 
ameter. Take the leneth of 
the line propos‘d upon the 
diameter 3 for example, let it 
“De ΒΟ, Place the foot of the comvafs upon the 
‘boint B, and defcribe a circle at the diftance of 
BC, W Hich may cut the circle AEBD in D and 
E. "Then draw che line BD or ΕΕ, Tis evi- 
N Ment they are equal co BC, (by the definition of a 
“hircle.) 


The USE. 


À This propofition i is nec effary for the perfor- 
ην mance of what is requir’d in the following, 


| 


TROP. 
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SS Eg 


PROPOSITION IL 


A PRoBLEm., 


To inferibe in a circle a triangle equiangular to an) ν 


other triangle, 
ET the circle be rat, 


to be infcrib’d, equiangullal 
tothe triangle ABC. ο 
the rangent FED, (by thh 
17. 3.) and at the point of contaét E make tth 


i 


in which a triangle il: 


4 “4 


angle DEH equal to the angle B, and the anh 


FEG equal tothe angleC, 12) the 23. 1.| ame 


draw the line GH; the triangle EGH will kb? 


equiangular to the triangle ABC. 
Demonftration, 


The angle DEH is equal tothe angle EG 
of the alternate feoment, [by the 12. °3] Bsa 


the angle DEH is equal co the angle B, and corn 
fequent! y the angles B and G are equal. By chit 
fame reafon the angles Cand Hare alfo «αυ! 
and [by Ceroll. 2. of the 32. Το] che anoles A amy 


uN 
MPhe 
‘| 


ea 


at 


pu de 
| LS 
is) | 


GEH will be equal. Therefore che trianglg) | 
EGH and ABC ale equi angular 


PROJ! 4 


ar 
A 


BA 
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ais | | 


PROPOSITION IIL 


-A PROBLEM. 


PI D ladeféribe atriangle about a circle equiangular 
to another triangle, 


F you would 
defcribe a tri- 

angle equianou- 
lar to the trian- 
ole ABC about 
the circle GKH. 
Alontinue ore of the fides of the triangle given 
M6 10 1) ἀπά F, and make: che angle GIH equal 
| the angle ABD, and HIK equal το the angle 
ΡΕ: then draw the cancencs LGM, LKN, 
od NHM, through the points GK, ae, H. 
aibefe cangents will concur ; Score se anoles 
1148 Land IGL being right angles, if you fhould 
| draw a-Ime KG, ὧν angles KGL and GKL 
mould be lefs than two tight angles : therefore 
ite lines GL and KL muit concur, [by che 11. 
i gen] 


Demonfiration. 
| ΑΙ! τε angles. of the quadrilateral GIHM 
ἡ Έα co four risht anolés, becaufe sic: may 
ie divided inco two triangles, The angles IGM 
pd IHM, which are made by the tangents, 
are 
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are right angles ; therefore the angles M and? J} 
are equal totwo right angles, as are alforhe amit’ 
gles ABCand ABD. Bue the angle GIH is es} ” 
qual to the angle ABD, therefore the angle WP" 
will be equal cothe angle ABC, By the Cam” 
reafon the anoles N and “ACB are equal, -annd)* 
therefore thet triangles LMN and ABC are equii/i***" 
anoular. 4 


(| 
+ Gli, 


rs 


| 


PROPOSITION on tu 


A PROBL go: 
T'ornfcribe a circle ina triangle. | 


A JF you: would -infetibe à cit 
\ cle in the eriangle ABC) Jiu 
Ισ  divide che angles "ABC amd 
| XX ACB into two equal parts, [40 
B ο the 9. 1.1 drawing the πει 
BD and CD, which will'oncua DA 
at the point D. This done, from che point I 
draw the perpendiculars DE, DFyand αν 
which will be equal ; fo chat 4 cindle defcrib" à x 
from the center D, at che diftance DE; will" 
pafs chrough F and Gi Pe | 
2. Demonfiration. : A a 
The triangles DE 3:and DEB have νά anole: M 
DEB and DEB equal, being boch right anoless 4 
the angles DBE and DBF are alfo equal, chy) 


anol | 


>~ 


A 
ναι 
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lle ABC having been divided. into two equal 
ite GE and the fide DB is common : : therefore 
ithe 2641 .) the triangles: will be: equal in:all 
nal | “cas, and the fides DE and DE will be equal. 
tele che fame manner might I demonftrate 
ivf fides DF and DG to be equal. Tis poffible 
nidkefore (ο defcribe a circle, which fhall pafs 
‘bugh the points E, F, and G3; and becaufe 
jancles E,F,and G are right angles, the fides 
m | AC, and BC will couch the circle, ‘which 
Fonfequence is infcrib'd in the triangle. 


PROPOSITION V. 


A PROBLEM. 
Το defcribe a circle about a triangle. 


Αν... TE you would defcribe a circle 
about the triangle ABC, di- 
vide the fides AB and BC into 
= two equal parts, ac the points D 
and B, drawing the perpendicu- 
4 DE and EF, which will concur at che point 
Which done, if you defcribe a circle from 
A center F, at che diftance FB, ic will pas 
ough A and C ; thatis to fay, ‘the lines F A, 
ον and FC, are equal, 
Demorffration. 
he ianoles ADF and BDF have the fe 
B b 


Igo The: Elements of Euclid. 
DF common, and the fides AD and DB εαν 
the fide AB having been divided equally in 11 qi: 
and the angles at Dare equal , being right aaj ii 
oles. Therefore (Gy the 4. 1.) the bafes 44h 
and BF ate equal; as alfo the bafes BP:and:C.))yix 


| The ASE. 

ε Jhave frequent. occafion to infcribe: κο 

* criangle in a circle 3°45,: for inftance; ἀπ dey 
© firft propofition of my 3. book of Frigonomkix: 
Cerys This performance alfo 15 neceflary if) 
‘ the. meafuring the area of a triangle ; and w 
on many other occafions. 


PROPOSITION VIL 


A PROBLEM. 
To inf Cribe a fquare in a cirele, 


pe 
[κ 
= 


"LT Oinicribe a fquarein the cd} 
cle ACBD, draw the cl 
meter AB, ‘and perpendicularh}}( 
| VY itthe line DC paffing chrovilili; 
DB the center E; then draw 

lines AC, CB, BD, DA, and, 
will have infcrib’d in the circle the fquare! Al, 
BD. Demponftration. 4 
The triangles AEC and CEB have their fu, 
equal, and the angles AEC and CEB eau}: 
beeli 
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no both right angles : therefore their, bafes 
“and CB are equal, (by the 4.3.) : Further, 
ftauferhe fides AE and EC are equal, the an- 
Ms BAC and ECAwiil be equal: and the 
‘able being a right angle, chey will -be half- 
the angles, (by the.32.1.) therefore the angle 
EBis half a tight angle, and confequently 
lie angle ACB will be a tight angle. And the 
lige reafon holds. for. all che. reft :: therefore 


‘ figure ACBD1s a fquare. 


æ 


PROPOSITION VI. 


A PROBLEM: 
Το deferibe à fauare about a circle, 


Aving drawn the two diame- 

ters AB, and CD, which cut 

| each other perpendicularly at the 

4 center E, draw che tangents FG, 

GH, HI, and 1F, by the points À, 

μη] By C; and you will have defcrib'd the fquare 
“i (MGHE, about che: circle ACBD. 
|... ο Demonftration, 

M The angles E and A are right angles, there- 

pce (by the 27.1.) the lines FG and CD are 

inrallels.,. Afcer,the fame manner 1 may prove, 

that CD and HI, FI and AB, AB and GH, are 

. Marallels, Therefore the figure FCDG is a 

| Bb 2 paralle- 


” 
i 


1:18 


# 
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parallelogram, and (by rhe 34. 1.) chelines:ill 
and CD are equal, as alfothe lines GDand JI) iw 
FI and AB, AB and GH ; and confequently rl 
fides of the fioure FG and HI are equal, Fry we 
ther, fince che lines FG and CD are ον ji 
and the angle CDGis a right angle,’ the str 1 L 
G will alfo be arioht angle, (by ‘the 29.1 του 
cer the {ame manner I may demonftraté the : iat’ 
oles F, H, and I, to be righe angles. Therefi 
the fi figure FGHL: isa {quate, whofe fides t coul 
the circle; - 


inet ba 
el baad 


PROPOSITION VII, 


A Prog LE Ms 


«Το imferibe a circle in a fquare, 


ER you. would infctibe à circle in the (quad! 
FGHI, [fee fig. preced.| divide che fc} 
FG,GH Hi, IP, inthe middles at the poitil 
A) D; B ai and draw the lines AB and Gli 
which may Cut each other at the point Ε, i 
demonfirace chat the lines EA, ED, EB,* ant} | 
EC are equal, and che angles A, D: B sC, σαι 
anoles.s' and’ char therefore you may def eribod i 
circle from the center E, which will pol 
through A,D,B, and C, and touch the fides q 
the raie À EGHI, Dis 


Demon 
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| Demonftratior. 

A Since the lines AB and GH do conjoynithe 
t tines AG and BH; which are parallel and equal, 
qu ‘1 fchey alfowill be parallel and equal : chetefore 

‘tiie figure AGDE is a parallelogram ; and the 

k τν re AE and GD, AG and EDare equal: and 


i) LAG and GD-being equal, AE aod ED willbe 


“equal alfo.: Tis after the fame manner chat the 

iehibines AE, EC, EB, are prov’d equal. Further, 
‘wl AG and CD being ‘parallel , and the angle Ga 
Might angle, the angle D will be fo likewife. 
A Therefore the circle ADBC may be cefcrib’d 
from the center E, which will pafs through the 
points A, D, B, ο and touch the fides of the 
lquare. 


| PROPOSITION IX. 


A PROBLEM. 
1 
| A defcribea circle about che fquare ACB 
| [ fee fig. in Prop. 6.\ draw the diago- 
ο ος AB, and CD, which will cut each other 
“Mat the point E : the point E will be rhe center 
| \ lof the circle, which will pafs through the points 
1A,C,B,D. It ought cherefore το "be demon- 
rated, that the lines AE, EB, CE, and ED are 
Hequal. 


ο defcribe a circle about x [qnare, 


We 


Demon- 
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Demonftration 


The fides AC and CB are equal, and che an+-| 
gle C is a right angle; therefore the angles) 


BAC and ABC are equal, (by the'5.1.) and 


half right angles, (by the 32.1.) 


After the fame manner 1 demonftrate, that 
the angles ACD, ADC, BDC, and BCD, arcel 
half right angles, Therefore the triangle AEC) 
having the angles EAG and ECA half right ana!" 


eles, and confequently equal, will have alfo (20) 
the 6.1.) its fides AE and EC equal. The famee 


may be prov'd of che lines EC and EB, BB an} 


‘ED; chat they likewife are equal. 
The USE, 


« We fhow inthe 12. book, that Polygons) 
tinfcrib'd ina circle, degenerate into circlessit 
‘and as thefe Polygons are always in che duplu, 


€ care proportion of chat of their diameters, ied 


‘likewife are citcles. In practical Geometr; 
‘we have frequent. occafion to inferibe a yea 


Cand other Polygons in a circle, or to deferibed) 


“them about ir, coreducea circle το 4 fquare. 
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PROPOSITION X, 


A PROBLEM: 


πι 0 defcribe an Ifofceles (or equicrural triangle) 
μή having its angles at the bafe, each of them dou 
he 1 double to the third angle. 


ul À "EO defcribe an Ifofceles ABD, 
rl ή having each of its angles 
v4 ( ABD and ADB, double che an- 

IS ele A, divide che line AB (2) the 


BD 11.2.) fo thar che fquare of AC 
may be equal coche rectangle un 
i Ade? AB and BC ; and from che cencer A at the 
Mdiftance AB defcribe che circle BD, in which 
. infcribe BD equal to AC; and drawing the 
line DC ‘defcribe a circle about che tr iangle 
Lol ACD, (by the 5.) 
| Demionftr ation. 
Since the fquare of AC or BD is equal to the 
À reétanole contain d under AB and BC, the line 
! BD will couch the circle ACD at the” point D, 
1 the 27.3.) therefore the angle BDC will 
} be equal cothe angle A, being in the alternate 
1 feoment CAD, (by the δή, 3h ) Now the angle 
BCD, being an external anglein refpect of che 


triangle ACD; is equal το the angles A and 
| CDA; 
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CDA; therefore che angle BCD is equal τοῦ 
the angle BDA. Furcher, the angle ADB is e--} i 
qual to the angle ABD, (bythe s.1.) therefore: pti’ 
DCB and DBC are equal, and (by the 6 1.))/ ui 


the fides BD and DC will be equal: and finces ui 


BD is equal to AC, the fides AC and CD will 
be equal; and fo likewife the angles A andl ih: 
CDA. Therefore the angle ADB is double the: i): 


angle A. i 


y 
ssl f 


PROPOSITION ΧΙ. 


A PROBLEM. 
Το inferibe a regular Pentagon in a circle, 


D O infcribe à Rees! 


À 4 gular Pentagon iml jj, 
# G. a circle, defcribe(by theell 
10.) an {féfceles ABC, | ; 
having each of its an--) 
m. CE EF gles ABC, ACB, at thee | MK 
' 


bafe, double the anglee|) | > 


A. Infcribe in the circle the triangle DEF 
equiangularto ABC: then divide the angless 
DEE and DFE into cwo equal parts, drawing: 
che lines EG and FH. Laftly, joyn che liness 
DH,DG,GF, EH, and you will have deferib'dil%y 
a regular Pentagon; that is to fay, a -Pentagoml) 

having equal fides, and equal angles. | 
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Demonffration. 
14 Theañoles DEG, ΟΕΕ, DFH, and HFE, 
‘eino che halves of the angles DEF and DFE, 
‘4 \fach of which is double to the angle EDF,are e- 
‘lnt@ual co the angle EDF : and confequently the 
Julie arches, which are their bafes, are equal, (6 
lue 26.3.) and che lines DH, HE, EF, FG, and 
BD, are equal, (by the 29.3.) Secondly; the 
pes DGF, GFE, and fo of che reft, having 
fach three of thofe equal arches for its bafe,will 
he alfo equal,(by the 27.3.) Therefore the fides | 
ind angles of the Pentagon DHEFG are equal. ; 


a 


PROPOSITION XII, 


A PROBLEM“. i 
To deferibe a Pentagon about a Circle. 


Nfcribe a regular Penta- Lt 
con ABCDE in the ne 

B' circle, (by the 11.) and hav- a 

ing drawn tangents through a 
the points A, B, C, D, E, 
(by the 17.3.) you will have 
i defcrib’d a reoular penta- 
bon about the circles Draw che lines FA, 
EG; FE,FH,ED., 


DemonStration, 
ai to Es 4 ορ 
The cangents GE and GA are equal, (by ce. 


à ih 
Cc vox. 
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voll. 2 of the 36. 3.) as alfo EH, and HD : this’, 
lines FA and FE are alfo equal (by the defintt. νι: 
acircle ;) therefore (6) the 8. 1.) che eriang led} 5: 
FGA and FGE are equal in all refpeéts ;: am, 
the angles AFG and EFG are equal, a8, αἰ(ο ΕΠΙ: 
angles EFH and DFH, And hecaufe Cy sil), 

27.3.) the angles EFA and EFD are equaa om 
their halves EFH and. EFG will be equal 5. ΑΕΛ), . 
(by the 16. 1.) the triangles EFH and EFG wars 
be equal in all refpe&s, and the fides EG am. 
EH will be alfoequal. Afrer the fame eR . 
I can demonftrate all the fides co be divideeh, 
intotwo equal parts ; and confequently, (mid) jy, 
che lines GE and GA are equal, GH and GG, 
will be alfo equal. Further, the angles G am, 
and H being double the angles FGE, and FHI] Bia 
are alfo equal, "Therefore we have defcribb}l},,, 
a reoular Pentagon about the circle. i. 


PROPOSITION XI > |i 
A PROBLEM. 4 
To infcribe a circle in a regular Peutagon. 


|. 


O infcribe a circle: ™ 

the regular pentage” 
ABCDE, divide the angll 
A and B into two equi) 
H parts by che lines AP aall 
BF, which concur at till 
Ρο) 


WU 
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Hd confequently, the angles ac the point H 
fing alforight angles, and equal, the triangles 
"FH and HEC will be equal inall refpects, and 
le angles of FBH and FCH will be equal. 
hd fince the angles B and C are equal, the an- 
he FCH will be half che angle C. So pafling 
wn pm one to the other I will demonitrate, that 
| che perpendiculars FG'and F H, and the reft, 


(thes equal, 
ή 


| | Cc 2. PROP. 
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PROPOSITION XIV. ! 


A PROBLEM. 


To defcribe a circle about a regular Pentagomi\ 


pui | Το defcribe a circle about tt 
aan TR regular pentagon ABCD)! 
N\ divide equally two of its ficdl , 
/) AB and BC at G and Η, aa), 
// draw che perpendiculars “4 
and AF. The circle drawn fr] 
che center F, at the diftann)\ / 
F A, will pafs chrough B, C,D,E. : 
Demonftration. 

Suppofe the circle deferib’d, it is evidil 
(by the x. 3.) that having divided che line Γη 
in che middle in G, and drawn the perpemy) ii 
cular GF, the center of the circle πι bes}, 
that perpendicular : itis alfoin HF : therefiyj?%, 
itis at che point F. 


ΜΗ 


f 
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€Thefe Propofitions are folefy ufeful for Alu; 
€ compofing the table of Sines, and drawing {hu 
< platforms of Cittadels, for their ordinary fa 

‘oures are pentagons, Obferve alfo chat this, 
‘methods of defcribing pentagons about a 4 
“cle, may be apoly'd likewife to other PA}, 
ο | 
OD ie 


Ψ, 
ha 
| 
D 


:gons. But in my book of Milicary Archite- 
| ture, I have fhown another way of infcribing 
| {a regular Pentagon in a circle, 


PROPOSITION. XV. 


A PROBLEM. 
NN Το inferibea regular Hexagon in a Csrele,: 


ΤΟ infcribe a regular Hex- 
4 € acon inthe circle ABC 
DEF ,draw the diameter AD, 
and fixing the foot of the 
Ῥ, compafs ac the point D de- 
\ fcribe a circle at che diftance 


ameters EGB,and CGF ; and che lines ΑΒ. 4Ε, 

wt FE, and the relt. Demonfiration. 
"A "Tis evident, that thetriangles CDG, and 
‘wl D GE, are equilateral ; therefore the angles 
“CGD, DGE, and thofe oppos’d to them at the 
(top, BGA, and AGF, are each of them the 
‘third part of wo right angles ; thar is co fay, 
J) contain 60 degrees. Now: all the angles that 
“af ean be made about the-fame point ate equal to 
al four righvangles, thacis tofay, 360 degrees. 
A] Therefore raking away four times όο, that-ts 
240, from 360, chere will remain 120 for 
"μι BGG and FGE ; which therefore each contain 
60 


ή 


of DG: then draw che dia 
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6o degrees. Therefore all che angles at’ cht. 
center ‘being equal, all che arches “and allé 
fides will be equal ; and every angle as A,’ Bl:, 
C, &c.. will be compounded of two anoles ο). 
60 degrees each, that is, 120 degrees, and}. 
therefore will be equal. ' 

Coroll, The fide of a Hexagon is equal τις. 


the femidia meter, 


The HSE. } 

“Becaufe the fide of a Hexagon is the bafe ao}! 
“an arch of 60 degrees, and is equak-to the fez. 
“midiameter, its half will be che fine of 303° Dey), 
“which fine we begin the cable of Sines, Eschadl * 
€ treats of Hexagons i in che laft book of his Eles | 
© ments. | | il 
RER cee C0 
PROPOSITION XVI, 


A PROBLEM, 
To tnferibe a regular Rene UMR 5 in 4 circle, 


A Nécribe ih: the\dircle eal 
equilateral triangle ABC) 

Po HW (bythe 2.) and a regular} 
| pentagon (by the 11.) fo chard. 

x ὡς ÿ- the angles may meet at thee} 
B\— G point A. Thelines BF, BILY 
+ and IE, will be che fides onil 


a Pentedecagon: and if ‘yowinfcribe in che ochesl 
archesill 


1 pleat the Polygon. 
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ixches lines equal to BF and BI, you will com- 


Demonftration. 


À, D 
| 


A Since the line AB is the fide of an equila- 


eral criahele, che arch AEB will be the third 


Hart of che whole circle, that is, five fifteenths, 
Buc che arch AE being the fifth part, will con- 
Rin three fifteenths; therefore the arch EB 
bntains two: and if you divide ic in the mid- 
Meat the point 1, each part will be a fifteench. 


The ASE. 


A ο This Propofition ferves-only.to open the 


{ay toother Polygons. We havein che Com- 
‘Wpafs ΟΕ Proportion fome molt. eañe methods of 


linfcribing all ordinary Polygons, buc chey 


Mare grounded on this here, For it would be 


fimpoffible to mark polygons upon that infiru- 
jment, if cheir fides were not firt found by 
mhis, or other like propofitions. 


THE FIFTH BOOK 


O F T H E ni 


ELEMENTSE 
OF 


ANG 
1!) 


EUCLIDA 


PT His fifth Book 1s abiolutely neceflary (|. 
€ & demonftrace the propofñtions of che fixti} 
€ The do&trine it contains is of univerfal ufle} 
e and irs manner Of argumentation by Propos, 
€ tion the moft fubtil, folid, and brief. Inti) 

€ much that all chofe Treatifes, that are groumiiri 

“ed onProportions, are oblig’d to make uil}} 

‘chereof, as a kind of CMathematical Logit) | 

© Geometry, eA rithmetick, Mufick, Affronom ii 
€ Staticks, and in a wotd all parts of Μαρς Ἡ 
¢ ticks, are conttrain’d co borrow fome of αν à 
ε demonttrations from the Propofitions of til a 
“Book. The greateft part of Meafurings [Mr 
prey 


[2 méme om 0 
at 


aan 
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Wattical Geometry is done by Proportion. All 
the rules of eA rithmetick are demonftrable by 
he Theorems chat occur here; fo chat there 
: ib no neceflity-of having recourfe to the {e- 
ench, eight; or ninth books for chat‘ purpofe. 
The Myfck of the Antients is fcarce any 
hing elfe but che do&trine of Proportions ap- 
_,ily’dto Sounds. The fame may be faid of 
| \ieacicks, which confiders che proportion of 
“Weights. In fine tis moft certain, thac if the 
fnowledgé of Proportions, which this book 
Words, was cakén away from the AZarhema- 
\ Feks,what remain’d would be very inconfider- 
ible. 


1 DEFINITIONS. 


i“. E | A. Small quantity com- 
| ο. μα τμ. pard with a orearer, 
Les | Fifa a Pare. “As for 

FA | example, if the line CD 


| “of cwo foot long be com- 
Hbard with AB of 6; tc'will be calPd its ‘pare. 
WAN hich name allo tr'obtains, though indeed it 
wie noc contain d in AB, ‘provided AE, a line 
i) Mqual to CD, be therein found. : 
ME The whale is anfwerable to the patt, 2nd 
iherefore will be the greater quantity ¢om- 
| + | 


L} ad p ad 
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par ‘d with che-lefs s. whether ic do really ced 
‘ cain the lefs, or not, 
CA Parc rakem in general. is ordinarily divicdl | 
© into (that which 15 call'd) an, Aligwot part, 8, 
an Aliquant parts 
1. An Aliguot par (which alone Enclidid\.. 
fines in chis book) is... magnitude ofa mage 
tude, a lefs of a greater. when ir exactly mi 
lues the greater. “ Thacis to fay, Tis.a lest 
“quantity compar’d witha greater, - which pp) 
‘ cifely meafures the. greater. Asa line-cwofil 
* long taken three times, 15 equal co.a line ge | 
; feet 1 in length. A 
2, À Malviple is a magnitude of a mage ies 


πε = 


tude, a greater of a lefs, heat ie exa@tly on 


fur'd. by. the lefs. *$.That-isto-fay,-A~Muill’” 
‘tiple is a greater quanticy compar’d witif 
‘jefs, which it contains exa@ly fo many dm 
€ For example, a line fix foot long is triply” 
«μπε tivo Pa Jong.: ὁ We 
An Aliquant part, is a leffet quantity ce β 
par’d, with a greater, which ic does not exaii) 
meafure, Asa line of four feet in length 1 Fs 
aliquant part of a line ten foot lone. “* Tif 
‘ word, An Aliquot part fo many times rep) E: 
ἕ οἆ will equal the whole: but an Aliquanc pl 
“though it. contains fuch a quantity, of Re 
: whole, yet repeated as you pleafe will ne: κ 
7 


ὁ exactly equal, but either come (ους of; or 


* ceed, che whole, 
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Equimulriples are magni- 
dr 8 | tudes which ‘equally contain 


their aliquor parts.  Thatis 
| “to fay, fo many times. As 
i “ for example, if A contains B 


i } many times as C contains D, A and C will 
i, eQuimultiples of B and D. 

8. * Proportionis arefpe& of one maonitude 
fe Ty! “5 


M : 
| janocher of the fame kind. 


| X Grec. Aby@-. Gall, Raifon. 


4H. Quantities are (aid to have a certain pro- 
“'Ftion to each other, when being multiply’d 


Py can exceed each other. ‘ For which rea- 


ή ὍηΠΕΥ ought tobe of che fame kind. For 


Er 


jmdeed a line has no proportion to à fuperfi- 


th 


“mes 3 becaufe a line caken Mathematically is 


- foafider’d wichouc any breadth ar all; and 


perefore multiply’d as much as you pleafe 


“Mill never give any breadth, which yet a fu- 


_ berficies contains. 
‘For as much as Proportion is arefpe& or 
‘gelation founded upon quantity, ic ought to 


pave cwo terms. That which fome Philofo- 
1 


bhers would call the Fundamentum, or Foun- 


"ation, Mathematicians name the Antecedent, 
nd che Term is call’d by them the Confequent. 
i)" FAs if We were to compare the quantity A with 
ih he quantity B, εἶναι τείρεᾶ or proportion 


Ww 'Would have forthe Antecedenc the quantity 


4 ὁ and for the confequent the quantity P, 
Dd 2 On 
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‘On the concrary, if B be compar’d with 
‘chat proportion of Bto A would have B 
“che antecedent, and A for che confequent. 
Proportion, or the refpeët of one quant 
“ co another, is divided into Rational Proppy i 
€ tion, and Irrational. i 
Rational Proportion is the refpe& of ¢o) lit 
* quantity to another, which 1s commenfuraal} in 
‘toit, chac is, when both the quantities have: q) ii 
ὁ fame common meafure, by which both may} |) sit 
“‘exatly meafur’d, As the proportion ofa Allan 
“four foot long to another that is fix, 15.rar10rn/f 
‘becaufe a line ewo foot long may. exactly mny iio 
“fure both. And when this happens, chefe quad 1 
“tities have che fame proportion as one numa) im 
‘co another... For example, fince the line «li 
“foot long, which is cheir common meafureg,)) loin 
“found twice in the four-foot line, and, thre) 
fin chat which is fix foor long ; che firft has qh 
‘fame proportion tothe fecond, as 2 to 3. un 
*frrational Proportion is becwixt two Guu) ite; 
‘rities of the fame kind, which are incommun() ή 
‘furable, ἐν ¢. have no common meafure. . As) 
“proportion of the fide of a fquare to its dian i, 
“nal. For thereis nomeafure fo fmall, as wih 
‘precifely meafure both. | 
“Four quantities will be proportionals, wil}? 
fibe proportion of che firft ro the fecond, 15141 
“fame with, or like to, that of the third to: 
“fourth ; fo char, το fpeak, properly, Proponyy 
onaill 
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‘tionality is a fimilicude of proportions. Buc it 13 
itféno eafie matter to underftand in what confit’ 
Wa, ®chis fimilicude of proportions ; chat isto fays — 
‘mfhow cwo refpes or relations may be alike: 
i dn For Exclid has not given us a juft definition 

Mchereof, or fuch anone as might explain the 
iiq*nature of the thing, but concented himfelf to 
mhifffec down fome marks or figns, by which it 
η πιαΥ be known, whether or no quantities had 
iwil*the fame proportion. And tis che obfcurity of 
yiili*chis definition; which has render’d the whole 
if book fo difficule to be underftood ; which des 
μή Εεδὶ therefore 1 {hall endeavour το fupply. 

ol) 5. Euclid makes four magnitudes to have the 
sw fame proportion, when taking the Equimulri- 
μή ples of the firft and the third, and likewife the 
wit “Equimultiples of the fecond and the fourth, 
éffaccording to any multiplication whatfoever : 
j@"i€ che multiple of che firft exceed chat of the 
second, the multiple of the chird will alfe ex- 
wom ceed that of the fourth; and if ie be equal to, 
for lefs chan the fecond, the chird will be equal 
λαο or lefs chan the fourth. In fuch acafethe 
iit fir has the fame proportion to the fecond, as 
| séche thitd to the fourth. ; 


As 
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5 :C, D [: ‘As for example, if fout 
je μα 3, 6.| ‘magnirudes were propos'd, ||. 
E, EF *: GH “A, B, C;,D ; having caken ls, 
10,8 :: 15,12 “the Equimulciples of À ic, 
K,L:M,N| “and C, as their quintuples |, 
8, 842,12 | ‘E and G3; and F and H the: Τα, 
O,P:Q,R | ‘doubles of B and D; In) |, 
6,169,274 | ‘like mannér taking K and. 
DT Ti M the quadruples Of A and! 
C, and Τ, and N the doubles of B and D; A:- 
“gain taking O and Q che triples of A and Cy, 
‘nd P and R the quadruples of Band D; Be. 
“caufe E being greater chan F, G is greater: EM 
‘chan H : and K being equal to L, M is equall)); 
éco N : and laftly, © being lefs than P, Qiss}i, 
efs chan R : therefore A will have the fames|) ;. 
‘proportion toB, as C to D. But methinks Es}. 
‘clid ought to have demonftrated this propofi--|)', 
‘tion, it r being too perplex’d and ‘obfcure to pan iB 
“for a principle. | 
“To explain aright what Ῥ roportionality ερ | 
‘ot how four magnitudes may be in the fameel 
< proportion ; chough i ic may be {ufficient το fayll. 
“in general, that the firft ought to be a πα { 
‘part, or alike whole in refpeét of the fecond | 
“as che third is, compar’d with.the fourth : Seal | in 
hecaufe this definition agrees not το the pro P 
‘portion of Equality, 1 hall oive amore gene? 
‘ral one ; and to make it ché more incelliciblee 
‘explain fir what is a fimilar or like Sauce Mt 
“part. ο 
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+ ‘Similar Aliquot parts, then are fuch as are 
A" contain'd in-their wholes’ as many times one 
AA ‘as the other.:. as 3-in refpe& of 9, and 2 in re- 
+ À ‘Spe&t of 6,are fimilar aliquot parts; becaufe they 
| ‘are each contain‘d three times in their -refpe- 
_ À tive wholes. 

oS The firft quanticy will have che fame propor- 
! | ‘tion to the fecond, as the third to the fourth ; 
1.1 the firft contains fo many times fuch ‘aliquot 
“ \-parts of thefecond, as the third contains. the 
‘like aliquot parts of the fourth. As 
* MA,B,C D, | εξ A contains the hundredth, thou- 
| -“fanoth;, or ~hundred-thoufandch 
“i ‘parc of B, .as oft as C contains-che hundredth, 
” sthoufandth, or hundred-choufandch parrof D: 
»')* (and the like may be faid.of all other aliquot 
“)Sparts imaginable :) there will be the fame-pro- 

‘portion of -A.to B, as of C ro D. 
"1... To render this Definition (till more clears! I 
M “will prove firft chac, if Achas the fame propor- 
i fcion to .B as Cto-D, A will contain the ali: 
"| “quot parts of By.as oft as Ç does the like of D: 
M ‘and fecondly, if A contain the aliquot parts of 
WEB as oft-as C does the like. of D, then chere 
i Swill be she fame proportion’ of A to B; 48 of 
me 


WC to D. 

| ‘The firft point feems fufficiently evident 
M From the very notion of the terms: for if A 
“M contains the tenth part of B once more than an 
M “undsed cimes.,- and C contains che centh part 


i“ 
OF 
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fof D an hundred times only τ΄ che quantity AA)" 
«will be a greater Whole cofpar’d to B, cham)" 
«ϱ compar’d to D ; therefore it cannot be com--|')"" 
Spar’d after che fame manner, the refpe& or (δή) 
‘ation being not the fame. | 
‘The fecond point feems more difficult, wc} 
if a quanticy, fuppofe AB, contain che aliquont 
‘parts of another, CD, as oft as a third, E, con}: 
Craing the like of a fourth, F : there will beg? 
che fame proportion of AB to CD, asof E tag)! 
δέν | ‘F, But if ic be others) 
G 
4 "#8 | AB to have a greatest 
sus H SK es proportion: to GD) 
tite “chan E has co Fs chall |) 
5 er ds to fay, chat AB iif ni 
F ei ‘too great to have chig 
‘fame proportion eq 
CD; thar EhastoF. Therefore a quantity lef{s) 
‘chan AB, as AG, will have che fame proporty) ο) 
tion 1ο CD33 E to F. Divide therefore CD Τη ti) 
éthe middle in H, and HDin the middie in 1η 
sand ID in the middle in K3 continuing chili 
€ jike divifion tillsyou arrive at an aliquot parity) 
tof CD lefs than GB, which I will fuppofe md) is, 
be KD. i, 
Demonftration, [ 
‘Since there is che fame proportion of ACC, 
“ro CD, as of Eto F; AG will contain κω, 
“an aliquot part of CD, as oft as E contains sr απ 
(1 
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ii like aliquot part of F. Now AB will contain 
LD once more than E concains che like aliquot 
rowgpare of F 5 which is contrary. to the füppoñ- 
ΜΗ ΚΙοµ. : |: 319, 

6. The firt Quantity is: fatd to have 4 grea- 
ler proportion to the fecond,: than the chird to 
‘ithe fourth, when the firft contains:a certain ali: 
Euuot part of the fecond oftner than the third 

iloncains the like aliquot pate of the fourch: As 
tor ‘has a greater proportion to ro. thaw 200 
‘to 20, becaufe 10r contains the vench:parcof | 
tro, that is, 1, once above a hundred times ; and i 
og 200 -cofitains the ‘tenth partiof 26, nena, 4 | 
. (@hundred times only. - NÉE. ' 
(yl πε Magnitudes or Quantities having-the fame 
» Proportion, are called: Proportionals. : 7 
μή 8. Proportionality;'or Analogy, ‘is a:fimi- ii 
« witude of Proportions or Refpeéts. > | 
nl κ Ανάλογα. Encl, LUE 
wit 9: Ineach propottionality are required at juil 
iridhe leat three terms? “For ‘that there may bé ee 
Fa Grilitude of proportions, there muli:be two Au 
. Mfof them’: and every”proportion having two ή 
© ffrerms, da Aticecedent and a Confequenr, there 
wittfeems to bea neceffiry of four terms ; ας Νε 
: Mwefay, thac A has'the fame proportion to B 
Mas C to D ; but “becaufe the confequent of rhe 
Arf proportion May bé che anrecedentiof thie 
(py fecond, chree rérmsntaÿ fuffice :: as when A is 


«διὰ to-have checfamé: proportion to -B. as B 
Miro C. Ee 5. 10. Mag- 
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10, Mignitudes are faid to be continually 


proportionils, when the incermediate cerms ati}, 
taken twice, ze. both as antecedents and corti), 
fequents. ‘* As if chere be che fame propor 
‘rion of-AtoB,asofBroG, and of Co Dy | en 
11. In chat cafe A will have the duplicate)... 
proportion to C; and che triplicate το D,of ΙΑ) μι 
it has to B. | \ 
‘But here it is to be obferv’d, chat there 18 Le pe 
‘crear deal of difference. between double pros 1, 


‘portion, and duplicate, We fay that the DEE Le à 
‘portion of four to two is double, becaufe {θε 
‘is che double of wo; the number ter givamli 1, 
“the name το the proportion, or rather to shi}... 
antecedent thereof. Accordingly deuble, triij.,., 
‘ple, quadruple, quintuple, care denomim i, 
Stions:draivn-from the numbers two, three, foul)... 
five, ge. compar’d with unity 5 which I μή, 
‘ance in, becaufe we more eañly.conceive ci... 
“proportion, the Ἰε[θατε its. cerms, -Bur,. ass)}.. 
faid, thefe denominations do rather affect η 


4 


| 
3 | 
sancecedents, than the proportions themfelvesi|, 


“for we call chat double. or. triple proportion 


{ 


pial 
PIA bn 
Ted AU 
Τη 

vi 
5 y ν 
‘ 

VA 

| 

A pk 


¢whofe antecedent is double or criple 1:5- con} 


<fequents But by duplicate proportion we mij), 
<derftand (uch an one, 45 1s: compounded of a 
‘Gmilarproportions. As, if there be: the fan, * 
‘proportion of two to four, as of four to eight). 
“che proportion of cwoto eight being «οπή. 
‘pounded of the proportion of ewote four, 4, 
cl 
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. hat of fout to eight, which are fimilar and 
“qual, will be the duplicate of each of them. 
Yo three co cwenty féven is the duplicate pro- 

bortion of thac of three τὸ nine, The propor- 

"fon of two to four is: call’d the fub-double, be- 

““Maufe ewo is che half of four ; but chat of two 

fo eight is the duplicate of the fub-double ; 
hich is as muchas co fay, chat cwo ts the half 

WAC half of cighc, as three is the third part of 

"ihe chird parc of twenty feven; where you 


r4 


“hay obferve, that the Denominators £ and + 
‘Me caken twice, : 
M In like manner rhe proportion of eight τα 
wo is a duplicate proportion of that of eioht 
MD four, becaufe eighr is the double of four, 
“luc ic is the double of che double of two. If 
“here be four terms in continual proportion, 
he proportion of the firft coche laftis a cripli- 
face of that of che firft to the fecond ; as in 
Wihefe four numbers, Two, Four, Eight, Six- 
“heen; the proportion of two to fixteen is a tri- 
ilicare of that of two to four, becaufe two 1s 
will he half of che half of rhe half of fixteen. So 4)» 
lio che proportion of fixteen to two is a cripli- 
ΓΗ ῆρατς of thac of fixceen to eight, becaufe fixteen 
dis the double of the double of the double of 
init wo. 
i), 12. Antecedents το antecedents, and confe- 
:Wihuencs to confequents, are call’d Homologous 
wliimaenicudes, Asif chere be che fame proportion 
il Εξ 1 of 
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‘of Ato Bj as of C 10 D; A andC, Band Il 
‘are homologous. DD 
© The following Definitions explain the dives} 
‘manners of arguing from ptoportionals : for tlhy 
‘demonftration of which chis book was Ρας!” 
“pally compos’d, | i 
13. Alternate proportion is when we corm 
pare the antecedent of rhe one with the anted) | 
cedent of the other, and the confequent of til 
one with the confequent of the other. ΑΙ 
“example, if becaufe there is the fame propool iii 
‘tion of Ato B, as of Cro D, I infer, chat chee 
tis che fame proportion of A to C, as of BtGill! 
‘This manner of argumentation holds only whi} \\. 
‘ali the four terms are of the fame fpecress in 
‘kind; ze. either all lines, or all fuperficiess| 
‘or all folids. Tis ἀεπιοπβταιεά Prop.t6. 6 
14.*Inverted Proportion is the comparing} Ii: 
‘he confequents wich the antecedents. 
᾽Αγώπαλιν Encl. Converle, Gall, [ 
‘As, ifbecaufe there is the fame p roportt'|) iy 
‘of A toB,aso° Οτο D, 1 conclude chat theq) | 
‘is the fame proportion of Bto A, asof Di}; 
$C. Corol. of Propol. 16. Dur 
15. Compoñtion of Proportion 1s the con}! wy, 
paring of the antecedent and the confequec}) » | 
taken together , with the confequent aloni 
Asif, becaufe chere is the fame proportiom; 
eA co B,asof Cro D, I conclude char there: Mr, 
‘the (ame proportion of À and B ta B, as off hi, 
‘and D to D. Prop. 18. τό, IN 


| 
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if 16, Divifion of Proportion is the comparing 
bE the Excefs of the antecedent above the con- 
sidequenr το the fame confequent. “ As, if there 
sribe che fame proportion of ABto B, as of CD 
iitito D ; from thence linfer, chat there 15 the 
ifame proportion of A to B,as of Cto D, Pro- 
κ ibofit 10” 17. 
ή 17. Converfion of Proportion is the compar- 
‘ing of the ‘anrecedenc with the Difference of 
the Terms: ‘ As, if there be the fame pro. 
«qf portion of AB to B, as of CD to D. I thence 
hoi conclude, chat there is the fame proportion of 
WK AB to À, as of CDto C. Coro. of Prop. 18. 
«4 18, Proportion of Equality is the comparing 
wf the extreme magnitudes, and omiting thofe 
in the middle. ‘ Asif, chere be- 


DR ae ok 
{A.B.C.D\ : ‘ingthe fame proportion of A το 
μ «48. Ε.0.Η. ‘to: By as of Eco F ; and of B to 


‘Cy asof FroG;andof CtoD, 
Kas of G to H; 1 infer, that chere is the fame 
ii dfproportion of À co D, asofE to H. 
vi) to. Proportionalicy of Equalicy orderly 
“pyplac’d, is chat in which the cerms are compar’d 
Itogerher in the fame order. ‘* As in the fore- 
if going example. «70.23. 
| 20. Proportionality of Equality diforderly 
"@plac’d, is that in which the terms are compar ὁ 
"in a different order. ‘‘ As if, there being 
‘ ailffame proportion of Ato B, as of GtoH ; anc 
“(NSF BioC, as of FtoG; and of CtoD, aso 


2 


ul 
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‘Eto F ; I conclude that there is the fame ία», 
‘portion of AtoD, as of Eto H. Prop. 23. 

‘See in fhort all the different manners of alt] 
“oumentation by Proportion. 


‘As AtoB,foCtoD; therefore | 

‘ By Alcernace proportion : as Ato C, (ο 
‘to D : i 
‘Inverced: AsBro A, foDtoC: 
‘Compofition. As AB to B, fo CD to E) 
‘Divifion. If as AB to B,fo CD co D: chess 

As Ato B, fo Cro D. 
‘Converfion. As AB to A, fo CD toC..| 
Orderly Equality. If as Aco B, fo C to D ; anodin 
as Bro E, fo D to F: then | 


as AtoË, foC co F. | 

Diforderly Equality. If as Ato B, fo D toF,anad! 
as BroE,fo Cro D: then A 
as Ato E,foC roF. 


ii 


€ Enclid’s fifch book contains but 25 propofili} 
“tions, to which nine more have fince been adc ity, 
‘ed, and are commonly receivd. And the Απ 
‘Gx in Euclid, ferving only for the proof «fi, 
€ chofe that follow by tbe method of Εμμ η 


triples, fince I intend not to make ufe of chat meq) | 


‘chod,I fhall wholly omits begining wich che Seq? 
‘vench, without changing either the order τό 


number of che Propofitions. a 
Demaw ΠΠ 
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Demands, or Suppofitzons, 


| Three quantities A, B, C, being propos‘d, ic 
& requird tobe granted, chac chere isa fourth 


Mofñble, co which che quantity € has the fame 


jroportion, as A to B, 


ο OA WR ALES NE 
, PROPOSITION VIL 


A THEOREM. 


qual quantities have the fame proportion to Ας 
| ther quantity, and another quantity has the fame 
| Proportson.to quantities that are equal. 


à, 3. F che quantities A and B be e. 
| C, 4. qual, they will have the fame 
», 8. | proporcien co the third C, 

1 | Demonftration. 


44 Tone of thetwo, fuppofe A, had a greater 


sMffoporcion to C chan B: A would contain any 


= 


«diquor part of C, oftner chan B could contain 
aie fame ; and confequencly A would be orearer 
pan B, which is contrary to whac was fup- 
ak | > 
los de 


pg Again, 1 fay, if che quantities A and B be e- 


ual, che quantity. C will have che fame propor 


μια το Α ας to B. 


If 
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Demonftration. 
If che quantity C had a greater proportion)” 
to À, than vo 8, ic Would contain a cértain ali 
quot part of A, oftner chan the like parc of Bi 
which parc therefore of A muft be lefs chan thn?’ 
like aliquot part of B, and cofifequently πας 
quantity À would be lefs than B, which is conf" 
crary tothe fuppoñtion. | 
nn 
PROPOSITION: VIH. 


A THEOREM. ) 
BAC Wh 


The greater of two quantities bas a greater propoi} 
ion to the [ame, than the lefs ;: and the μή 


[δη], 
ο) 


quantéry bas 4 leer proportion tothe greats 
than to the lefs. | 


Eee τὸ Uppole . chili 
D quanrities: Abii 

ο GI and C be ο ης, 

Bo | par d : wich η, 


fame EF, and till, 
ABexceeds ο. Tfay, that AB will have a gr}: 
rer proportion to EF, chan GC. will have to! Ho, 

fame. Cut AB equal to C, and. divide EF}, 

the middle, and again one half in che middil 
and fo on, till you come to an aliquot Paret|iy,.. 
EF lefsthan DB, as GF. | 


Denn A: κ 
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Demon ftration. 
rig AD and C being equal, AD has che fame 
“oportion to EF, as Cto EF, (0) she 7.) and 
miMerefore AD will contain GF an aliquot part 
‘ini EF, as oft as C will contain the fame, (by de- 
4. 5.) Buc- AB’ contains the fame aliquot pare 
“ce more than AD, DB being greater than 
iF ; therefore (by defis.6.) the proportion of 
B co EF is greater chan that.of C το che fame 
+ | 
1 Secondly, 1 fay, chat EF has a lefs proportion 
| AB,thantoC. Take a certain aliquot part, 
ithe fourth, of C, as oft° as you can in EF, 
.w@ich fuppofe to be five times : either rhere 
| mil remain fomething of the quantity EF, or 
Lawpthing ; 1f nothing remain, «icis evident, chat 
ve rimes the fourch part of AB making a grea- 
ir Jine than fo many times-the fourth parrof C, 
tie fourth part of AB’ could: not be five. times 
tsncain d'in EF. Buc if the ‘fourth’ part ‘of C 
yiiken five times reach no farther than Gy,’ the 
(μη parc of AB taken fo many times wiil pro- 
aihed either as far as F, ‘orto fomeching fhore. 
wil Fo Tf it reach as far as «ΕΕ «wi have che 
shine proportion to: AB as EG'to C2 But (bythe 
aliteceding part) EF has a -eféater proportion to 
«il, chan EG to che fame Cojitherefore EB ‘has: 
eteater proportion to:C, than to AB, Butif the 
Wurth parc of AB reach no farcher than I, El 
well have the fame proportion to ABas EG το 


F Km κο, 
ral 4- €” 7 


- 4“ 
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C. But Elhasa greater proportion to C, thea 
EGtoC; therefore EF, orearer chan El, hudl- 
a oreater proportion to C, than the fame EF «i 
AB | 


PROPOSITION IX. 


A THEOREM. 


Quantities that havethe fame proportion to anothhs: 
quantity, or 19 whom another quantity has til 
fame proportion, are equal, 


F che-quantities A: and B han 


A, B, Gil che fame proportion to a chil), 

12.126 | quanticy C, Ifay, À and B ο 

dt equal. = it 
Demonfi ration ; 


lf one of the two, 2. σ. À Were great.” 
than B,. it would havea. greater proportion fr 
the quantity:C, (dy the 8.) which is contraryy |)” 
the fuppofition. ή 

Secondly, if che quantity C has the {a1 ο 
proportion tothe quantities A and Bs ΤΙ 
and Bate equal. For if A were greater chan |p" 
C would have a greater proportion to the ques 
ticy B, chan to A, 4by the. 8.)! which ts allo ceqi™) 
trary to the fuppofition. ος | 


Setar prb see mene mg 


== 


PRO} 
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PROPOSITION X. 


A THEOREM 


The quantity that bas the greater proportion to ax- 

| other, 1 the greater quantity ; and that the lef- 

À fer; to which that other quantity kas the greater 
À proportion. 

τά. 


F the quantity A has a orearer pro- 
portion to the quantity C,thanB to 
| the fame C,Ifay,A is greater than B. 
lorif A and B were equal,they would have both 
re | . : 
“he fame proportion to C;and if A were lefs than 
}, B would have a greater proportion to C, chan 


| 5 
à coche fame C3 both which are contrary to 


3 
ο : 
} 


pe fuppofition. 

*") Secondly, ifC has a greater proportion το B 
M fan to À, I fay that A will be greater chan B, 
Sor if A and B were equal, C would have the 
‘Ame proportion to both, (dy the 7.) Andif A 
vere lefs chan B, C would have a lefs propor- 

‘Fon co B chan to À, (27 the 8.) both which are 

Fi footrary to what was fuppos'd, 


LBC] 


Ff 2 PROP, 
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PROPOSITION, XI. 


A THEOREM. 


Proportions that are equal to another, are alfo. WW 
qual among ff themfelves. 


nike iu A has the fame ppt) 
A,B; C,D; EF.  portionto B, as C:| 
4, 23 8,43 6,24. D; and Che fame poms 
portion to D, as E to lb; 

i (ay, À willhave che fame proportion to B,, Ki] 
EB tof. Demonftration. | 
Since A has the fame proportion to B, ass) 
ro D: A will contain any certain aliquot px 
of By as oft as C contains the like aliquot pH) 
of D, (by défin. §-) And in like manner,as OfCt fii 


C contains that aliquot part of D, fo oft will, 
contain the like aliquot pare of Ἑ. So chat Pari 


oft as À contains any céftain aliquor part off Bu 


fo many times alfo will E contain che like «his, 


quot part of F. "Therefore A has the fame pou 
portion co B, as EtoF. i 


PRO 


ms que nommant amener meer gene ere Pre ——— ru Es 


PROPOSITION ΧΙ, 


A THEOREM. 


MF many quantities be proportional, one Antecedent 
will have the fame proportion to his confequent, 
as all the Antecedents taken together to all the 

it 118 Confequents, 

{ 

η) A, B, ΤΕ A has the fame proportion to B, 
His, 12, as CtoD; I fay thar A and C 
jt ο, D,| taken together will have the fame 

12, δι proportion to B and D, as A co B,. 

D. Demonftration. 

wid Since A has che fame proportion to B, as C to 

uf the quantity A will contain any certain 

Bliquot parc of B, as oft as C contains the like 
spliquot part of D, (by défin, 5.) fuppofe the 
"fourth part. Now che fourth part of B and the 
| “‘Hourch part of D, make che fourth part of BD: 
fend accordinoly "AG will contain the fourth 
jifpare of BD, as oft as A contains the fourth parr 

H£EB ; and ‘the like may be faid of any other calle 

Huot parts. ‘Therefore A has the {ame propor- 

ion to B,as AC to ED, 

0 


PROP. 
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PROPOSITION XIII. 


A THEOREM 


If of two equal proportions one is greater than ad) |. 


third, the other will be fo likewife. 


F Ahas the fame pros! 


| 


lA,B:C,D:E, EF. portion to B, as C tcol 


RAS ος 


D ; but a greater pro 


portion to B, chan E toF: I fay, εἶναι C alfeg 
will have a greater proportion to D, than E {ες 


Fr. Demonftration. 


Since A has a greater proportion to B-thanilg ; 


Eto F, A will concain a certain aliquot part @ 


B, oftner than E contains the like aliquot part ο, 
of F, (by defia. 6.) but C contains a like ality}... 
quot parc of D, as ofc as À contains that of ή, 
becaufe A has the fame proportion to B, as C td}, 
D: and therefore C contains a certain aliquœl}, 


part of D, oftner than E contains the like ali 
quot part of F ; and confequently, C has a grec 
ter proportion to D, than E to F, (6) def. 6.) 


PROM” 


bts ner nina Peon ee ll 


PROPOSITION XIV. 
A THEOREM. 

Uf the firft quantity has the fame proportion to the 

| fecond, asthe third to the fourth : according a 

| the firfe is greater, or equal, or lefs, than the 


η third, the fecovd will be greater, or equal, or 
lai lefs, than the fourth, | 


FREE F Α has the fame propor- 


ΝΑ PR. + Eh ! 3 
‘BA, B;C, DJ tion to B, as C to D: I 


fay fir; if A be greater-than 
VC, B will be alfo oreater than D. 
i Demonftration. 
1/4. Since A 18 greaçér chan Ο; A will have a στεά- 
‘fer proportion το B, than:C to thesfame-B, 
iM by the’8.).: But there is che: fame Proportion of 
A toB, as ofC to D::therefore C has a greater 
proportion to D, than ῷ το B, and confequent- 
My (67 the τοι) Bis oreater than D. 
i) Secondly, if À be equal το C, B will be alfe 
filequal to D. Demouftr ation. 
Since A and C are equal,ithere will be che 
fame proportion of A to By as of C.to the fanie 
1B,(oythe 7.) But as Ato B, fo Cro D; theres 
\Vilfore C has che fame proportion.to B, as the fame 


} 
4 
” À 


‘Was τ Ί 8 a 3 Ty } Τ ἕ 
i to D, and confequemily.B. and D are equal 


NS Lav oh } x 
Πορ ο. 
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Thirdly, if Abelefs chan C, B-wili do. 
lefs than D. era 

Since A is lefs than C, A will have a [είς pro-4} "" 
portionto B, chan Ctothe fame B, (by the 8.J) iP?" 
Buc as A 1s toB, foC to D: therefore C willl 
have a lefs proportion to D, than the fame CM)! 
to B; and confequently B will be lefs thon D) pi ἥ 
(by he 8 ‘hh 


Se ee) aes 


PROPOSITION XV. 


Ci 


A THEOREM. 


Equimultiples, and fimilar aliquot parts, are iH 
the fame proportion. | 


[A,B;C Aste Dy IF che quantigies C and D bee} 
2,3: 6 the Equimultiples of A andi} 
B oti, 535}, Bs their aliquot’ parts... A> willl) | 
F, 2:1, 3,1 : have the fame proportion to By,ji 7 
G,2.K,3} asGroD. Divide the quantity ee 

Cinto parts equal to A, +. g. E’ ~~ 
F;G, and che quantity D into parts equal cad 

B. Becaufe C and Dare the equimultiples ο), 
A and B, chere will be as many parts of one, 44 tr i 
of the other. Let’ the parts of D therefore bndhi, 


H1,K 


= 


Demonfiration, | 
Ἑ has the fime proportion to H, and F tol À 
and GtoK, as Aro B,becaufe they are all eh 


| | quah! i; 
ah 1 i! 
ή I) 


Re 


The Fifi aid: 229 


Mal. "Therefore (by the 12.) as À 6 B;6E, 
F,G, co H, I, Ks. ¢. [ος to D, 
ci i Céroll The Cane ‘numbers oF the" aliquoc 
païts-of two quanticiés are in che famie propor- 
ion chat che quanticies are. For fince E ‘has the 
qe proportion to’H, as C ro D+ and F το 
, as C t6 D ; E and ÆF will have the fame x 
“poston το H and M μαι CtoD. : 


|: PROPOSITION XVI. 


A Τ' HE ‘OREM. 
Alcernace Proportion. 


if four weagnsudes of the fame kind be propértie- 
σπα, ss will be alfe alternarively fo. 


I. A has the fame? propor- 
HA BS C,D,] tion to B as C co D , and all 
wilt 2,83.9, 6, | the four quantities are of the 

= aime kind; thar i is, eicher 2: 
sitines, or all Superficies” 5, Or all Solids : 

WAIT have che fame“proportion to €, as B to D. 
wFOr if not, fuppofe À to have 4 greater propor- 

“Mon to C, "than Bro D. 

Demenftration. 

{Since tis fappos’d, that A has a greater pro- 
»\portion to € chan B to D, che quantity À will 
Moncain a certain aliquot pareef C, 2.7. a third 

Ge >Däït 
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part, oftnes than 9 contains: à third partrof; D Li. 

Let À therefore-concain a chird parc of ©. Soumis, 
timesibutt B: che, third. pare,.of D: onlythrecd 
LES 5 havine-chen divided: A into fout. parts) 441 
each-swwil contain one--chisd: ipartof ο: but) | 
being dividedrnco four par ts, they willnot cons’, Hy 
rain each of.themathird spare of Do shepefore pe 
chree fourths of A will cestain.£hree shicdsenit) 
C, that is, the whole quantity of C ; bue threeq) 
courths Of B wilt norconcain three thirds, ο, 
the whole quanticy of D. Burt. on the, contraryy{/" 
fince rheté is the fimé proportion of ‘A to B, πο 
of Cto D, there,will bealfothe fame proporr||: i, 
tion of three fourths of A to three fourths oof 
B, as of C co’ D, ‘by’ the terol of dhe 15.) απο 

three fourths:of B.will\he.equal #6: Dig: therec! 
fore A cannot have agreater proportion to C | 


chan B10.D. RUE 
0 oak Mol ¥. ESA 


= 
€ 


If shefirft bave the [ame prppertion te the fers 
cond, asthe third to the fogrths any aliquot αν 
of the finft will,bave the fame-propertion 7) the fis) Wht 
cond, as the. Like aliquot,part of the third, το lu 
16,33 32,6, 1£ A hasthe fame propo 


9 nee E be an. aliquot ‘pare ot ra: | hy 
ls, 8e © and Fa like. aliquot part 7 i ty 
+ «J. 


eee 


= 


ενας CE LO ee ων Αρ ee NS 
stint aus ae κας σα saree 
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LE : ἠωμὸ E will have the’ fame 5 Proportion 
| ση ; as Fo D. 
| Divination 


| 1 IE häd'agreare r propoïtion to ‘B ein F4 
κ “D. EWould contaïfidicertain aliquot part of B, 
.HftnetthanF contalis the ‘like aliquot par ot 
ih Ps and confequently, E taken twice; thrice, or 
pur times, would contain an aliquot part of B 
4 -bfcier cian F taken twice; thrice, or four times 
..foficain’d' the like aliquot pare of Di Bud E raken 
1 Durtimes is equal τό A‘; and likewife-F-taken 
but timesis equal co ga therefore A Would 
“#ontain an aliquot part of B oftner chan C con- 
fain‘d che hkealiquoc pare of D, and by confe- 
| tuénce A would* have’ α΄ greater ‘proportion το 
2 than C to D; which is contrary to the fup- 

-lofition. 


3 : 


A CORO L LAR Y, 
E which €xclid places afrer his 4th Propoñi i1On, 
| Inverted Proportion. 


‘if the firft has the [ame proportion to the fecond, As 
1} i, the third to the fourth 5 the fecond will have the 
' 4 fame proportion to the fr, « the fourth tothe 
wi 


| third. 


ΙΒΒ το D, Τε Aha the fame proportion 
) iH 83 σσ to BasC τὸ D, B wilbhave 
ne By | the:fame proportion to A ‘as al 
|’: SENS Ge 2 De. ee 
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| Demonfixation, ο.) | 
If Bhad a greater proportion co À chan D: (ιοί 
C, B would contain analiquot part of A, Cup 
pofe α fourth E, oftner chan D contain° dE thee?" 
fourth part of C. Let us fuppofe then chac Τ ΤΗ 
contains eight times the, quancity Es D.muffipiii 
contain but feven times the:quantity F. Novwiilt « 
fince A has the fame. proportion to B as C tal 
D, Ewill have the fame proportion to B as 1 puke 
το D, (bythe preceding Lemma, ) and (by the 15. 
E caken eight cimes will have the fame proporr: 
tion to B, as F taken eighs cimes.coD ; ους IE! : 
taken eight rimes is contain’din B, thereforst 
F taken eight times mult be contain’d in D)) 
notwithftanding whac.was-fhown to the contra 
ry ; therefore B cannot have a greater propor) 
tion to A, than D to C. Pr! 
The #S E, A 
‘The Followers of Averroes feem to hawt) 
“made ufe of a manner of argumentation Που. 
¢ much unlike this, to prove, that the world haat; ( 
Sex iffed from eternity; ureing, that there is thi ui 
‘fame proportion between an eternal act of. ch ( 
éwill of God, and the eternal produétion.of cm 
éworld, as between à temporal a&, and α τοπ 
‘poral effect ; therefore by a kind of Alternau/ 
“ion, there isthe fame. proportion of a tempcolfu, 
rat 4@tof che Will, ie. an aét begining in ΕΠΟ η, 
Croan eternal εσας, as ofan erernal will co, My, 
‘cemporal effect. Now. -tis evident, thas chili, 
will) 


»™ 
sae 
σι 


ο 


aS 
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Will, or ana of the will chac begins in time, 
)annot produce an eternal effet; therefore 
‘, nthe eternal:aét of God could. not produce an 
weed in time. Buc chis argumienc is faulcy in 
x Bewo refpects ; firft, in chac ic fuppofes it pofli- 


jmfple for an a& of the Divine will το begin in 
time; and fecondly, in that it is drawn from 
isto icernace proportion, though che cerms be of 
bain different kind or fpecies. 


4° PROPOSITION XVII 
A THEOREM. 


vit The Divifion of Proportion. 


F compounded quantities be proportional, they will 
be [ο likewife being divided, : 


i 
ρε; CD,D, F AB has che fame propor- 
> 33.16, 6, tion co Β as CD to D, 


tits Bs C, D) À Will have che fame propor- 
μὴν 2: 10,6) tiontoB, as Cto D. 

il Demonftr ation, 
apace AB is fuppos’d to have the fame proporti- 
alt £0 Bas CD1o.D, AB will contain a certain 
. iquoc parc of 8, 2s oft as CD contains the hike 
MF found as oft in B, as che like aliquot part 1s 

‘dl found 


ER Ses DCI 


yqftquot part of D. Now that aliquoc pare mutt: 
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found in: D: Therefore taking away B'from. AFR) 


and D- from CD, A will contain as many aliqued, 
parts of B, as Contains the like of-Dy’ and conn) 


fequently A will have the ώς ‘proportion CHAT 


B, in Gta 


PROPOSITION" XVI 


A THEOREM. 
‘The Compofiriow of Proportion.” 


If quantities, being droided, be proportional, Elf 
will be [ο likewife shen Big hos ooo, 


À, B; C,D, ΤΕ A has the fame propcol}, 


ο» 33 10; 6° °° ton to Bas C to D, A 


AB,B: CD, D; alfo will have che fame poy” 


8, 3; 16, 6,| portiontoBas CD to D. 

“a no Demsonffration. | 
Since À is fuppos’d to have the fame propeg) 

cioÿ to Bas Cto D, A will contain any aliquif 


# 


‘| 

, 
part of B, as oft as C contains che like aliquul), 
part of D. Now the quancicy B contains αΏγ 
irs own aliquot parts, as oft as D’ contains tt, ! 


like of his ; therefore adding Bto A, and D) L 


CAB wil! concain any aliquot part of B à δι. 


as CD contains che like aliquot part of D, di 
Confequently (by defn. 5.) AB will have 1 
fame proportion to B as CD to D. * 


acte M 
A = 


A, as (Ώρος, -For 


| ae LO. Asa να 


2 


af Fihe Wholes το the 
ή, that are taken 


ia? 


igs TOTO NT fet Conver ft on 7 Propértion, ae ων 
AH A ats 
Ὃ EAS Path λος 


= 


146, & ; 


he Filth pags 


Do RROR EPS 


1, Aa 
¥ 


ή 


À 3 
} 


piiopatrion ti Bias SOD td 
WiHohave the fates oe td 
(byothe\ prone ding) A: hak 
(he: lame propertion ιο ας C DE and (by 
bec Corolef the.1). Biwill haveithe fame | pro- 
fortion to A, as DroC; and therefdre! conte 


pounding them, AB will five e che fame Pree 


5 ga prenne ST 
HET È 


, then AB 


3 à > À 


8 & 


88 


. sy ST 


we: ws 5 SG 
lice We "es frequent ufe ots this mani Of 


argumentation! in: almott all es of me. 34: 
ἠ μήν | 


ἐς ! 


ai cel 
t 

ii) 
iq 


i PRORG NITION a νά 


en” = 
tétanie 
Fa TE 


ss: x THES Re Ne 


“a2 


ë νὰ 


fame proportion, 4 da parts 
away from thewt,..ehe dm 


si ders will be alfa in the fame proportion, 


τη ου: FE De F che quantity AB has 
; the fame proportion te 
κα pen CD. CD, as the part B to the 
12, 6 16,8, parc D: I fay, A will 


ah A hi 
nave 


9 
1 


| 
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have the {ame proportion to C, as AB to CD). 
al 4 rap Sa : 
AB is fuppos’d to ‘have the. fame proportiti] 
to CD, as B co D : therefore alcernatively (a 
cording to the 16.) AB has the fame proporetic) 
co B,asCDto D; and by convérhon of pri fi} 
portion, AB will have: the fame proportion || 
A, 5 CD to C; ‘and again alrernatively, che" 
will be che fame proportion of AB to CD, |!” 
of A toC. 
| The USE. 
‘This Propofition is commonly made ufe: | 7) 
tin che rule of Fellowthip. For inftead of won) 
“ing by the rule of Three for every particuil-— 
£ Affociate or Partner, having done ic for tt) 
treft, co the lait they affign the Remainder! F2: 
éche Gain ; fuppofing that if chere be che fau} 
“proportion of the whole fumme of all-che Perit 
tcipals co the whole Gain, as of che Princiigliiit 
Sof one Affociate co his part of che Gain : hogy ii. 
‘will be alfo che fame proportion of the Primi}. 
‘pal chat remains co the Remainder of 194) 
Gain. à a | 
‘The 2ο and 21 Propofitions ate not nec:(} ή 
far. i 
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wl PROPOSLTLON XXII. 
= A THEOREM 


ή The proportion of Equality orderly plac‘d, 


iy me divers terms be propos'd, and an equal number 
4 of others compar'd with them, fo that thofe 
{ which anfwer to each other in the fame order be 
| proportional ; the firfts and the lajts willbe alfo 
oe tl | proportional. 


=< F the quantities A,B,C; 
wi 25092 3 6s 35% | and the quantities D, E, Β 
we À B, C:D, Ἑμτ be proportional ; that js, 
if there be the fame pro- 
lorcion of Ά το B asof DtoE, and of B τος} 
ap of Eto F ; A will alfo have che fame propor- 
ti toC, as D to F. 
Demonftration 

| ff A has a greater proportion to.C than D to 
A will contain analiquor part, v.g. che half 

| pF Cj ofener chan D can contain the half of F, 
" Let us fuppofe chen che half of C to be contain’d 
welve cimes in A, and the half of F only eleven 
limes in D. Now becaufe B has the (ame pro- 
mmoreion to C as E to F, the quantity B will 
Hontain the half of €. as oft as Ë contains the 
Halfof F : Suppofe then thofe halves (ο be con- 

| Hoh cain’d 


έ ide ασπρο... Fone P 
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rain’ d fix mes in each, B and E A, which cool! 
tains the half of C twelve. Times, SET have : | 
grearer — καν to By: re contains thi) 
{ame half of C fix times 5 than D, which cou 
pee half of F elévén'times only, to “Wad 
which ‘contains the fame hal£of F fix times 5 μη] 
confequently A will have a greater proportii(} 
to Bithan D to E; which is εναν to a 


was {upp 505" de oy. | 


..λ ο... 


PROPOSITION XXI: 


A THEOREM 


The proportion of Equality diforderty 
plac'd. 


If two Orders of νά beinthe fame proportid|, 
diforderly plac d+ the forft and laft of bath 6ς ιν 


ders will be proportional. 


nae ee 


| 

; Ww 

112,657. 163385 % 2. 3 2. 19 and «the others Di.) 
F, equalin rose) | Ba 

inthe fame proportion, difordérlÿ plac “ds | 


AB CDEE ον] [Fshequantiries ABH), 


1S "if A has ο. fame ‘proportion 110 Bas Eco 1 | 
and ο αξ D Dt0E: A will have hé {ή 
me Pt on ro €. > aS 1). co BR Suppofe Ότο h i 


CO 
the me Ι8ΡΙΘ7 ortion to G,.as Frto G. :: | 
ης | Derm 


A MU es 


LT he FfthsBoïk, à 229: 


“io ss Ἡ Demsopifiration, re 
uy Sinead theteisthe fameproportion of À to Bas 
EE toË sandcof BydiC as Frog: À has 
the {amie proportion ttorG,eas E co G, (bythe 
oy) iB ucther; fines Bibagithe fame, proportion 
DIE αἱ D ιό Ες. and Hfoas: Fro G3. D:will 
bire-chefâme proportion: td-E, as Fre.G, (oy, | 
he 11 ) and ο. ne £a, the 16.) | 
D will have che fame proportion to F,as s E to 
25, Now we have before prov’d, that as E to 


5, fo À ro-C ; therefore, as A to C,: fo Dto F, 


αφ” 


| ΡΚΟΡΟΣΙΤ LON XXIV. 


A THEOREM. 


E the firf quantity bas the Jame proportion to 1h° 

M fecond, as the third tothe fourth : and alfo thé 
ή fifth to the fecond, as the fixth to the foërth: 
| the firft with she fifth will bave the fame propor 


| tionto the fecoud, as the third with the-f South “6 
" the j fourth. 
hy Ε “a η 2 A has the fame proportion 
ib fa | to BasCtoD, and E-to B 
ο οὐ 3 Ft0o:Da AE will have the i 
f°: (mas proportion to B, as CFito sl 
| i D. ) a 
Dès onfirats t10n, He 
Ἔ μπα A has the fame proportion to Bas.C to a 


επ 2 
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D, A will contain any aliquot part of B, as oi 
as C contains the like aliquot pare of D, (éy a4) 
fines.) la like manner, Ewill contain the {amp 
aliquot part of B, as ofc'as F contains the irk?) 
of D : fo char A and E will contain any aliquadhii 
pate of B, as oft as C and F contain the like αλ). 
quot part of D: therefore AE will have cb Abe 
fame proportion toB, 4 CFtoD. :: 


SE WEE EE 


PROPOSITION XX. 


A THEOREM 


If four magnitudes be proportional, the στεαιέ 
and the leaft will excecdthe other two." | 


DST TT TF the four meenitudes All] 
183 6, CD, E,F, be proporcionay) my, 


4,334 3) and AB the gréaceft and F cil), 
AC: ECR] leaft: AB and F will exceed). 
CD and E. Since AB has tli, 
fame proportion to CD asEtoF, and AB | 
{uppos’d greater than E ; CD will be alfo gree} 
ter than F, (by the xa.) ‘Divide therefore AM 
fo, chat the magnitude: A ‘may be equal to Hi} 
and CD fo, rhac the magnitude C may be equill 
to F, Demonftration. "12 4 
Since AB has the fame proportion to CD as: | 
to ©, B will alfo have the fame proportion 1 
D as AB to CD, (by the 19.) and AB bei 
| μή 


* 


pee re ee ren ve 
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\Muppos'd greater than CD,B will be greater chan 
iD. Now if to À and E, which are equal, be 
\ititikdded F and C 5 which are alfo equal, A and 
in? will be eq ual co C and E ; and adding tothe 
Vduj vo ΕΠ B, which is the ofeater, and to the (Wo 
“RD, whichis che lefs, AB and F will be 
seigreacer than CD ‘and E, 
+ The USE, 
| By this Propofition is demonftrated a pro- 
[priecy of Geometrical proportionality, whereby 
cis difitmewift’d from chat which is call'd 
\Arithmetidal, “For in this fatter the two mid- 
idle térims ire équal ro the cwo extreams ; but 
jin thé formef, (as has been prov’d,) the orear- 
elt and the leaft exceed the two others. … 


4 

"M “Tho che nine following. Propoñtions are not 

μη, S 3 Jets becaufe many_.make ufe of bbs Fe 

M ie quote them as if they were his, f shout , | 
oueht not coomig them... TD ni 


> 


| 
rot 
A 


Ih 
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XXVL 


PROPOSITION 


A THEOREM. 


If the fr bas A greater. proportion to: the feconady’ ’ 
than the third to the fourth, the fourth will haves) 
a greater proportion to the third than the feconed: 


= 


TZ 


| A 


to the firft. 
F PARLE A. L,. = A | 
IDs, 436,351. LE A has a greater proportiopt 
[A,B: C,D co B than Cro D, D wall havea): 


a greater proportion : to. ©.than; ΕΕ 
co A.. Suppole Ε. to..have., chog 


A wil Ibe oreacer than E, (by thet οι). 
. Demonfiration. 
Thete i is the fame proportion of E to B, 48 90 


fame pyeporsgn to-Bias. «το DD 


{ 


ne See 
ÿ - 


C to D : therefore (0) the Corol of the 16. va η | 


Has the fame proportionto C,as BtoE. But. 
has-a greater proportion to E "than to À, (by ap 
8.) therefore D has a greater proportion τό a 
than Bro À. 


PROPI 


a 


ee 


ο a a È Pes Ἐν UNE eee SR xe 
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COR ω“ὙἹμ--. 


. ji = a Ὃ ο 


À THEORE M. 


M the firfthas.a greater proportion to the fecond 
than the third to the fourth, the firft will alfa 
have a greater proportion tothe third shan the 


fecond to the fourih. 


F A has a greater proportion 
| to BthanCroD, I fay ;chac 
|. A will havea. greater propottion 
to Chan B,to'D. Let E have 
| the fame proportion to B, as € ro 
D ; in chat cafe A muft be ereater than E, 
Densouftration,, 
@ E has the fame proportionto B, as C to D : 
\ peherefore (by the.16.) E has the fame propértion 
10. C, as Bro D. And becaufe As greater»than 
wip» the proportion of A to C will be greater than 
| οι of E to C. Therefore the ; proportion of A 
Fo C, 1s greater thanthac of Bto D. 13 
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PROPOSITION XXVIIL 


A THEOREM. 


If the firft bas a greater proportion to the Len 


thanthe third to the fourth, the first and th 
fecond will have a greater proportion to the fis 
cond, than the third and the fourth to shh 
fourth. | 


9,43 6,3 J 
A,B; C,D, oreater than that of C co LD 
E, the proportion of AB to B wiil}: 
ke. alfo be greater chan chat of “a 


fame proportion to B, as C to D. 
Demonftration. 


E has the fame proportion to B, a8 G to TD) ‘ui 
therefore (by the 18.) EB has che fame propoois/ 


tion to B, as CD to D. And AB being greaciy 
than EB, AB will have a greater proportion | 


B, than EB to the fame B, and confequentil] 


than CD to D. 


§ JF che proportion of A to B thi) 


to D. Suppofe E co have clin 


Nana np 
VIVA 


He" 


fob 


a Oe 


k 


<3 


ο 


full |, 
A 0 


PROPOSITI 


A THEOREM. 


Wilf the firft with the fecond has 4 greater proportion 
| 3 to the fecond, than the third with the fourth 16 
his the fourth ; the firft will have a greater propor- 
wh tion tothe (econd, than the third to the fourth. 


1994365 3 Τε the proportion of AB το Β 
(A,B; C,D, be greater chan the propoition 
AL. of CD to D, the proportion-of À: 


48. co B will be alfo greater than τας 
‘ga of CtoD.  Suppofe EB to have 
«the fame proportion co B,.as CD to D : EB will 

be l{efschan AB, ana-E lefs chan A. : 

Demonftratvon, ne 
‘sf Since EB has the fame proportion to B, as CD 
waco D; dividing them E. will have the fame 
“proportion, to.Bas C to D, (by the 17.) And A 
wdbeing. greacer than E, the proportion of Aco B 
sip will be greater than chat of E tothe fame B, 
land confequently than that of Cro D, 
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PROPOSITION XxX. 


A THEOREM. 

If the proportion of the firff with the fecond.to thu 
Second, be greater thanthat of the third with thh 
fourth to the fourth ; the proportion of the ri 


with the (econd to the firf?, will be lefs than than si 


of the third with the fourth to the third. 


LE 


A willbe lefs chan that of CD to C. 


‘Demonftration, 


The proportion of AB to B is fuppos’d to bi, 


ereacer chan that of CD to D: therefore (by thi) 
29.) the proportion of A to B will be greatee) 
than that of Cto.D and (by the 26.) the pro 
portion of D to C will be creater than that of i} 


be greater chan chat of CEE} 


i B; C, | JE the proportion of AB toll | 
45 01% Chat” 
"7 toD, the proportion of AB τι, 


= 


Ë 


to A: therefore being compounded (by the 354. 
che proportion of CD to C, will be greater thai}, 


that of AB to A. 


PROM... 


LS 
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PROPOSITION XXXIL 


A THEOREM. 


WS many quantities are in a greater proportion 4- 
M mong themfelves, than an equal anmber of other 
Wi quantities, plac'd after the [ame manner + the 
| firft of the firft order will be in a greater propor- 
À t10n to the laf? of that order, than the first of the 
VA fecond order tothe laff of that. 


hs B, C, 15 4 AT 
Ce EE EASES Be a 


F A has a greater pro- 
portion to B, than D 
| to,E ; and B a greater 
lHoportion to C, than E to F; A will have a 
‘fearer proportion to C, than D to F. 
cal Demonstration, 
Since A has a greater proportion to B than D 
ΜΕ, A willalfo have a greater proportion to 
iP chan Bro E; and becaufe B has a greater 
lMoportion to Cthan Eto FE, B will alfo have a 
jeater proportionto. E than C toF. Therefore 
)will havea greater proportion to D than C 
ME: and Alternatively (by the 27.) A will 
[ve a greater proportion to C, than D to F. 


À 


¥ 


PROP. 
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PROPOSITION XXXIL 


A THEOREM. 


If many quantities are in greater proportion anion 


themfelves, than an equal number of other quasi)" 
tities, plac’d after a different manners the fiir) 
ia 


first order will have a greater proportti 


ho f 
of ine 


to the Laft of that order, than the firft of the [| 
cond order to ᾷ of that, 


he 


Φ{, 
ων 


¥ 


lafi 


EL 


q 


mamans, Res 
ων. 


πώ νο 


ww. 


me 
op 
ater chan B, and F chan FE. 
Demonftration. 
Since cis fuppos’d chat 
Cas itoK, and Cto F asH-to 


8 {4 
Edw Ab 


mep 


alii 
Aaias 


re 


portion to C 
B will have che fame proportion to F, as Ἡ 


K, (bythe 23.) Buc A has a greater proporti 


4 


k 


| 
Wi 
4 


/ 
οἱ 
ο... 
| 
|A 
| 
μα 
| 


=> 


= cre 


qua 


B has che fame pal 


to Fithan B tethe fame F, (by the 8.) «a 


the proportion of À to Eis greater tha 
Atak, becaufe F is greater than E: therel 
rhe proportion of Ato E, is greater than tha 
H to K PR( 


ri [ο Ed» 


« 


n chatch 


} 
: 
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ss 
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ο νο CRIS ASRS IO 


PROPOSITION XXXI 


A THEOREM. 


wif the Whole has a greater pr oportion to the Whole 

“il than the part taken away to the part taken away, 

il the Remainder will have a greater proportion to 
wa the Remainder than the Whole tothe Whole, 


F AB has a greater propor- 
tion to CD than B co D, À 
will dees ereater proportion 
Lo C chan AB to CD. 
: Demonstration, 
ig We fuppofe that the oe of ABto CD 
AAs © ereater than that of B to D; therefore (by 
«be 27.) the proportion of AB Lo B is oréater 
chan that of CD toD: and (8 δι the 3 30, the 5 ο 
απ of AB to A, is lefs than that of CD to 
ς therefore αμα. ÿ, ee proportion of 


3 


we co CD ts lefs then that of A to C. 


| 
| 
À 
ἱ 
{ : 
| PROP. 
ῄ 

i 


} 


PROPOSITION XXXIV. 


A THEOREM, 
If two orders of magnitudes be propos’d, and thbliy 
proportion of the firft of the firft, to the firf of thx 
fecond, be greater than that of the fecond to thhihini: 
fecond ; and that greater than that of the thiredyyiy: 
tothe third, 6ο. che whole firft order will bie 
A greater proportion to the whole fecona, thaw). 
the whole firft order except its firft magmituderiy 
to the whole fecond order except its firft magnulii(it 
tude. But a lefs proportion than that of the fir Abin 
magnitude of the firft order, to the firff magna» 
tude of the fecond ; and lafily, a greater proporriii 
tion, than that of the laff magnitude of the fr, 
order, to the laft of the [econd. | 


CE 


"| 
Lea 


= 


τι 


12:50, 4; [ή 25 30 FE che proportion oof 
JA, B, CVE, F,G, A το E be greatest 


eS EE nym μμ 


than that of Β co F, ancdf! 


che proportion of B to F greater chan that of CH 


| 
τος: I fay, char A, Β, C, will have a grearesy 
| t 1 


proportion to E;F,G, than che proportion of. 
BC to EG. 7 
DewgonStration. 


| 
{ 


Tis fuppos’d the proportion of A to E iii 
areater than chat of B το F; and therefore al. 
cernativel yi" 


] 
] 
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Ptnatively, the proportion of A to Bis greater 
han that of E to F: and by com pounding 
Rem, the proportion of AB co B greater than 
pac of EF to F: and again alcernatively, the 
foportion of AB το EF greater than thac of 
1 to F. And becaufe the proportion, of the 


! 
=] 


“hole AB to EF is greater than that of the 
#'Mrr Eto the parc F, the proportion of the Re. 
“i Gander A to che Remainder E will be greater 
“gan chat of the whole AB tothe whole EF. In 
wk manner, I may prove the proportion of B 
wi) F greater than that of BC toFG, and confe- 
yromently that of.A το E much greater chan chac 
BC co FG, ‘Therefore altetnatively, che pre 
jnreton of À to BCis greater than thac of EF to 
KS ; and compounding them, the Proportion 
yt A,B,C, to BC, greater than that of E,E,G, 
1} FG: chereforeche proportion of A,B,C, to 
11.6, will be greater chan that of BC to EG. 

Secondly , the proportion of A to E, 

, eater chan chat of A,B;C, to E,E,G. 


Demonftration, 


15 


1 is > ae j on nee Le ve 
fue whole ASB, C, to the whole E,. E.G 15 great 
Va < ve c 


Cats 


j the whole A,B,C, tothe whole EE, G, (6) 


gis 


C N ; αμ. Bix à ed ο 1 τὸ τι κ 
"Thirdly, che Proportion of A,B,C, ro E,F,G, 
" 1 eG. De- 
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Demonftr ation. 
The proportion of A το E is greater 


that of A to B is greacer chan that of E τοῦ’ 
and compounding them, 


again alternatively, thacof AB to EF greatec 


chan thac of B το F. But the proportion of 


to Fis greater than that of C to G, therefont) 
the proportion of AB to EF is greater than tha) 


of Cto G3; andthatof AB to € greater chatte 


? 


thas) 
chat of Ώτο F; and therefore alrernativelyy)| 


the proportion of AIN 
co B willbe greater chan that of EF to F ; ann! 


! 


’ À 


Να 
FU | 


i 


chat of EF to G; and therefore by compounng | 


ing them, the proportion of A,B,C, coG, WW! 
be greater chan that of E, F,G, toG ; and tfh 


of A,B,C,t0E, F,G, greater than chat of: ips 


to G. 
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"TT" His Book :begins to! apply the doëtrine of 
Proportions; explain'd in general inthe 
preceding, ‘to particular. matters ; and taking 
bes tife fromthe mofttfimple: figures, i. es Tri- 
anoles, ic ‘gives Rules: to detetmine not only 
rhe proportion oftheir fides, but alfo thac of 
heir ‘capacity, Aree. or fuperficies,: In the 
téxc place we learn’ from ir, how so:find our 
ο ρα lines, and’to augment or diminifh 
Many fisure;according to any proportion: aflion"c; 
Here alfo is demonftraced τὰς moftufeful-Rule 
of Three’; atid che: Forry-fevench of che Firft 
extended to any figure whatfoever,-Laftlys it 
lays down’ the moft facile and moft cerrain 
iptiticl ples co conduétus in taking any manner 
ff Dimenfions. K k DE: 


The Elements of Euclid. 


1. >: EGilineal figures are 
LX. fimilar., When -cheïit}|\ 
anoles are equal, and the fadess{)|\ 


DAS that form thofe ‘angles ; prooyt ? 
portional. ‘* As che triangles | 
E F ARC, DEF, willbe πλ] 


| ”  fifcheganoles À asd D; B anng ©" 
E, Cand F, be equal ; “and AB has che Απ) 
“roportion to AG as DE to ‘DF, and” AB tt ds 


‘BC as DE to EF. 

A ah 2. Fipnrés- are τδοριοσα * 
whénithey may -be fo: cori) ** 
€ par’d, thac che antecedent, 10! ο 

one proportion and the conti‘ 

ae DE fequent of another . are bony) 
found in the fame Που 

eThac is, when the Analogy begins and end} ti 
sin the fame figure. Asif AB has che fame-prid) "ii 
‘portion to CD, as DEto BF. eu |) 
3. A line’ ts divided: according to the eq "a 
creme and middle proportion, :when che who}? ti 
10 line has the fame proportiiql \* 
fs το the greater: part, 45.8 Lt 

A C. B. greater partco che lefs. * Ass tt 
‘AB has the-fame proporcni()) \ 


SA SAR Se rase ουσ 
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_: to AC, as AC to CB:-cheline AB is divided 
Faccording to thesextreme and middle: Prapor: 
fcions: > 
rE aye rs ne height of any figure 
UN AT 48: 4 perpendicular’ draw 

fromdts fummity to: its bafe. 

6 Ας ἀπ. τς triangles ABC; 
«ΕΡΕ.» the perpendiculars 
‘EH and AD;: whether. ΕΠΕΥ 
fall wickincor ESP thentriangles,- are! their 
aSheights, Hence:infollows, that al -eriangles 
a ‘and iparallelograms; that -have -equah: beights; 
ya ‘may be plac’d within» the: fame parallels, For 
‘Shaving (ec: cheis bafes upomthe line HE, ifthe 
il ‘perpendiculars DAcandiE be equal; che lines 

‘ a] SBA and HC wilk bei patallels. :£ 36 

os» Ac Proportion is {aid {to be: compounded 

τρ any: others 3e Wem/the sd 01 < 

4 *quantities of: chofe:proportis * Denominatorse 


ons. being: muleiply ’d:5 make 
anochers: Το underand the trud inténc. of 
| ‘this definition, ic muft be obfervid, chat every 
ΟΙ €Proportion, at leaft, every * ra- 
| “tlonal Proportion, cakes j its De- 
is | ‘nomination froma certain num 
ee “ber, denoting that refpeët or relation that the 
" ‘antecedent of the proportion bears tothe con. 
‘fequent. As if two magnitudes were propos’d, 
“one of twelve foot in length, and the other of 
‘fix; we fhould call chac ‘proportion of 12 to 
Kk 2 6 


κ Expreffible by 


true numbers. 
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“6 the doublé proportion. Im like manner Hi 
“and 12 Were propos'd, we: fhould:givechari] 
‘che name of fubcriple proportion, + beingoitssl| 
‘Denominatot ; importing: as much as chat cheel 
‘proportion δὲ 4'to 12, 18 the fame as that off} 
‘2 τὸ ainity, or asonetorthrée. This Denomisihiy 
‘nator-is: call’d the guaattty Of che Propottionay) (0 
*Suppofe therefore chree-terils were siven, 121) 
‘6, andos ¥ the-firt proportion ef 12 co 6 beingp| ’ 
“doublejics Denominator isawo’s the fecond ob! 
{6 (ο beilie triple, its Denominacor is three | 
‘che propettion chereforeof:22 co 2 is: (πάτο) 
“be comtpbuünded:of chac of'#2 to 6, and ος 66 (1) 
‘co à,che: double and: the! criple ‘proportion. 
“To find cherefore the! Denominator of the pro+}}\\" 
“portion of 12 to 25 Multtplythree by ‘cwo, andi) 
‘che produd fix’ will how che propotcion > obit 
“r2 to 2 vo be fextuples#.e ag one vo fixs: ΓΕΝΕΙ 
Sis thiae which AZathemiariccans: commontesun--|h | 
‘derftand by compounded ‘Proportion; though fis 
“methiaks A'mighr moresproperly’ have bem 
“call'd-Proportion multiply'd.: ο ο το τος flo 
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wi)». PROPOSITION: 
; : ‘A THEOWEM, 


i sai or ahs, and triangles, “of the fame bight; 
OO γε the fame proportion as: their afore: : 


AT Dia SRE the en 


AGC, and DEM, to 
have: the: fame hight ; 
“4 and ro be:plac’d between 
FKi BC. EFHLM the fame. parallels; AD, 
and.-GM; 1 fay; they 
vol q have the {ame proportion as their bafes 
mic, and EM, Divide the bafe EM into as 

1,((any-equal parts!as you: pleale, and. draw liries 

ibm the:painr/D: {ο each diwifion, as, DF; DH; 
Es: Indike manner divide the’ line Θα ήπιο 
[its equal: co thofe of che. line EM, and-draw 


les: from its! fummicy A tothofe divifons, as 


1 Al @e. All-chofe little criangles, being 
blos'd wichin che fame paraflels, and havine 
Hal balesyare equal, (Gythe 38.1.) 

Demonftration. 

Irhe bafe GC contains fo many aliquot parts 
My as chere are. parts found init equal 
"IEE ; buc-as many parts equal to EF as are 

lind i in the bafe GC, fo many little triangles 

| contain’d in the criangle AGC, equal ; 
thofe 
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thofe contatn’d in DEM ; which being equul!! 
among themfelves are the aliquot parts "of thik: 
triangte DEM, ° As oft therefore as the bafe Gill 
contains thofe aliquot partsof EM, fo oft doi: 
the trianole AGC contain the aliquot Parcs | κ 
the triangle DEM ; which alfo will-happen iyi 
every.divifion-wharfoever : therefore the triaali)) 
efé AGC has the fame proportion to the tri] 
ole DEM, as thé bafe GC co the bafe EM. if ή 

Now Parallelograms ; defcrib’d upon cl) 

fame bafes, and-enclos’d betwees, the fame. tal 
rallels, are double the'trianglés, (by the great) 
therefore they até tn rhe fame proportion as tt) 
triangles, 7, 6, as their? bafes, 


I be: ASE. 


This Propoñtion is ποτ. only” ferviceable: he ͵ 
Cdemen trating: thôfe: chae follow, but alfoo | 
foreat ufe in dividing large ‘fields; ος plalf };, 
CAs for example," hippofe you ‘were 16 take |} /,, 

ofthitd’ parc" of the’ Frapefiil] 
= D “ABCD, having «he fides A 
215 Sand BC paraltel's ‘produce {| 1 
‘tinesBC to E :f6:chac (|! 
‘may be. equal to AD; 


BG c © ‘andtaking BG the third ll 

‘of BE, duwAG = Efay che: W 
note ABG is the third part of che 7: rapes j 
‘ABCD. 


Der it 


ο. 
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id: Demonftration, 

A The triangles ADF, and FCE, are equian- 
‘Mbular,becaufe che lines AD and CE are pa- 
.  Wrallels, and cheir fides AD and CE are equal: 
‘’M£herefore (by. the 26. 1.) the triangles are e- 
“fqual, and confequently che triangle ABE is 
‘‘Mkqual to cherrapefum ABCD. Bur che cri- 
"" nole ΑΡ 16 the chird parc of the triangle 
UN@ABE, (by the preceding,) therefore che trian- 
“fle ABG is che third part of the srapefium 
TAABCD, 


ι 
ee ο. 


it 


PROPOSITION IL 


A THEOREM. 


4 line drawn in a triangle parallel to its bafe di. 
welt andes its fides proportionally 3 and the line thai 

WU dieides the fides of a triangle proportionally, wik 
ή nd be parallel to its bafe. | 


η in the triangle ABC the 
line DE be parallel το the 
bafe BC, the fides AB and AC 
will be divided proportionally, 
ή 1.6, AD will have the fame pro- 
lé as πο portion to DB, as AE to EC. 
| Draw the lines DC and BE, 
Whe ttiangles DBE,and DEC; having the es 
ο. bale 


= -- ni 
ji 
we 


κ 
| 
po 


= = 
re ue 


266 The Elements of Euclid. 
bafe DE, and being enclos’d within the. «η: 
parallels DE and BC, are equal, (by the 37.11), 
© Demonftration, | 
‘The triangles ADE and DBE bave che fam % 
hight E, caking AD and DB fot cheir bafes, ary) 
therefore may be plae’d wichin the line AB arn) 
anorher parallet to it drawn chrough the polit” 
E, and confequently have che fame proportic ού 
as theirbafes, (by the 1.) 1e. the triangle ΑΓ). --- 
has the fame proportion to che criangle DBI) 
ot itsequal CED, as AD co DB. But che cri 
angle ADE has likewife che fame proportico| 
to the triangle CED, as AE to AC ; and cheri 
fore AD has the fame proportion co’ DB, as Ail)" 
to EC. | 
Secondly, fuppofe AE to-have the fame pre}, "” 
portion to EC, as AD ro AB: 1 fay che linodl / 
DE and BC will be parallels. 
Demonfiration. 
AD has the fame proportion to DB, as chil 
triangle ADE to che triangle DEB, (by the 11, 
and AE has the fame. proportion to EC , 4 
the triangle ADE. to che triangle CED; am 
confequenrly the triangle ADE has the fami 
proportion tothe triangle DEB, as the fam} 
ADE co the triangle CED. Therefore (by tea, 
οισ.) thetriangles BDE, and CED, are equaall 
and (by the 39 1.) between the fame parallel 7 
Therefore the lines DE and BC. are paralkelss.f) yy 


= 


ψ 
Ÿ 


ἤ 


— 
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The USE. 
| © This Propofition is abfolutely neceflary for 
&he demonftration of thofe chat follow. It may 


malo be fervicéable in taking Dimenfions. As, 
νά the following figure, if you were to mea- 
yiapfure che hight.of BE ; having erected a ftaff or 
\igpole DA, there will be che fame proportion of 
on tcp to DA, as of BC. to BE, 


à 
liek 


| PROPOSITION ΤΙ. 

1 ‘A (THEORE M, 

(G4 line that divides an angle of a triangle inte 
| two equal parts , divides its bale into two parts 

which have the [ame proportion # the fides. 

And if it aivide the bale, into two parts propor- 


i: | 9 « αν ay 9 : 
| tonal to the fides,.it will divide the angle into 
|» #0 equal parts. 
Re TF the line AD divide the angle 
ή - BAC into two equal parts, AB 


will have the famé proportion to 
4 — > AC as BD to DC. Produce the fide 
> © © CA, and cake AE equal to AB; 


14 


Hichen draw the line EB., 

Demonfiration. 

| The external angle CAB is equal to the two 

J interna! angles ALB, and ABE: which being 
| equal, (bythe 5. 1.) becaufe the fides ΑΕ and 
i AB 


af 2 À 
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AB are equal ; the angle BAD, which is cn 


half of BAC, will be equal to one of ‘them, fupo4), 
pofe ABE ; therefore (0) the 27. 1 9) the lines! 


AD and EB are parallel, and (by the 2.) there iis 
the fame proportion of-EA or AB co AC, asa) 
BD to DC. 


Secondly, if AB has the fame proportionspiii 
to AC as BD to DC, the angle BAC will bal 


divided into two equal parts. 
Demon TALL OM. 
AB or EA has νο fame proportion to AC) 
as BD to DC: therefore EB and AD are pal 


rallel s and (bythe 29.1.) the alternate angled] / 
πο À and pap: che incernal BEA, and the ex: 4. 


ermal DAC, will be equal : and the angles 


BEA and EBA bein ag equal, the angles BAD απιά 
DAG will be alfo equal. Therefore the ang tigi 


BAC will be sers into tWo equal parts. 
e USE. 


“We make ufe of this Propofition chiefly tt 


“find che proportion of the fides ofa triangle, 


== 


==> 
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PROPOSITIO O NT. 


es .. 


A THEOREM. 


r he fides of equiangular triangles are proportie- 
nal 


EF TF the triangles ABC, and 
κ. DCE, be equiangular, 1.6. 
Bs if ch ne angles ABC and DCE, 
AG and CDE be equal, AB 
will he ave the fame proportion 
' Sean as DC. to CE, and alfo 
À villhave the fame. pro- 
ή dportio n to 0 CB as né to 5 EC. Joy n the triangles 
lafcer fuch a manner, that the bafes BC and CE 
[may in Le the fame line, and produce che 
ud fides BA and ED till they meetin F ; fincethe 
‘wi dangles ACB and DEC are equal, the lines AC 
[and FE are e para els, (dy the 28. 1.] and by che 
| fame reafon CD and BE are parallels, and there- 
i fore AFDC a Parallelogram. 


Demonstration. 


a 


3 & 


che triang AS} pace) to ον 
| therefore [7 the 2.] AB has the fame p 


[ cion to AF, or, which is equal to it 
ito CE: and alternativel Ÿ, AB has the ie 


| proportion to BC 23 35 CD to CE. In like mat 
| ner in the fame triangle, CD being parallel € to 
Liz BF, 


w 
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BF, FD or AC has the fame proportion to D)|! 
as BC to CE, | bythe 2,] and alternatively, A 
has the {ame proportion to BC, as DE to CE. | 


The USE, 


This Propofition is of fo general ufe, that: ls. 
“may pafs for a moft univerfal principle in taal 
“ing all manner of Dimenfions. For in the fiill 
“place all che methods of meafuring inacceffith|| | 
“lines, by defcribing a fmall triangle fimilar || / 
“chat which is form'd upon the ground, ||] 
“founded uponit ; as alfo the creareft part: [= 
‘chofe Mathematical. Infiraments, upon whiil) 
‘are defcrib'd trianoles, fimilar to thofe of whiil! 
“we defire co take the dimenfions, as the Gi 
“metrical [quare, the Pantometer, the e Ærbajll} 
‘or Crofs-flaf, &c, Nor could we know how: |, 
“raife che Plane of any place, but by the hell 
“thereof. So that in fine, co unfold all the ui 
‘of this Propofition, ic would be neceffiry: i - 
*tranfcribe the whole firft book of Prattical Gill. 
fométry. | 


iJ 


PRO 


ee 


tall hl 
η 
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| | κ αλ ος eg es ES ER 
PROPOSITION VY. 
A 1EORE M. 
κας les, which have pe io fides, are equr- 
| — Anghlar, 


[FE the rrianoles ABC and 
- DEF have proportional 


A | D 
4 τς AVR es, 2,6. 1f AB has the fame 
ΝΤΕ CE F prépor tion to BC as DEto 


EF, and alfo AB the fame 
“ex rtion to AC as DE to 
s ABC and DEF, A and D, C 


# 
à 


ADF ; thean 


Hand F, will ie equal, ‘Make the ‘ane ate FEG 6. 


pu ro the angle B, and EFG equal to the an- 


ele ©, 


| Demonftr ation. 


wt Thercrianolés ABC and FFG havetwo aps 
nt G a gual, eHeretor 6 (dy Coroll, 2. of the 32. 1.) 


re equiangular r3 and (bythe 4.) AB has 
fame proportion to BE asGEto EF. Now 
is 6 fuppos a, that DE as the fame proportion 


a 


πώ EF as AB to BC, therefore DE has the fame 


ir, - 
a9 


i! propo: tion to EF as EG to EF: and confe- 


iquencly (by the 9.5.) DE and EG are equal, 
NAfcer the fame manner DF ray be prov’d equal 
KOFG, and confequently γη the hy 1.) che cri 
Doles DEF and GEF are equi soular, But the 

anole 
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anole GEF was made equal to B, therefoohi 


the 2 angle DEF is equal to the angle B, am} 


the anole DFE tothe angle C; rand conf! 


quently, the triangles ABG and DER are eqs 


anoular, 


PROPOSITION VL 


A THEOREM. 
Triang les, which have each one of tk their angles: 


aint 


μα 


— 


qual [1ο one of the other, and the fides con nain fl 


that a angle proportional 3 Pe equiangn! lar. 


act che triangles s ABCand | DEF (fee fig. preceed) | 


e the ang les Band E equal, and the 
ae ae the fam 16 proper begs ta E BC as DE 


EF, the triangles ABC and DEF will be ea 


angular. Make the ane le FEG ; equal to the 


gle B, and the angle EFG equal to the angle: 


Den onffration, 

The triangles ABC ‘and GEF are equi 
gular, (by Goroll, 1. of the 12. 1.) therefore 
has the fame proportion to BC as GE to il 
(by the 4.) But as AB to BC, fois DE to JE 
therefore DE has the fame proportion to EE 


:GEtothe fame EF; and therefore (by things), 


5.) DEand EG are equal ; and the trians 
DEF and GFE, having che angles DEF 


GEF, each equal to the anole B, and the fis 


DE and EG equal, with the fide EF common 

tio both, will be equal in all refpects, (by the 4e 

yk.) cherefore they will be equiangular : and 

alvihe triangle EGF being equianoular to ABC, 
‘ithe triangles ABC and DEF are equianeular, 

The Seventh Propolitien is of 0 ae, 

PROPOSITION VII. 
A THEOREM, 


iit perpendicular, drawn from the right angle of 
| | a retiangular triangle to the oppofite fide | di- 
| vides the triangle into two others fimaslar ve ss, 


il Ἑ IF the perpendicular BD be 
i drawn from the right anole 
i ABC to the oppofite fide AC, 
a Ῥ ο it will divide che reanoular 
if triangle ABC into two trian. 


weeves ADE and BDC, which wi] 


| L be fimilar, or 
Quianoular co the triangle ABC. 
| Demonftratjon, 

aed The triangles ABC and ADB have the fame 
sole A, and the ansles ABC and ADB right 
‘ntheles, therefore they are equiangular, [by Co- 
WL. 2. of the 32. 1.1 In like Manner the trian- 
“iis BDC and ABC have the angle € common 
i) both, and the angles ABC and BDC right 


jifdgles ; therefore they alto are equiangular, 
| Theres 


—— 


eae 
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Therefore che tt 
are fimilar criangles. 
The 4.5 Ε. 


“By the help of this Ps CRORE, inacceffiblle 
γ νο ia 


fquares~ -Asforexampte, “iff we eto meafutril 
per PEL hi 


<diftances may be meafur à by 


he diftance DCs, having drawn; the 
‘dicular BD, and phac'd my fquare upon chi 
‘point Bt in Cuch: avmanner, chat 


riangles ABC, BDC, and ADB3M 


ε by one of 11 | 
“fides BC I could obferve the point, C,. and tbh, 


η 


m7 


‘che other the point A: is evident, they; 
FAD to Dil, 


éwould be the fame proportion οἱ 
ex of DBro DC. Therefore multi 
‘by | its felf, and dividing.the produe 

“che Quotient would be DC. 


ερ ο -- μμ. 


iplying De 


oe POUR TETE À 1X. 


ACPROBLE Me 
Of a line given to Cat off what part you pleafe. 


ET the line propos’d 
| AB, from rt you | 


ον 
mee 


Es tae Ave equat't Harts, thre 


higps 91 B which {halk be coritain’co}) 
(ή 


duc by AI 
8 LD LUS 


Gp? Pre ro take away three fill: 


es À dl ὴ 
| + parts. Make an 2 angle EC, 
ED and upon one ofits fides (Gh: 


mont 


Pme 


LEE 


ome See 
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1CF : then taking CE equal to AB, draw the 
‘line DE, and another parallel to that FG: che 
Hine CG will contain three fifth parts of CE or 
JAB. Demonstration, 
“1 Inthe triangle ECD, FG being parallel to 
“tthe bafe DE, CF will have the fame propor- 
“ion to FD as CG to GE, [by the 2.1 snd com- 
“Ppounding them, [by the 18.5.) CE will have 
“i Mrhe {ame proportion to CG as CD to CF; and 
‘Why the Coroll, of the 16. 5-) CG will have the 
ame proportionto CE as CF to CD. But CE 
“Lontains three fifths of CD, therefore CG will 
’1#Æontain three fifths of CE or AB, 


j PROPOSETFLON X: 


A PROBLEM. 


Vo divide a line after the (ame manner aé another 
| line givenis divided, 


-Bac  [F you would divide 
ie aca : the line AB after the 
es EE : fame manner as AC is 

3 a 


À divided, make with the 
HN twolinesthe anole CAB 
M of what magnitude you 
pleafe; then draw che 
line BC, and parallel co 
M m ic 


CARS ne ee ee μμμμμωα 
e 
a 
τς Οἱ) 
--- 
a 
Q ry 
al swouue 


SEE a 
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ic chelines ΕΟ ΕΝΥ, andthe reft. The line ΑΡΗ. 
will be divided after the fame manner that AC] 
iS. Demonftration. 

Since in the triangle BAC, HX 15 drawn paid}, 
rallel to the bafe BC, ic will divide’ che. fides’ 
AB and AG proportionally , (by the 2.) and thadi— 
fame may be faid of all the reft. | 

To do this more eafily, you may draw hed} 
line BD parallel co AC ; and transferring chiq 
divifions of AC to BD, draw lines from one tx 
the other. 


PROPOSITION XI. 


A PROBLEM: 


Two lines being given to find a third propor tionabl)| 


JF you would find a this 


ο 5 ο. a 
eus proportional to the Hindi 
D——£ 5 ABandBC, 1.6. that cheri: 


pr N ae be the fame proporcicoi) 
os \ of ABto BC, as of BC 10m.) 
ο... the line foughts make 4p 
Pe geen pleafure the'angle EAC,amii}, 
upon one of its fides taki 
the lines AB and BC, one immediately απ) 
the other ; and upon the other fide take AD! (i ' 
qual to BC: then draw the lite BD, and pli. 
rallel to it che line CE ; and cheline DE wa), 
be char which you feek. DIF: 
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Deérmonffration, | 

Ἱ Inthetriancle EAC the line DB is parallel 
| tothe bafe CE, therefore [by the 2.1 there is 
wi che fame proportion of ABto BC » as of ADor 
‘ug BC to ΡΕ. 


471 


PROPOSITION XIL 


| À PROSE Μι 
| Three lines being given to find a fourth proportia- 


nal. 
| be the three lines 
Bs B 4 propos’d, to which 
| D—r+ you are to find.a fourth 
D oe proportional, be AB, BC, 
se > and ΡΕ. Make ar plea- 
| fure the angle FAC, and 
d take upon AC che lines AB 


and BC, and upon AF the line AD equal to 
4ΏΕ ; chen draw the line DB, and parallel toit 
WFC : Lfay, chat DF is the line fouchr,. i. 6, 
there is the fame proportion of AB to BC as of 
DE ot AD to DF. 

4 Demonftration, | 
i “An the triangle FAC the fine DB is parallel 
ήτο the bafe FC: there is therefore the fame 
, Proportion of AB to BC, as AD co DF, 
Τό} the 2,1 

4 M m 2 The 


The Elements of Euclid. 
| | The USE, | 

“The ufe of the Compafs of Proportion fu 
‘orounded upon thefe four Propofitions ; > fea] 
“char Inftrument teaching, us to divide 4 line 14 
‘we pleafe ; co make ule of the Rule of Three 
“without the help of Arithmetick; to extrant 
‘the Square, and Cubick roots ; to double thhi, 
“Cube; comeafure all forts of Triangles ; 11h 
“find the capacity of Superficies’s, and che [ο], 
“dicy of bodies; and co augment or dimintiillp, 
“any figure, according to what proportion "if 
‘delire ; all rhefe operations are demonttrated)\y 
‘by the preceding Propofitions, 


272 


PROPOSITION ΧΙΙ, 


A PROBLEM, 


Two lines being given to affign a middle propoullir 
tional, | 
TF you defire. a midcil} 
proportional δε: 
the lines LV, and VEN} 
\ having plac’d chem {ff 
chat chey make but oil 
riche line LR, divi) 
chat line into two equi 
parts in M; and hall 
iit 


en 
TS DA 


mifafcer demonftrare, 
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jing defcrib’d a femicircle LTR from the cen- 


l'fcer M, draw the perpendicular VT, which will 
‘be a middle proportional between LV and VR. 
… Draw che lines LT, and TR. 


Demenftr ation. 


4 
4 The anole LTR, being defcrib’d in a femi- 
“eircle, is a tight angle, (by the 31.2.) and (y 
MS Wehe 8.) che triangles LVT and TVR are fimi- 
Mar ; therefore there is che fame proportion of 


ALV to VT inthe triangle LVT, asof VT ‘to 
TVK in the triangle TVR, (by the 4.) there. 


antitfore V'T is a middle proportional becween LV 


wand VR. 
| The USE. 

‘ By this Propofition any re&tangular Paral- 
flelogram may be reduc’d to a Square. For ex- 
Fample, inthe Re&angle contain’d under LV 
Mand VR,cthe fquare of VT is equal το che 
F Rectangle under LV and VR ; as I fhallhere- 


RER RES RE TT RSS ARTE LE En 


PROPOSITION. XIV. 


A THEOREM. 
Equal cquiampular Parallelograms have theel 
fides reciprocal ; > and equiangular Parallel ij |" 


grams, that have thew fi ides reciprocal ο a 
‘equal, 


|F che parallelogramss lu 
“and M be, equiangullii 
and equal,their fidés wi 
ώς reciprocal, bets 4 


3 oH 
RUES 


DE Γε] 
| M. 


[== 


vill have the Fa Τι 
εἰ le If EG er 


fees to DE.as FD 
DB. Stncechey have 
qual angles, they may be fo joyn 4 Logethes 
chat the fides CD and DE, FD and DB, w 
concur in two right lines, (by the cool. ο 
15,1.) producing ος e the fides AB a 
GE, you compleat the parallelogram BDEH. 
Der monfiration. 

The parallelograms L and M being equ 
wil ; ave the fame proportion to the paralle:ll 
oram BDEH, Bur che proportion of oie i 
EH, is as the bafe CD to the bafe DE;°: | 
chat of M, or DFGE, to BDEH, is as ben iH 
FD to the bafe DB, (by the 1.) Therefore € 
has che fame proportion to DE, as FD to D: 
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Secondly, ifthe Paralleloorams L and M be 
[equiangular, and have their fides reciprocal, 
[they will be equal. 


Demonstration, 


i 
‘kif. The fides of the parallelograms are fuppos'd 
“to be reciprocal, 5. 6, chat there is the fame 

{proportion of.CD to DE, as of FD ro DB: but 
as the bafe GDisto DE, fo is the parallelogram 
WEL tothe parallelogram BDEH, (bythe x.) and 
las FDtoDB, fo is the parallelogram M to 
4IBDEH ; therefore L has the fame propor- 


Mion co BDEH, as M to the fame BDEH; 


mherefore (by the 9.5.) the paralleloorams L | 


end M are equal, 


Le 
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moments ο eee DE 


PROPOSITION XV. 


A THEOREM, 

E qual triangles, that have one angle equal each 11: 
the other, have the fides, that form that angldqyy\(| 
reciprocal: and if thofe fides be reciprocal, thut\ 
will be equal, 


F the triangles F and G 
. À being equal, have tlh 
aneles ACB and DCE (€ 
qual, their fides that forryy , 
thofe angles will be τας]! 
procal, 4e, BC will haw) 
che fame proportion to Ch 
as CD to CA. Place thi 
criangles fo, that the fides CD and CA ma 
make one right line ; ‘and chen becaufe the a: 
oles AGB and DCE are fuppos’d to be equal , 
BC and CE willalfo make one right line, Ca 
Coroll, of the 15.1.) Draw the line AE. 
‘Demonftration. | 
The triangle ABC has che fame proportion | Wi 
che criangle ACE, as che triangle ECD, equip, 
re the former, to che fame ACE, (by the 7. σι 
But as ABC to ACE, fois the bafe BC co tli 
bafe CE, [by the 1.1 having both che fama" 
bight A; and as ECD to ACE, fo is the bail 
EM 
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il CD to CA, (by the fame: ) therefore BC has 
| the fameiproportion to GE; as CD to * AS But 
| if che fides be fuppos ‘d-reciprocal, that BC 
| has the {ame proportion to CE ‘ CD to-CA, 

| the triangles ABC and CDE will be equal, be- 

é caufe they will both ‘have the fame Provortion 
#4 to ACE, pay 

| 


ak 


ος --- 


ο --- LÉ ARR ED RD APE 


PROPOSITION ees 


À A THEORE 

À If four-lines be proportional, the rt lecovtain'd 
nnder the firft and the fourth, will be equal po 
the retia ang le Contain a under the fecond and the 
third, «And if the retlangle contain dj under 
the extremes be equal to that à contain "a under the 


middle termes, the f four lines will be pr parties 
nal, | 


κα. 


4 
α 
À 
κ 
a 
πλ 


ο lines À, B. GC; D , be 
propor tional, tt if as À 
τὸ B; {o Cro D, the re&an- 
ole contain?J indé the firkt 
A, and the fourth D, will be 
equal to the rectanole con~ 
cain'd- under B and C, 
Demonftration, 
|! ‘The re&taneles have one angle equal each te 
Eu other, bécaufe tis a riche anole in both : 
| theit des alfo are —— cherefote they 
1 ate equal, [by the 14.) Nn In 
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In like manner, if chey.are equal, their fidec|) 
will be reciprocal, 1.6. A wall have the {απο a! 
proportion to B as C to D. 


EE RRS. 


PROPOSITION XVII. 


A THEOREM. 

If three lines be proportional, the retlangle Conn )ήὴ 
tain d under the firft and the third , will be equaayili 

to the {quare of the middle terme, And if thA Morn 
fqsare of the middle terme be equal to the rect 
angle under the extremes, the three Limes ay, {up 
proportional, | 


= 


ΤΕ the three lines A,B,D, thy yet 
" ‘proportional, che reGang hill iy) 
contain’d under A and D μη 
be equal το che fquare of IE, 
Take C equal to B, and che’, 
will beche fame proportion ‘ll, 
A toB as of € to Ds chérefonillh. 
the fout lines are proporttonal. | 
Demonstration. 

The reStangle under A and D will be equ 
to that under B and C, (bythe preceding, but tl 
lait reétangle is a fquare, che lines B and C by 
ing equal: therefore che reétangle contain 
under À and Dis equal το the fquare of B. 

In like manner, ifthe reétangle under Α ή: 
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itil D be equal to the fquare of B, A willhave che 
‘lilt fame proportion to B as C co D: and B and C 
| being equal, A ‘will [have the fame proportion 
} co B, as B co D. 
Thé HSE, 

‘ By chefe four propofitions may -be demon- 
| “ftrated thac Rule in .eÆrirhmetick, which is 
| “commonly call’ d che Rae of Three ; and con- 

whit fequenchy, the Rulegiof Felowfhip, of Falfe, and 
4 fall chofe others that depend upon Proportion. 
ill *Forcexample, fuppofe ‘Three numbers given, 
irl < A8, B 6, and C4 and it beorequir’d to find 
med Sa fourth= proportional number ; which taking 
À Sas found, I willcati D. The reétangle then 

| “contain'd under À and D, is equal to thac un- 
4 “der Band C, Bur Emay have this larter re&- 


( 
4 
# 


jl Sole by multiplying Bby C., à. 6. :fix by four, 
in "the produét will be cwenty four ; therefore the 
A “reGtangle contain’d under A and D is alfo 
(itl Sewenty four ; and therefore dividing chat num- 
yoo d “ber by A, which is 8, the Quotient chree will 
int “be che number fought. 
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PROPOSITION XVII» 2 


A PROBLEM. 


Te defcribe a Polygon Pile: to another \ upon: 
| “ides a Sie 


JET AB bé che in|)! 
aflien’d =; upcoN in 
Which you are recs in 
to. defcribe 4) Polyecols 


ΤΗ 


fimilatcto> the-Rolkygcolfiin i 


CEDEs«:and: having. divided: the, bpolygcol 
CFDE into triangles,“upomcthe line AB :makel\ 
triangle ABH fimitar cortherwriangle CFE, ss 


ne) 


make tt he anal le ABHequalito iat anele CBE 


Petia 


and BAH equal to. FCE;: for then the; tank dns 


ABH and C . will-be equidngular, [by Corot: 


of the 32.41.40) Make alfo upon “che line BH τή! 


angle equi ese to FDI 
Demonfirations FF 
Since the triangles, which are part of tk 
polygons, a are equiangular, che two polygons a 
equianeulare Further, fince the criangles AR] 
and CFE ate equianodlar, AB will have cth 
{ame proportion to BH as CF to FE, | by the 4 
Tn like 1 manner, the triangles HBG and EF! 
being equiangular, BH will have the fame pre 
portion to BGas FEto FD: and by equalic 
(accore 


νο ουν σης ος 
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md cording to Aefin. 104.5 | A5 will have the fame 
| proportion το EG » as CFto FD. And the 
[fame may | ne faid-of all the ocher fides; There- 

| fore (by defin.1.) the polyeans are Gmilar. 


2 
= 


6 αν REA ην AS BI et Te RUE»: 
Upon this propofirion 1s, grounded the create 


ffelt part of F) ασε « Geometry, hat relates to 
‘the raifing the Sian of any place; as ofa 

& a 
ή: ‘building; ft dd, forreft, OÙ a whcle country. A ot 


it “havin es divides a line into edital-parts,/ Lo 2η- 
ad wet che όλ ὰ confain/dVh the plane, 
ith You;may, as6ieribe, a hie use fighitarsc { buttefs 
ή Ἡ than, the Éviginel in Which: you may fee the 
ή Proportion of al bits: liness:cAnd, having by y Oe 
be perience found, ictmueh mere eifie .to ‘travel 
upon paper, than to'take.a,cedious journey:-ei- 
‘A ther,-by -knd.or water, bisa Piopoñtion will | 
dSlikewife.afford-us affiftancé imchis refpeét, 11e ο, 
(wld forming usin almoft all thes pares -of | G eadefia, ne 
and Cherography : and giving inftruGions how a 
is fo: ΞΗΡΑ Gigrephica} Charts, and CM aps; a 


oe 


Fwhich are mochii ne el e bur gechéds of rec Nees 
τὴ ing de figures ιοί mal. Futche er, the uy fe of 
sfchis pr ο ο exte ao at fel£ ro almoft all 


lif thofe Atts, Jat ass re t he defien and moacel 
| f Fof their ark is ο hand 


Ps, 
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PROPOSITION XIX. 


À THEOREM. 


Similar triangles ave in the duplicate proportionn| \ 


their homologous fides. | 


: F the criangles ABC an 
—— D DEF be fimilar or equl" 
| | aneular, chey will be in trl) 
HEC OF duplicate proportion 

their homologous fides Bid" 

EF, é.e. che proportion of the triangle ABC}! 
che triangle DEF will be the duplicate of til” 
proportion of BC to EF ; fo ‘thar’ finding} "1 
third proportional HI co the lines “BC and EN πι 
and making BC ro have the fame proportion lu 
EF as EF co HE, che criangle ABC’ will hay") 
the ame prosortion to DEF as the'line BC jj" 
the line HI ; which is to have roieaduplyrecdm ir 
proportion, [by défis. 5.5.1 ‘Take BG equal) 
co HI, and draw the line AG, | 


Demonftration - | 

The angles Band E ofithe criangles ΑΕΙ 
and DEE are equal 5 and befides, fince che tif 
angles ABC and DEF are fimilar , AB will had 
the fame proportion to DE as BC to EF, | 
the fourth.| But as BC to ΕΕ, fo EF to HI |! 
BG; therefore as AB to DE, fo EF to Bit) 


q | 
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jand confequently , che: fides of the trianoles 
1ABG and DEF being reciprocal, the triancles 
pwill be equal, [bythe 15.] And [4y the 1.) the 
triangle AFC has the fame proportion to the 
triangle ABG, as BC to BG or Hi : ~therefore 
the triangle ABC has the fame proportion to 
ithe triangle DEF, as BCtoHI. 
| The ASE. 
(4, Thefe Propofitions may help to corre& the 
aferror of chofe, who are ape to imagine fimilar 
ith figures to have the fame proportion as their 


ip { Sdes. : For ifrwo fquares, two pentagons, two 
it hexagons, ‘or two citcles, be propos’d, and the 
«wide of chefirf be double thar of the fecond : 
nfl the firf figure will be quadruple the fecond: 
wilt the fide of the firft be triple that of che fe. 
rg cond, the Πτβ figure will be nine times greater 
sxfchan thefecond. Therefore το make à fquare 
nf tiple to another, you muft (eek a middle pro- 
yfporcional between one and three, and you'l 


 ffad for che fide of your triple figure almoft 13, 


On sp TB 


PROP, 


moe mm ae 


= 
—_= 
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PROPOSITION XX. 


A THEOREM. 


4) 


DF 002 10 of their homologous: | des. 
η ὄ 


έως may be divided ito aii egies 
Ptr jangless and are in the duplisaill | 


F che Polyg σον, 


: ABGOE πι η 
Ne ασ GHILM : be : fon 
/ 


YOON ae lar, they “may | 


post ο divided into af git 
7 feos qual: number + {lux 


es sept triang 


Ὃ δν Me À 
Polygons are fimilar, cheir ‘anohllis 


Since che 


2 feats et 
B and H will be equal ; and AB will have ci 


λα 


a 


1.) therefore the triang axles ABC and GHI 
mi tie + the 6.) and “(by the 4.) BC hast 
fame propor “ion to CA as Hi to Gl. Furcht 
becaufe CD has che fame proporti ion to BC 
col H, and BG the fame to CA as HI 

s by equality, CD will have che fame pri 
vehi! to CA 2 as WI to: Gl, Now the! ang 


4 


A: 


. 


fp D 
es 


ale 
rwholedian 


1 


4 


fame proportion to BC as GH to Hf, (by ει 


| 


4 


x {0 


= 


ο 


| Πι 


BC eal 


KE ni ten MT ee er 
te ee PL AE 
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1 BCD and HIL being equal, if the aneles 458 
1 and GIH, which are equal,be taken from them, 
ithe angles AGD and GIL will remain equal. 
| Therefore (61 the 6.) the triangles ACD and 
| GIL will be fimilar. In like manner, tis eafie 
{co run over allthe triangles of the Polygons, 
*‘# and ro prove them fimilar. “ 
“™ 1 add further, that the triangles are in the 
| fame proportion as the polygons. 
Rahs.  Demonftratjon. 
Vial Since all the triangles are fimilar,their fides 
(lf M will be proportional, (by the 4.) but each trie 
dl angle το ics fimilar is in the duplicate propor- 
Wtion of the homologous fides , (by the 19.) 
af therefore every triangle of one polygon to every 
wav ᾗ eriangte of the other is in thé duplicate pro- 

i) portion of its fides ; which being the fame, rhe 
ad duplicate proportion muft be the fame: and 
i there will be the fame proportion of each Cran- 
tele to its fimilar, as of all the triancles of one 
4 polygon to all the triangles of the other poly- 
gall gon, (27 the 12. 5.) 1e, of one polygon to the 
 H other. 
JA Corol. x, Similar polygons are in the dupli- 
i) cate proportion of their fides. | 

i) Corol. 2. If three lines be in continual pro- 
portion, apolygon deferib’d upon che firft will 
j# have the fame proportion to a polygon de- 

1 {crib’d upon the fecond, as che firft linetothe 
M third, ze, ic will bein che duplicare propor- 

| Oo Clon 
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cion of that of che firft line to the fecond. 


PROP OS-ETION : XX 
A THEOREM, 


P olygons, that are fmilar to another polygon, a 
Jo allo among ft themfelves. 


Ἐ two polygons be fimiflai/ 
toathird, they. will th 
fo alfo betwixc.chemfelveelll 
For they may each be dij’ 
: vided..into as many -fimil (dl) | 
triangles,as are 1η. τῆς chiredi| 
But triangles fimilar το a chird, are: alfo fimillq) 
amongft themfelves:; becaufe angles. equal: too|fii 
third, are equal amoneft.chemfelves ; .and ct 
angles of the triangles being equal, chofe οί νι 
polygons Geing compounded of them muft be {Prep 
likewife. : 1 
I add, that the fides of the triangles: beimkiir, 
proportional, chofe of the polygons muft be η 


iy |i αν 4933 ν L 2X ) 2 
alfo, becaufe they are the fame, 


D 
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N XXIL. 
A THEOREM. 


Similar polygons deferib’d upon four proportional 
a lanes, are alfo proportional, And if the poly- 
| gons be proportional, the lines are [ο too, 


PROPOSITIO 


3 


ah A F BC has the fame pro- 
TU ουν 1 Portion to EF as HI to 
à —\ MN, che polygon ABC 
ο CE F- will alfo have the fame 

if L) [ο proportion to the fimilar 

d beh polygon DEF, as HL toits 

ἡ PT. fimilar polygon MO. Seek 


À chird proportional G to the lines BC and EF, 
nd co the lines HI ‘and MO another chird 
Hbroportional P, (by he 11.) Since BC has the 
fame proportion to EF as HI to MN, and EF 
lo Gas MN to P; by equality, BC will have 
(vege fame proportion to G,.as HI (ο 2: and 
‘i this proportion will be the double of that of 
BC to EF, or HI to MN. 
| Demonftration, 
| The polygon ABC to the polygon DEF is 
futhe duplicate’ proportion of char of BC το 
ΡΕ, (by the 20.) that is, las EC co G ; and the 
Polygon HL has che fame proportion to MO, as 
HI to P. Therefore ABC has the fame pros 
| Oo 2 portion 


Ὃ A HR RSA CEE ae 
GA LAN AIN SE a EE 
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portion to DEF , as HL to MO, 
And if che fimtiar polygons be proportional}! 
the lines. being in- che-fubdiplicate proportion}! 
to theim, will be alfo proportional, 
The (2, 5 E, 


DA. This propofition may be ‘e:4l! 
4 


3 


,| ‘fly apply’d. το numbers, 16 cn 


A,B; C, 

3,25 6, oy κ bid Tasha 

9,4: 36,16, numbers A »B,C,D, be propont ttiit 

BE τῷ Hy “elofal, their fquares E,E,G, Fa 

PO “>. Swilk-be foralfo ; Wiichis verry 

πλ in Arithmetick, and more in Algic |: 
VA : 


ο σσ DT SR DS ~ : Le 
cs. RE AT LR VAE as re rc eco 


@ 


sl | TEE TOPE 


| 
| 


PROPOSITION XXII. 


A THEOREM. 
Equiangular Parällelégrams are in the ΡΥορόγΗΗ 9) 
compounded of the proportions of their fides. . \)itil 


IF the parallelograms © { 
and M be equianguléll; 
the proportion of L to Il; 
Will be.compounded of ΕΠΗ], 
of AB to DE, and that 
ED ιο ΡΕ. Joyn the ϱ' 
tallelograms fo; thae chi 
fides BD and DF may make but oné tight) ll 
as alfo CD and. DE “another; which, the: fl 
; rca 


Los 


EUR M 


Soka ο 


le f rallelograms being equiangular, may be done» 
ul [Oy the coroll, of the τς. τν] and compleat che 
μή. parallelogrami BDEH. 
Demonftration, 
The parallelogram E has the fame propor 
| tion to che parallelogram BDEH, as che ba 

Witt? AB roche bafe BH or DE, [21 the 1. ] and ch 
ii parallelogram BDEH has the fame proportion 
“pm co the parallelogram DFGE, {.ε. M, as che bafe 
64 BD to DF, . But the proportion of the paralle- 
wf logram L τὸ the parallelogram M is compound- 
1 ed Of char of «Ε, το the parallelogram BDEH, 
À and of chat of BDEH to the parallelogram M. 
| Therefore the proportion of L to M 15 com- 
| pounded of that of 4B to DE, and that of BD to 
| DF, For example, lec 4B be 8,DE 5, BD à, 
| DF 73 and make as 4 to 7, fo $ to 843 by 
[which means you will have three numbers, 8, 
nil 5, and 83.5 80 5 being the proportion of the 
di parallelogram L toBDEH, which is that of 
|ABtoDE; and 5 to 8% that of the paralle- 
“4 logram BDEH to M. Taking away therefore 


‘oil the middle term five, chete will remain 8 to 
wl) 83 for che proportion compounded of the two. 


PROP. 


oR eee ak cee ves 
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PROPOSITION XXIY. 


À THEOREM. 
Is all parallelograms, thofe through which the dt-- 


ameter palles, are fimilar to the great one. 


ALE B @Uppofe the diameter of the: |] 
: parallelogram: AC pafs thro 
the parallelograms EF, GH: 1 
fay they are fimilar to the paralle- | 
looram AC. | 

Demonffration. i 

The parallelograms AG and EF have thes) 
fame angle B: and becaufe in the criangle BCD, | 
JF is parallel το the bafe DC, the criangless),, 
BFL and BCD are equiangular. Therefore [by 
the fourth| BC has the fame proportion to CDD}. 
as BF to F/, and confequently the fides are im}, 
the fame proportion. In like manner 14 beinæll, 
parallel co BC, DH will have the fame propor-.|l. 
tion to HI as DC to BC; the angles are alfa} 
equal, all che fides being parallels: therefore] 
[by defin.x.] the parallelograms EF and GH aretll, 
fimilar to che parallelogram AC, 


σα 
D 


The USE. 
Ihave made ufe of this propofition to deri: 
‘monftratethe 10. propofition of my laft book} ο 
ol 


NTSC Seta VEN NE 
PA το PA PS ee DEP ner ET 
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| Sof Perfpettives, where Ihave fhow 
“draw an Image fimilar to the Origin 
‘rallelogram compos'd of four Rules, 


29% 
η a way to 
al, by a pa. 


PROPOSITION 


A PROBLEM, 


To deferibe a polygon fimilar to one 
ana equal to another, 


fe / | Ε΄ you défire το dea 
| [A | É fcribe a polycon e. 
ee — Jo . qual to the reAili- 


“Heal À, and fimilar to 
the polygon B, make 
ja parallelegram CE equal tothe polygon B, [dy 
Mthe 44,14] and upon the line DE make another 
ον parallelogram equal το the reGtilineal A, | by the 
su" 45.1.| Then find a middle Proportional GH i 
“iberweëen CD and DF, [2p the 43. | Lally, make lb) 
‘upon GH' 2 polygon O,fimilar to B. Loy the 18, | | 


polygon given 


E 


} 


hich will be equal co the re@ilineal A. 

| Demonftration, 

M Since CD; GH, and DF, are in a continual 
Proportion, che re@ilineal B defcrib’d upon the 
Γι, will have the fame Proportion to the re&i. yu 
lineal O. defcrib’d upon the'feeond, as CD to i) 
IPE, [27 coroll. 2, of the 201 But as CD ta DE 


Wo Is the parallelogram CEto FE, or Bté Α 
A. 


B 
> 


VV h 1 ch 
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which are equal το them. Therefore B has thi)» 
{ame proportion to O as Bto A, and conic 
quently [27 the 9.5.1 A and O are equal, 
The USE. 

‘This propofition teaches how to change ΟΠΗ 1: 
“figure for another, retaining full ics equalictyhst 
“ro athird ; which is very ufeful in praëliciA| 


“Geometry , for the reducing all figures 1 
‘fquares. 
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PROPOSITION XXVE : 


A ‘THEOREM. | 

If in one angle of a parallelogram you defcribe: Woo 

Lefs, fæslar to the former, the diameter of til, 
greater will fall upon the angle of the lefs. 


A 9 ΤΕ im the angle D of the pp, 
wy © rallelogram AC you diff, 
fcribe a leffer parallelograll,, 
DG, fimilar tothe other, «ll 

diameter BG will pafs by till 
_  poine G. For if it do nor ph, 
by chat point, fuppofe ir chen ro pafs by ή. 
point I, and co make the line BID. Draw ni 4 
line 1E parallelto HD. | 
ο Demanftr ation, 
The parallelogram DI would be fimilar: Lo | 


os ες rags etm Mes ra 
ee SG ey AP AN San RENE LA 
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the parallelogram AG, (01 the 24.) But the 
liyparallelogram DGis alfo iuppos’d fimilar co it, 
itherefore che parallelograms DI and DG would 
be fimilar, which is impoffible; for fo HI 
[Would have the fame proportion to iE or GE, 
"Mas HG co the fime GF ; and (by the o. 5.) the 
1 Fines HI and HG would be equal. : 


om 


ᾗ ee 
9 


PROPOSITION XXX; 


A PROBLEM. 


Πο divide a line according to the extreme and ' 
middle proportion, 


4 pos’d τὸ be divided accor- 

| ding to the extreme and middle 

proportion, z. e. fo, chat AB may have the fame 

) iS roportion to AC as AG to CB.Divide the line 7 

i MAB (by the 11.2.)fo,that the rectangle contain’d en 

finder AB and CB may be equal το the fquare ai 

ιν AC. Demonfirarion. a 

il] Since the re&tangle under AB and CB is e- 

Mqual to the fquare of AC, AB will have che fame 
| "Ptoportion to AC as AC ro CB, (by the 17.) 


a 
} 4D 
ith | : 
| The USE, 
| 


PS) a ieee ET AB be the line pro 
JA C B 


“This propofition is neceffary in the Thir- 
sitlfceench book of Euclia, for the finding the fide 
i P p of 
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«of five revular bodies. And Frier Luca, of chili’ 
Holy Sepuleber, has compos'd a whole booo}) sa’ 
concerning the properties of a line divided) 
‘according tothe extreme and middle proporn 
“tion. 


tae SHO STERN SS APT PREM A GARE CE YO a a ET TON 


“PROPOSITION XXXI. 


A THEOREM. 

A polygon deferib’d upon the bafe of a rettang nu) wi 
lar triangle, ts equal to the two fimilar polyg om 
ole Ba upon the other r fides of the fame Eri 


FE the angle BAC of thy 
~ triangle ABC be a rigthy 
angle, the polygon D, dd 
fcrib’d upon its bafe BC, wiil 
be equal tothe two Επι] 
polygons F and E ‘deferibrl! 
upon the fides AB and AC. 
Demonftration. 

The polygon sos: and F, are among ft thenm/ | 
felves in the luplicat Hands of their he 
mologous tid a Be ü AG, and AB, (by the 20.,}))\ 
and if fqua were defcrib’d upon the fan) 
fides, Reis fo would amonoft chemfelves bei 
the duplicate PI ee à cheir fides : but [db 


the ax) the fquare of BC would be ‘equal te” 
κ) | 
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) “Mithe fquares of AC and AB : therefore the ie 4 
“My gon D defcrib’d uponthe bafe BC, will be e- 
Lg qual to che fimilar polygons E, and F, Ex d 
“i upon AB and AC. 


The Us S 


“This propofition is made ufe of to sement 
(for diminifh all manner of figures, being more 
“univeffal chan the 4731. which yet is ExEUE dE 
Kine ufeful,in as much as alinoft all Geometry 18 
i {éorounded upon chat princ ciple. 
ral The 32. Prop tion 15 4 28 


< 


PROPOSITION XXXII. 


A Τηξος ΕΜ, 


Vi equal circles, the angles as well at the center as 
circumference, as allo the fettor, ave in the fame 
proportion as the arches upon which they fland. 


= eee - 


W | F che circles 

ANC and 
DOF are eaual, 
the angle ABC 
will have the 
ek: "KL" the fame pro- 
μη portion ο the 
anole DEF as thé arch AC tothe arch DF. 
ati Suppote AG,GH, and EC, tobe dal ας 
1 P'p-2 and 


Or 
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4nd confequently the aliquot parts of AC ; 
ler DF be divided into as many parts, eile τη] - 
AG,asit se and draw the lines ΕΙ EM | 
and the ref DemonStration. 

All che angles, ABG, GBH, HBC, DEN 
IEK, and the ref are equal, (bythe 27.3.) Mf 
that AG, an aliquot part of the arch AC, ΜΗΝ, 
be contain’d in che arch DB, as oft as the angbl|) | 
ABG, an aliquot part of the angle ABC, : 
contain’d in the ancle DEF ; therefore cmt 
arch AC will have the fame pt Sen ie (ο τή], 
arch DF, as che angle ABC to che anole me | 
And becaufe N and O are the halves of a | 
gles ABC and DEF, they willbe in the com 
proportion as thefe: therefore the angle N ha: 
the fame proportion to the angle O, as tbh: 
arch AC co the arch DF. | 

The fame holds likewife of che Sectors: {κά 
if you draw che lines AG, GH,HG,DLIK, ami, 
the reft, they will be equal, (by the 29.3. ) ami) 
each lircle feétor will be divided into a criangiéal}, 
and à feoment. Butche triangles will be equal... 
(by the 8.1.) and che little fegments will ablfi:... 
fo be equal, (67 the 24s 3.) therefore the whol 1 
little Sedors will be equal ; and confequentiy/f}},. 
as eh y aliquot parts of the arch AC as are con Γι 
tain’d in the arch DF, fo many aliquot parts col}, 
the fe@or ABC will be contain'd in che fe&tcom,,,” 
DEF, ‘Therefore che arch has che fame Ρτοροῦ/ 
tion to the arch, as the feétor co che feétor. |. 
ΤΗ" 


Per 
[ 


THE ELEVENTH BOOK 
i OF THE 


iE | Le L I 1) ο 


DM PEN His Book eftablithes che firft principles re- 
i lating to folid bedies ; infomuch chat ie 
#*is impoffible to know any thing certainly con 

(iaicerning the third fpecies of quantity, withour 

yi@*underftanding what is herein taught. Upon 

ge’ Which account the knowledge of it is abfolure- 

1 neceffary co a th rough-infight into the great- 

wile part of ALZathematical Treatifes. In the frit 

iit place, che D'oétrine of the Sphere deliver’d by 
ui Tbeodofius does fuppofe a perfect knowledge 
mrof the whole, In like manner Spherical Trigo- 
sui vometry, che third parc of Prathical Gromeiry, 
ktifdivers propofitions of Staticks and Geography 
woiate buile upon the principles of Solids. The 

x Main difficulties in Guomemcks, Conick Se. 

jj “lions, 


μαμα 


- 1 


= 
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“Aftions, and the Traûs concerning the cutting obl 
“pretious Stones, arifing chiefly from their emi.) 
“nencies and rais’d parts, not eafily reprefentecd) 
‘upon paper, and their being contain‘d under} 
‘many fuperficies’s, ate render'd intelligible 
“and eafie by che previous knowledge of cheq 
‘doétrine of Solids. 

J have omirted the feventh, eighth, ninthi,| 
“and tenth Books of the Elements of Euclid, bee); 
“ing of little ornoufe in any parc of the 45η) 
‘shematicks, And J have oft wondred how εδ]. “* 
‘obrein’d a place amongft the Eleménts, fince til 
‘evident Exclid compil’d them for Πο other.enng) * 
“but to fettle the do&rine of Incommenfuraalj 
‘bles; which being lictle better than a val} 
“curiofity, ought not to be receiv’d into Émile | 
‘books which treat of the Firff Principles of ΓΑ 
“Science, δις to make a particular Treatife by ii) 
‘felf. ‘The fame may be faid of the Thirreentill} 
<book, and thofe that follow ir. And therefonr{) 
“tig my opinion, chat almoft all parts of the ΜΑΙ 
“thematicks may fufficiently be underftood boy t 
“che hélp of εμείς Eight books of the E/emsenii)s\' 
Sof Eyelid, ni 
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DEFINITIONS. 


Que F2 0m τ, Solid body is 2 


Quantity , that 
INF hath length, bredth, : and 
| κ depth,, or thicknefs, “Ag 


| | ‘the figure LT, whofe 
length is NX, bredth NO, and chicknefs 
tif LIN: 


ie) 2. The extremes or terms of a folid body 
«re fuperficies’s. 
AI 3. A Line is tighr, or perpen 
dicular toa plane, when tis per- 
pendicular to all the lines, which 
it Meets in the plane. “As the 
i. _. “line AB will be rieht to the 
yea plane CD, ific be Perpendicular to the lines 
a CD and FE, which being drawn upon the 
! ij Plane CD, pafs by the point B, fo that che 
angles ABC, ABD, ABL, and ABP, are fioht 
‘" Manoles. 
| Νο 4. One plane is perpendicular 
| Al to another, when a perpendicular 
a 


Se 


y 


ofS. 


| line drawn upon one of them to’ 

7 \_\_A\ che common fection, is alfo per- 

| pendicular to the other. | 
* We call the line that is com- 


mon 


goo The Elements of Euclid. 


“mon to both the planes the common fectionn)) ° : 
“of che planes: As ché line AB, which 1s assll. 
<twell in tbe plane AC, as inthe other AD. Hi, 
éteherefore the line DE, drawn on the planéel 
AD, perpendicular to AB, be alfo perpendtiy 
<cufar to che plane AC, che plane AD will bed”. 
“ight to che plane AC. | 
| s. Ifcheline AB be not perl” 
pendicular to the plane CD, and)” 
from che point A à perpendiculaal}®" 
B\ bedrawntoit AE, and alfo ἐν 
line BE ; the angle ABE 15 chug) 
Inclination of che line AB to the plane CD. 
6. The Inclination: of om: 
; plané to another, is the acuttd 
/ Ky angie form’d by the two per} 
: pendiculars drawn upon -eactii 
plane co cheir common (ση) ity 
on. “As che Inclination of the plane AB τή i 
“che plane AD, is nothing elfe but the angllfl 4 
“BCD, form’d by the lines BC and CD, drawl: 
“upon the two planes, perpendicular to cherlli} 
<¢common fection AE. | 
7. Planes are inclin’d afcer the fame manneell, 
if cheir angles of Inclinacton be equal. q 
8. Planes are parallel, if being continu’d 41. 
far as you pleafe, they fill retain the fame dij) 
{tance one from the other. | 
9. Solid figures are fimilar, which are cor η], 
tain’d wichin, or terminated by, an equal ae a 
| 


- 
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mis ber of fimilar planes s as two Cubes. “This 
it ‘definition does not agree to thofe fisures, 
11,1) “whofe fuperficies’s are crooked ; as the Sphere, 
vin che Cylinder, and the Cone. 
voi τοι Equal and fimilar folid figures are cons 
jy tain’d wichin, or cerminated by, an equal num- 
) ber of equal and fimilar planes, ‘* Infomuch, 
my “that if they were fuppos’d to penetrate each 
) Al ‘other, neicher of them would exceed, having 
{“‘their fides and angles equal. : 
11. A folid angle is the con- 
courfe, or inclination, of divers 
lines, in different planes. δέ As the 
“concourfe of the linés AB, AC, 
“and AD, which are in different 
planes. 
4. 12. APyramidisafolid figure, rerminated 
{by triangles, whofe bafes are in the fame plane. 
nd As the figure APCD; 
wold 13. A Parallelepipedon is a folid figure con. 
. jag tain’d within fix quadrilateral planes, of which 
athe oppofites are parallel, 
me A. 14. A Prifme Ἱς a folid fi- 
gure, having two parallel planes 
fimilar and equal, and the o- 
thers Paralleloorams. As the 
af BR “figure AB. Its oppofite planes 
| ‘may be polygons. 
Al. ts. A Sphere is a folid figure, terminated 
‘qq DY one only fuperficies ; from which divers 
d Ωα lines 


ως ως ες 


302 Thé Elements of Euclid. 

lines. being drawn ro aon in the middle of 
che figure, t chey will be all equal. ‘Some de. 
“fine a Sphere by che motion of a femicircle, 


«ur d about upon its diameter, which re: |} ° 


mains immoveable. 


16. The Axis of a Sphere is chat immove-: | 


able line abour which tie femicircle 1 is turn'd. 

17. The Center of the Sphere, is the fame : | 
with thac of the femicircle, by whofe motion |}? 
εις made, — 

The Diameter of a Sphere, is any line: | 
whatfoever pafling through its center, and tets:/ 
minated at the fu perficies. 

ig. Ka line; immoveable at one of! 
its points, taken above the plane of αἱ 
circle, be a v’d about the circumfe= 
rence, it will defcribe a Cone. CAS If 

‘(che line AB. being fix'd at the point 

A be movd about. che circumfe-- 
rence BED, ic will defcribe che Cone APED.. 

The point A wi li be ics fummity or vertex,, 
Eland the circle BED its bafe. 

20. The Axis of a Cone, is the line draw] 
fromthe vertex co the center of rhe bafe. “Asshli! 


21. Ifaline be mov’d about che:|ll} 
circumference of two parallel cir-Ill, 
ee fo chat it remains always parallel) 
toaline drawn from the center ofil} 
one of the circles to char of the ol) 


chery, ii. 


The Eleventh Book. 20 > 


Ther, 2, 6, the Axis, ic will defcribe a Cylinder, 
22. Cones are faid to be right, when the 
axis is petpendicular'to the plane of the bafe, 
Alfo right cones ate fimilar, when thett axis’s 
and the diameters of their bafes are in the fame 
proportion. But Inclin’d cones are not fimilar, 
unlefs they have a third condition ; chat their 
ae be equally inclin’d co che planes of cheir 
ates. | 


PROPOSITION Ἱ, 


A THEOREM. 


eA right line Cannot have one of its parts upon A 
plane, and the other above or below it. 


. plane AD, ir will nor, being 
«ΛΑ cContinwd, eichet rife above or 
t_\ fall below ic,: but all its parts 
gt will lie upon the fame. For if 
it be poffible chat BC can be à part’ of AB con- 
tinued, draw upon the fame iplane AD che fine 
BD perpendicular to AB, and alfo BE perpen- 
dicular ro BD upon the fame. 

hn ‘Demonftration. 

The.angles ABD and DBE are two right an- 
oles; therefore (by. the 14, 1.) AB snd' BE 
make but one right line, and confequently BC 


Qg 2 is 


\e ον F the line ΑΒ be upon the: 
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is no part of the line AB continued: otherwifed) (i) 
two right lines CB and EB would have che famed» 
parc AB in common , which is repugnant teq) 
che 13. Axiom of the firft book. 


The USE. 


Upon this propofition is buile a principle irq) ist 
“Gnomonicks, by which we prove, that the shad-) ie 
“dow of the Style cannot fall out of the plane ο/η 
‘a great circle, in which is the Sun. For cheg 
“extremity of che Sty/e being taken for the cent 
“of the heavens, and confequently of all cheelikin 
‘oreater circles, and the (hadow being always inn 
“a right line of a Ray drawn from the Sun to ched|!| 
fopacous body, and this ray being in the plants 
‘ofthis great circle, che fhadow muft be fl 
“likewife. 


PROPOSITION IL 


A THEOREM. 


Lines that ent each other, are inthe fame planety) 
as are alfa allthe parts of a triangle. | 


F the two lines BE and CIL} 

cut each other at che point Aly 

and a triangle be form‘d by} 

_ drawing the bafe BC; 1 fay, alll) 
© the parts of che triangle ABC) 
aree||! 


LL 
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‘ivjare in the fame plane, and alfo the ‘lines BE and 
MCD. ,  Demonffration, 


nl Te cannot be faid chat any part of the triangle 
|ABC is in a plane, and another part of che 
fame triangle not in the fame, but ie 
imuft be alfo affirm’d, chat one part of a right 
ο πε is in a plane, and another part of che fame 
tlline is not in che fame planes which is contra- 
‘pacity to Prop. 1. And becaufe the fides of the tri- 
“angle muftbe in the fame plane in which is the 
‘\ttherianele, the lines BE and CD will be alfoin 
iilitthe fame plane. 
| The USE. 
it} This propotition fufficiently determines 4 
‘iegluplane, by the concoufe of two right lines, or by 
ita triangle. Ἰ have alfo made ufe of it in Op- 
ticks, to prove that objedtive parallel lines, 
Fwhich meet upon a Table, ought to be repre- 
‘Ffented by lines chat concur in a point. 


ισως ος ha eee 
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PROPOSITION TIL 


A THEOREM. 
The common [eftion of two planes 1s one right lines. 


À ———— IF the planes AB and CH, 
4 4 cut each other, their com] ,,, 
ER «mon fection EF will be om) ,,,, 
; pot 7 fight line. For if not, cakkl 

B two points common to bottl) 

planes, as EandF ; and draw|_ 

@tioht line from the point E to'the point {ly 

lipon the plane AB, which {uppofe to be EH! 

Draw hikewife upon the plane CD a tight lil] 

from the fame point E toF ; and if 1c be neq) | 
the fame with the former, fuppofe it to be EGifj,, 
Demonftration, ή 
Thefe lines drawn upon two planes are ti. 
different lines, and enclofe {pace ; which is cond}, 
traryto the 12. Axiom, of the x. T'herefoiil}, 

they will make but one right line, which betrajf:’ | 
in both the planes will be their common fi, 

ction. 


The USE, | 
“This isa fundamental propofition, fuppos’d ill! 
‘divers parts of che (Mathematicks, chough i) 
“be not always quoted. Particularly, ic is ota!’ 
Ae ‘ken for granted in Guomonicks, when the hovuli 
al lind 


2 4 IT ox SN RUES, 
Here © Res ης CRE ORR 
de RS CSP eS Rec ee is 
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(lines are reprefented upon Dials, by marking 
~Fonly the common fe&ion of their plane, and 
{chat of the wall. 


| 4 


PROPOSITION:Iv. 


À THEOREM. 


| 4 Uf a line be perpendicular to two others that cus 


each other, it will allo be perpendicular to the 
plane of the fame lines, 


νο» 


« 


σα ee eS eS 


Ay F the line: AB be perpendi- 
ANS : cular ro the lines CD and 
EF, which cut each other at 
che point B, fo char the an- 
gles ABC, ABD, ABE, and 
ABF,be right angles, (which 
NEannot conveniently be reprefenced upon 2 
place,) it will be alfo perpendicular to the 
siane of the lines CD and EF, i.e, to all the 
‘nes that fhall be drawn upon the fame plane 
#brough the point B ; as, for example, the line 
‘iii BH. Let the lines BC, BD, BE, and BF, be 
“quel, and draw the lines EC,DF,AC,AD,AE, 
AF,AG, and AH. | 

| Demonftratjon, 

ll The four triangles ABG, ABD, ABE, and i 
MBF, have each aright angle at che point B; | 
hd the fides BC, BD, BE, and BF equal, with 

ή the 


À 
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che fide AB common to all. Therefore cheïil! 
bafes AC, AD, AE, and AF, are equals (dy thiy 
4. 1.) | 

2. Thetriangles EBC and DBF will be tin 
ali refpects equal, having their fides BC, BED} 
BE, and BF, equal; and che angles CBE angine 
DBE, being oppos’d at the top, equal: cherecfilim 
fore the angles BCE, BDF, BEC, and BFD))}iinu 
will be equal, (4y the 4. 1.) and alfo the bafesfi 
EC and DF. : bi 

3. The triangles GBC, and DBH, havinggtihi. 
che oppofire angles CBG, and DBH, equal ; a 
alfo the angles BDH, and BCG; and che fidee}} 
BC and BD: che fides BG and BH, CG ann 
DH, will be alfo equal, (47 the 26.1.) 

4. The triangles ACE and AFD, having ch 
fides AC,AD, AE, and AF, equal, ‘and che bail 
fes EC and DF alfo equal ; che angles ADF and} 
ACE. will be equal, (47 the 8. t.) 

σ. The triangles ACG and ADH have ching) shu; 
fides AC and AD, CG and DH equal, wictl] 
the angles ADH and ACG; therefore their baa Vo 
fes AG and AH are equal. | 

Laftly, the criangles ABH and ABG Raw}. 
all cheir fides equal ; therefore (by the 8. 1.) thi) 
anoles ABG and ABH will be equal, and El, 
line AB perpendicular co GH Accordingly cig 
line AB will be perpendicular to any line drawn, 
through che point B upon the plane of till, 
lines CD and EF, which I call being perpendil,, 
cular το their plane: τη! 


æ 


yes 
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ρα This Propoficton occurs very oft in the firt 

book of Theodofine: forvexaimple, to demon- 
iM trace that ches Axw: of the! world is perpendi- 
"μι ομ]ατ τό theplane of the -Equinoliial. Tn like 
wi’ mannet invGiomonicks, tis demonfirared by 
‘GFchis propofition, thac the Egaimoélial lise in 
WU Horizontal Dials‘is perpendicular to the 445 
KM ridian, Nor is ic lefs ufefal in other. A4athe~ 

fmatical.T reatifes ; as thofe concerning 4/fro- 
RE abes, andche cucting of »pretions ftones. 


1 PROPOSITION V. 


| A THEOREM. 

fa line be perpendicular to three others, which 
cat each other.at the fame. point, they will be all 

wig three in the fame plane, 


igi 0 | F the‘line AB be perpendicu- 
μας ER: lar cothree lines BC, BD, and 
DE \:9BE, whichecur each other at che 
i fame’ point By the lines BC, BD, 


11: and BE, are‘in the fame plane. 
JD © 2uon-Guppofe the plane ΑΕ tobe that 
ding the lines AB and BE, and CF chat of che 
Mines RC and BD. If BE beche common {ς- 
tion of both the planes, ie will be in che plage 
i Re of 


= 


le bu 


À 


/ 
{ 
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RTS 


| 
κ 
i 


ee 
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of the lines BC and BD, as was afferced : burt), 
BE be nor, lec BG be their common fection. 
Demonstration. 9 | 
AB is perpendicular to the lines BC and BED" 
therefore iris perpendicular totheir plane Cygnet 
(by the 4.) and (by defin. 1.) AB will be ρε”. 
pendicular to BG. But it 1s alfo fuppos’d pee!" 
pendicular to BE ; therefore the’ angles AB" 
and ABG are right angles, and confequentil{"; 
equal, though one be part of che other. Then!" 
‘fore che two planes: can have no other commd)**" 
fection but BE, BE is therefore in the pla!" 


CF. 


ee 


PROPOSITION VI, 


A THEOREM 


Lines that 'are perpendicular to the fame plane... 
parallel. σος 


TF the lines AB and CD be pod) i. 

pendicular to the fame pli μ. 

æ. EF ,cheywill be: parallel. Τη 
PA vident , that. che internal angl 
ει νά ABD and BDC are right anglit) 
buc chat is not enough ; it |! 
mains to be prov'd, that AB and CD arein Wf 
fame plane. Draw DG perpendicular to 23) 
and equal to 4B; draw alfo the lines BG, 24) 
and AD. A 


- 


Se 
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Demonftration. 
Wu Τε triangles ABD and BDG have che fides 


LAB and DG equal, and BD common to both : 


land the angles ABD and BDG are right angles, 
‘im (therefore cheir bafes AD and BG are equal, (by 
lywthe 4. 1.) Further, the triangles ABG and 
viv ADG have all cheir fides equal : therefore the 
dy tangles ABG and ADG are equal ; and ABG 
vigu(being a tight angle, becaufe AB.is perpendicu- 


dla το che olane, ADG is alfo a right apgle. . 


wad Dherefore the line DG is perpendicular to 
wigthree lines CD, DA, and DB, which confe- 
quently are in che {ame plane, (47 the 5.) but 

ithe line AB is in che plane of che lines AD and 
DB, (by the 2.) therefore AB and CD are in 
|| che fame plane. 

| Gorell, Two parallel lines are in the fame 

(plane. | 

ή | The “SE. 

‘By this propoficion we demonftrate, that the 

(thour-lines, in all planes chac are parallel co 
Ομ the eA xis of the world, as che Polars, Meri- 
tldional, and others, are parallel among them- 
iv, IN felves, 


sf — ςδ 
ER. 


PROP. 


| a 
ο. af 
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PROPOSITION vil, 
AUT EOREM. 


ο. fe drawn from.one parallel to another, is at ha 
the. (ame plan with them. 


y Et IE line CB,being drawn Fron]! L: 
the coint B of the line AN 
ee τὸ th poi nt ee of its parallel Cit 
ee (1 by y) in the plane. of the lil 


Demonfirätion. | 
The parallels AB and CD are in che fara) 
plane: in which if you draw à fioht line Fred} BA 
the point B ro the point C, 1¢ Will be’ the πα) 4 
with CB: otherwifecvo right lines would δεί: \)! 
clofe fpace, contrary tothe 12. Axiom, of ther |) ‘i 


PROPOSITION VIN. 
A THEOREM 


ff one of two parallel lines be perpendicular t ιά) 
plane, the other will be fo alfe. | 


a of che two parallel lines AB and CD,/ fee. i 
p. 6.] che one AB be perpendicular to 1q/ 
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plane EF, che ocher CD will be fo alfo. Draw 
the line DE : fince the anole AED is a right an- 
ole,and AB anc CD Are fuppos’d to be parallels, 
the angle ΟΡ will be a right angle, (47 the 29. 
x. therefore if 1 cân'provéithar the angle CDG 
is alfo arighcanele, ic:will follow (by the 4:) 
that CD is perpendicular tothe plane EF. Make 
a tight angle BDG, and cake DG equal το AB ; 
then draw the lines BG. and AG. 


Demonftration, 


. The triangles ABD and BDG have the fides 
AB and DG equal, with the fide ED commen 
το both; and the anoles ABD and BIG are 
right angles : therefore (4: the 4. 1.) theif ba- 
fes AD and BG are equal. The triangles ADG 
and ABG have all their fides equal, therefore 
(by the 8.1.) the angles ADG and ABG are 
equal: Bur the laccerisa right angle, becaufe 
AB is fuppos’d to be perpendicular to the 
plane EF, therefore rhe angle ADG is a right 
angle ; and the line YG being perpendicular 
to the lines DB and DA, will be perpéhdicu. 
Jar το the plane of the lines DB and DA, which 
19 che fame in which are the paraliels AB and 
ΟΡ. Therefore the angle “GDC is a right ane 
gle, (by defin. 3-) 
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PROPOSITION IX 


A THBORE NM. | 
Lines; that are parallel to a third, ave alfo paral a: 


lel among themfelves, though not all in the famee | 


plane. 


Α α B ΤΕ the lines 4B and CD are 
E sj parallel co che line EF, cheyyh!" 
LE will be parallel to each other,,|! ° 
NS though all che chree lines be nott|) ~ 
CE D in che fame ‘plane, Upon the: 


plane of the lines 48 and EF 
draw the line {7 perpendicular co 48: which) 


will be alfo perpendicular to EF, {dy the Lemmuall,. 
after the 26.1.) Inlike manner upon the planee) 
of che lines EF and CD drawthe line HI per: ” 


pendicular to EF and CD. 
Demonstration. 


The line EH being perpendicular to che line:h / 
GH and HI, is fo alfo ta the planes of che lines Er 


=] 


HG and HI, (by the 4.) therefore (by the 8.)h: 


che lines AG and Clare perpendicular to chui, 
plane of che lines HG and HI, and [by the θε) 


parallel co each other. : 
The HSE. 


~” €This propofition is frequently ufed in Ρεν 
propo q γ 


\ 


= 


“fretlives, to determine the seprefencation a), 


“parallee ih 


Se 
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“parallel lines upon a table’: ‘as alfo in the cute 
“ting of pretious Stones, ro prove che fides. of 


* “che Pannels to be 


parallel: among chemfelves, 


“becaufe they are fo: toa line in a -différene 
‘plaie. | In Gromonicks likéWife we are fome- 
“times oblig’d to prove, that the Vertical’ cire 


‘cles ought to be defcrib’d orf. walls by 
“dicular fines ; becaufe che lines, 


perpen 
that are the 


“common feSions of them and the walls > are 


‘parallelto aline drawn from the Zenith cothe 
Nadir. | | ia 


= 


PROPOSITION Xx, 


A THEOR:E , 


If twa lines, which concurs arb parallel to tio ον 


a 
lines BE,DF,AC,HD, and EF. 


thers Concurring, 
make equalargles. 


| 


of ‘a different plane, they wil 


F the lines AB and CD, AE and 
CF be parallel, though they be 
not all four upon the fame plane, yec 
the angles BAE and DCE will be 


equal Lec the lines AB and CD, 


AE and CF be equal, and draw che 


Demonftration. 


The lines AB and CD are fuppos’d to be 
both parallel and equal, therefore [by the 33.1.) 


the 
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che lines AC and BD'are parallel and equal, αι. 
alfo AC and EF; and by the preceding | BD!) 
and BF are parallel,and equal, and confequent=: || 
ly (bp the 33-1.) BE:and DF will be alfo pa-:| 
rallel and equal. “Therefore che rrimeles BAE | 
and DCF have all cheir fides equal: and br 
the 8, 1.] the angles ΒΑΕ and DCF willbe es | 


ual. 
Caroll, Many the like propolitions might be) 


made, which would not be altogether unufeful 1η) 


asfor example, if upon a parallel plane che line! ki) 
CD be drawn parallel co the line A5, and thee} | 
anoles BAE and DGE be equal, che lines AEX] 


a 


and CF will be parallel. 
The USE, 


By this propofition we demonftrate, that; 
‘che angles made by the planes of:che “hour: 
Circles with a plane parallel to the Equator) 
Care equal ro the angles made by chem with cell lit 
«plane of the Equator. À 


ae 


2 
+ 
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PROPOSITION ΧΙ: : 


A PROBLEM. 


di Zo draw. a perpendicular..to.a plane. from a point 
given out of the plant. 


| c f° you defire to draw. a per- 
| Ν pendicular from the poinc C 
| rothe plane AB, draw the line 
ai D. EF ac pleafure, and CF per- 


ZF \ pendicular toit, [bythe 12. 1.1 
BE And again [6y the 11.1.) upon 
the plane AB draw FG perpen- 
| dicular to ED, and CG perpendicular to FG. 
αἱ 1 fay, CG will be perpendicular co the plane 
1 AB. Draw GHparallel to FE, 
| Demonftration. 
ως The line EF being perpendicular to the lines 
| CF and FG, will be perpendtcular το che plane 
| CFG, [7 the 4.) and HG being parallel to 
| EF, will be allo perpendicular ro che fame 
| plane, (by the 8.] And becaufe CG is perpen- 
sal}, dicular to che lines GF and GH,it will be per- 
“| pendicular co the plane AB, [07 the 4.] 


5 ‘§ 5 PROP, 


ue 
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PROPOSITION XIL. 


A PROBLEM: 
To draw a perpendicalar to a plane. through κά ΙΙ) 
point of the [ame plane, 


T° draw à perpendicular ce} 
che plane AB through chedl 1; 


point C, an from the | points. 
EB, taken at pleafure out of chedlr. 
plate, the line ED perpendiiy{.,, 
eulat το the fame plane, [by the 11.] Draw alfco 
[bythe 31. 1.] CF parallel to DE. CF will bag 
perperidicular to the plane si ae the 8. «| | 


CE ο π---ν a OO a TE 


PROPOSITION XII, 


A THEOREM. 
Two lines pe rpendicular toa plane cannot be drawiht 


through the fame point. 


F the two lines CE. and, CDI, |! 
drawn through the :fame poinal | 
C, Were perpendicular το thee. 
plane AB, and CF che common " 
feStion Of che planes of cthofeelit’ 
h the plane AB; che angles ECF ancil} 
DCE à 
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—. DCF would-be: both right angles, whieh is im. 
| poffibles 3. 
Tadde, that two peiptndiculars DC aco DE 
}:to the plane AF cannot be:drawn from the fame 
| point D : ‘for having drawn che line. CE, vere 
"wr Would be two right ‘angles, DCF and DEC, : 
| the fame tr riangle, Contrary to the 3241. 


il (0 yf The US Bay 


“This ptopofition is neceffary to (haw és a 
iH “perpendicular to a’plane was fufficienrty-de- 
HG ‘ferib? ds: ihas much:as but one fuch ταῦ v be 
9 ‘drawn through the fame point. 


ca 


‘PROPOSITION XY. 


A. THEOREM. ee He 


| Pldièr to which the fame hue pérpendicular a are 
parallel. 


F the line ABbe perpendicular 
i” to the planes AC and BD, À 
| they will be parallel, 5, e. they a 

will in all places be equally di- i) 

Ἡ ftant from each other. Draw 

Ml che line DC ή to AB, [orthe 31, 1.1 and 
cit!) joyn the lines BD and ΑΟ, 

Demonftration, 

AB is fuppos'd to be perpendicular to the i 

S$ 2 planes ae 
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planes AC and BD, therefore: the πε CD) 
which is parallel το it, willbe alfo perpendicry) 
lar tochem, [by theo8.] and canfequently chi] 
angles Band D, A and C, will be righc:angless 
and [by the 28. τ.] chelines AC and BD whi} 
be parallels, and the figure ABDCa parallehly) fi 
gram. Thereforethe lines AB and: CD'are 4 
qual, [by the 34.1.| 1.6. the planes in the poimi 
A and C, B and 15 are equally diftanr. Acco 
dingly the line CD may be drawn through an 
other point whatfoever:s!-cherefore: the plamy 
AC and BD areequalfy difiancin all: places t'il 
one from the other. 


The USE. 
Theadofius demontrates theccitcles,rhat havi, 


‘che fame poles, as the Egwater, and the tu, 
€ Tropicks, tobe parallel, becaufe the «449 
‘the world is perpendicular to their placés. 


perpendiéulat to the plas 
cand GH, or FE, will be parallet, Céy the #4 


«ο 
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LL 
PROPOSITION XV. 


A THEORE M. 
If two. lines ÿmeeting at a point, be parallel to twe 
lines of another plane, the planes of thofe lines 
will be parallel. 


D κ IF the lines AB and AC be pa- 
rallel το the lines DE and 

, DF, which are in another 
Æ ‘plane, the planes BC and FE 
: | are parallel, Draw ΑΙ perpen- 
dicular to the plane BC, [bythe 1 1.] and GI 
and IH parallel το FD and DE: they will be 
alfo parallel to the lines AB and AC, [47 the g.| 
LS Demonfiration. as 

Phelines AB and Gf areparallel, and’the 
angle IAB is a tight angle, Al ‘being perpendi- 
culat tothe plane BC: therefore | by the 2-9. 5] 
the angle AIG ία tioht dnotey as alfo-the an- 
ole AIH. ‘Therefore (by the 4.1 the line Ad is 
perpendicular to the plane GH; and being alfo 
6 BGS the planes BC 


ολ 


PROP. 
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PROP'OSITION: XVI. 
À THEOREM. 


fiaplaiecurtwo others η are. parallel, their 
ren ttonamon fections: τή. together with them be: \- 
parakel, ewe ek ES 


κ 


I fay their common feions: || ! 


| +S 22 AE, and BE will! bé parallel. 
ac TA" y.7For jfmot, being continu’d they 
jWould at lene thiearicury ε, 6. at the point G. 
od [ive y:  Demenftration +... as 
[ιο the. lines AB and ΡΕ, ατα. upon tbe. planes 
AC and BD ; aad.cherefore [47 the 1.] can ne-:} 
Ματ beeicher above, οἱ below av; cherefore if: | 
-HBey.concur atthe point G,ithe planes mult do 
[19 likewife, anda confequently they. would not 
-be parallel, whichis contrary.co what was fup- 
-pos/d. a ον à 
Mec Lhe. SE, : 
© “By.chis. Proppfitien: we demonftrace, in the 
“Treatife, of Cogick..and Cylindrick. Se&ions, , |) Mi 
“thac if the Cove or Cylinder be cut by a plane: [lit 


“parallel to its bafe,’ the fegtions are circular.. Mu 


“By the fame we defcrihe Affrolabes ; and 
“prove in Gromomcks, chic the angles, which 
ghe 


us ΑΕ to EB, PROP, 
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| Sthe hour.circles make with a Plan e parallel to 
| 4 great circle, are equal to thofe which they 


| “make in the circle it felf § and again in Pe 
| Spettives, that the Images of the objective lines 
| ‘Perpendicular to the table, concur at the poinc 


| ‘offghr, 


s À ο ο τν ονομα 


PROPOSITION AVII, 


A RU Τι 


Two lines are divided proportionally by pay 
planes. 


ET ge IF che lines AB end CD be 
ο πεί ET μι be divided by parallel 
a 4 ic | plan nes, I fay, AE Wi li have 


i Tea 7 à Te fame aie to EB 


as CF to FD. Drawthe line 


| AD, pafling through che plane I ΕΕ. at the point 


1G: Draw alfo AC BD ,FG, and GE. 

L demon tration, 

| The plane of the cria ingle ABD cuts the three 
| planes, therefore She he as the fe&tions BD 


{and ‘oa! are parallel ; «and (by the 2. 6.) AB 


has the fame proportion to EK, as AG to GD, 
‘Moi ike manner the plane of the triangle ADC 


;, weuts che plar ies EF and AC, therefore the (e- 


étions AG and FG are parallel: and FC has 
che fame proportion to FD as AG to GD; 1, ¢. 
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PROPOSITION XVII 


A THEOREM. , 
If a line be perpendicular to a plane, all the planes, 
in which that line ts found, are perpendicular teo 
the fame plane. 


Ftheline AB be ρειρεπά ss 
cular to the plane ED, alill 
aig the planes in which it 15 founcd) 
ETS 2\ will be perpendicular to chti] 

—— plane ED. Suppofe AB to be inr 
the plane AE, having for a common feétionl 
with the plane ED the line BE; to whic.i}] 
draw a perpendicular FE 


Demenftration. 

The angles ABI and BIF ate right aneless|) 
therefore the lines AB and FJareparallel ; amdÿ|f} 
(by the 8.) FI will be perpendicular to Maen me 
plane ED. Therefore the plane AE will Eh, 
perpendicular co the plane ED, (47 def. 4.) 

«The fame may be prov’d of theplane AD. |», 
The 56. | 
eThe firft Propofition in G nomonicks, whic 
emay pafs for a Fundamental one, 1s built UPC, 
échis propoficion ; which is alfo frequentilliss.,, 
‘made ufe of in Spherical Trigonometry, in Pet | 
fpehunil — 


Hi] 
\ 
dim te 


à 


| 
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__ | fpeftives, and generally in all chofe Treatifes 
i ‘which are oblig’d co confider divers planes. 


SER ESS ο ο ο Te ο ο 
PROPOSITION XIX. 


A THEOREM, 


| If two planes cutting each other be perpendicular to 
another, their common [cilion will be perpendie 
cular tothe fame, | 


À I the planes AB and 
. ED, which cut 
each other, be perpen- 
dicular to the plane 
IK, their common fe= 
Sion EF 15 alfo per- 
pendicular tothe plane 
IK. 

ή Demonftration, ; 
ij If EF be noc perpendicular tothe plane IK, 
“tif upon the plane AB draw che line GF perpen- 
+ ail | dicular το the common fection BF: and che 
: | plane AB beine perpendicular co che plane IK, 

1 | the line GF willbe perpendicular to the fame 

| plane. Draw likewife FH perpendicular to rhe 

_ dil common fe&ion DF ; it willbe alfo perpen- 
‘y dicular to the plane IK. We fhall have there- 
«il fore tWo perpendiculars to the fame plane, 
ο drawn through che { di: point F, (contrary to the 
| ν ρ 


ή 


2 Ue 
"20 
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13. Propof.) icmuft therefore be granred tt: 
EF is perpendicular co che plane Ik. 


The HSE. 

“By chis propoñtion we demonfirate, chat til 
‘circle which pafles chrough the Poles of al 
‘world and the Zesth is the (Meridian, any. 
‘curs all che diurnal arches into cwo. equuyl? 
“parts ; and chat the Stars {pend as much cr” 
“in their motions from their rifings to this ο) 
“cle, as from the circle to cheir fectings. 


PROPOSITION XxX, 


A THEOREM. 


If three plain angles make one folid one, any t men) 
thems ought to be greater than the third, 


D TF the angles BAC, BAD, a 
CAD, make che folid angle: # 
À and che angle BAC be the στο 
à elt angle ; the two others, (ΑΙ : 
“together, are greater than BAA 
uppofe the angle CAE to be equal to the :d8/! 
ele CAD, and the lines AD and AE to be: |i 
qual ; and draw che lines CEB, CD ,1nd BID 
Demsonftration. a 
The criangles CAE and CAD have the fiedj) 
AD and AE equal, and che ide AC commom))) ‘*! 
boots" 
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| both, and the angles CAD and CAE equal- 
i therefore (by the 4. 1.) their bafes CD and CE 
lareequal, But the fides CD and DB are great- 
“eh ex chan the fide CB alone, (by the 20. 1.) chere- 
iy if fore taking away the equal lines CD and CE, 
‘i, of the line BD will be greacer chan BE. Further, 
x 1 the triangles BAE and BAD have the fides AE 
seq and AD equal, and the fide BA common, and 
7 4 the bafe BD greater than the bafe BE: there- 
. | fore (by the 18. 1.) the angle BAD 1s greater 
| than the angle ΒΑΕ ; adding therefore the e- | 
TA qual angles CAD and CAE, the angles BAD πα 
{ and CAD will be greater chan the angles CAE Me 
{ and ΒΑΕ, :.ε. the angle BAC. 


| 


PROPOSITION XXI. 


A THEORE M. 
un à dl the plain angles, that make one folid ang'e, are 
[ lefs than four right angles. 


| ae JF the plain angles BAC, BAD, 

| | and CAD, makethe folid an- 

μη Al cle A, they will be lefs chan 

M \ four right angles, Draw the lines 

«ή B BC, BD, and CD, and you will 

i") have a pyramid, whofe bafe is the triangle BCD. 
| Demonfir ation, 


el The folid angle at che point B, has che an- 
a eles ABC and ABD greacer than chat of the 
| TL2 bafe 
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bafe alone GBD. In like manner ACB am 
ACD are greater chan BCD alone, and che ann 
gles ADC and ADB are greater than CDB i: 
lone. Butall the angles of che bafe are equal tt 
two righcangles, therefore the angles ABC) 
ABD, ACB, ACD, ADC, and ADB, are greaalh {η 
er than tworight angles. And becaufe all th) | 
angles of the three triangles BAG, BAD, am 
CAD, are equal to fix right angles ;. taking 4 
way more chan two right angles, there will red} © 
main lefs chan four, for tbe angles made at th 
point A. Bur if che folid angle A confift « 
more than three plain angles, fo that the bafe «4 
the pyramid be a polygon, ir may be divided un 

to triangles ; and che computation being madiq) 
you will find, chac all che plain angles, whic) “ 
make up the folid one, are always lefs chan fonih ‘1 
right angles. | 

The USE. 

‘“Thefe two propofitions fhow when many) “ 
“plain angles may make up one folid one, which 1 
‘is often neceffary in the creatifes of cutting :qù {tl 
‘Stones, and in che following propofitions. _ | 


The 22. and 23. Propofitions are of no ufe. 


PROV... 


PROPOSITION XXIV. 


A TREOR EM. 


If a folid body be terminated by parallel planes, 
the oppofite fides will be fimslar and equal paral- 
lelograms. 


A JFche folid AB be terminated 
by parallel planes, the oppo- 
fice fuperficies’s will be fimilar 
| and equal parallelograms. 
> Demonffration. 
The parallel planes AC and 
BE are cut by the plane FE: therefore cheir 
common fections are parallel, (by the 16.) and 
fo likewife DF and AE; therefore AD will bea 
parallelogram. After the fame manner 1 may 
demonftrate, that AG, FB, CG, and the reft, 
are parallelograms. I adde, chat the oppofite 
parallelograms, 6. 6. AG and FB, are fimilar 
and equal. The lines AE and EG are parallel 
tothe lines FD and DB: therefore the angles 
AEG and FDB are equal, (by the 10.) Accord- 
inoly 1 may demontirace all the fides and all 
the angles of the oppofite parallelograms το be 
equal, therefore the parallelograms are fimilar 
and equal. 


= 


PROP. 
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ne 
ee 


nd 


PROPOSITION XXV, 


À THECREM. 


If a Parallelepipedon be divided by a plane parallel 
to one of its planes, the twe folid bodies which 
arife hy that divifion, will bave the fame pro- 
portion as their bales. 


[F che parallelepipedon ABbe 

divided by the plane CD, 

which is parallel co the planes 

ἡ ΑΕ and BE, the folid AC 

= Will have the fame proportion 

co BD as the bafe ΑΙ to the 

| bale DG. Suppofe the line 

AH, which (hows the hight of the figure το be 
divided into as many equal parts as you pleafe; 
for example, ten choufand; which we may take 
as indivifibles, #.¢. without refleXing upon 
the poffibilicy of cheir being further fubdi- 
vided, Suppofe allo fo many fuperficiés’s pa- 
rallel το the bafe ΑΙ , as there are parts in the 
line AH ; I have defcrib’d only one OS: fo that 
the folid AB be compounded of all chofe fu- 
perfictes's of che fame chicknefs, asa Ream of 
saper is compounded of all its fheets and quires 
laid one upon another. Tis evidence that fothe 
folid AC willbe compounded of cen thoufand 
| fuper- 
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fuperficies’s equal (ο the bafe AT, (by the pre- 

teding,) and the folid DB will contain ten 

choufand fuperficies’s equal co the bafe DG. 
Demonfty ation. 

Every fuperficies of the folid AG has the 
fame proportion to any of che fuperficies’s of 
the folid DB, as the bafe AI co the bafe DG; 
becaufe they are ‘every one of chem equal to 
their bafes: therefore (dy the 12.5.) all che 
fuperficies’s of the folid AC, raken together, 
will have the fame proportion co all thofe of 
the folid DB, as the bafe AI tothe bafe DG, 
But all che fuperficies’s of the folid AC make 
up che folid AC, which has no other parts but 
chofe fuperficies’s ; and all the fuperficies’s of 
the folid DB are nothing elfe but the folid DB; 
therefore the folid AC has the fame proportion, 
to the folia DB, as the bafe AI to the bate DG. 


The “SE, 


‘This is Cavalerins’s demonftration °. which 
‘is very clear, provided ic be ufed as it ought ; 
“and that the line, by which is meafur'd the 
“chicknefs of the fuperficies’s, be caken in the 
‘fame refpeét in both the terms. I fhall make 
“ufe of it hereafter, to render fome intricate and 
“perplex'd demonttrations more facil and clear. 


PROP. 


33% 
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PROPOSITION AXVI. 


ATHEOREM. 


A parallelepipedon is divided into two equal parts 
by the diagonal plane. 


SES the parallelepipe- 

don AB to be divided by 

the plane C D, drawn from one 

angle to another : 1 fayit will 

be divided into two equalparts. 

Divide the line AE into 48 

many parts as you pleafe, and 

draw fo many planes parallel to che bafe AF; 

each of thofe planes is a parallelogram equal to 
che bafe AF, (bg the 24.) 

| Demonftrasion, 

All the parallelograms, chat can be drawn 

arallel coche bafe «4 Εν are divided into two 

equal parts by the plane CD: for che criangles 

which are form’d on both fides the plane CD, 

have their bafe common, in each equal co CD , 

and their fides equal, being thofe of a parallelo- 

gram. But tis evident, chat the parallelepipe- 

don is noching elfe but chofe parallelograms, 

which are each divided into two equal trian- 

eles: therefore the parallelepipedon is divided 


into two equal parts by the plane CD. 
‘The 


Ry, 


sal Mae 
fil 


. = 
a RB ES 0 AP 


i 
| 
ed 
A 


' 
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The 27. and 28. Propofitions are of no ufe ac- 


cording to this way of demonftrating. 


PROPOS. XXIX, XXX, XXXI. 


A THEOREM, 


inye | Parallelepipedons. of the [ame hight, having the 


fame or equal bales, are equal. 


F the Parallele.. 
pipedons AB 
and. CD be of the 
fame hight ας” 
cording to the per- 
pendiculars AE 
and FG, and have 


| che fame or equal bafes AH and:Cl, chey will 


be equal. Suppofe che two bafes to be fet up- 
on the fame plane ; fince their perpendiculars 
are equal, thebafes EB and FD’ will bein che 
fame plane, which will be parallel co the plane 
of the bafes AH and CI. Suppofe chen the line 
AE or FG tobe divided into as many equal 
parts.as you pleafe, 2.5. ten choufand , and ac- 
cording co them fo many fuperfictes’s or planes 
drawn of the fame thicknefs:°I have defcrib'à 
only one for all,as K or M. Each fuperficies will 
form ip chefe folids a parallel plane, fimilar 
and equal coche bafe, (by the 24.) as KL,OMs 
V + an 
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and chere will be as manyiti one folid as in thhll 
other ; becaufe their chicknefs, which 1 rakkl 
perpendicularly according to their refpedtiay, 
hights, is equal. 
“<< Demonftration. | 

The bafe AH has the {ame proportion to ckh)) ή 
bafe CI, as each plane KL to OM. Buc thee) 
being equal in number in ‘both, all che anteceg) |" 
dents (by, the 15.5.) Will have the {ame proponr) Ὁ 
tion to all che confequents, 7. e. the whole folij) tii 
AB to the whole folid CD, as the bafe AH τή) οὖν 
the bafe CI. But cis fuppos?d chat the bafdd) (0 
are equal, therefore the folids are equal. 

Coroll, To find the folidicy of a parallelepoy) its 
vedon, εἰς ufual to multiply the bafe by τή ην 
hight taken perpendicularly, becaufe chat pest) tii 
pendicular fhows how many fuperficies’s equal tn 
ro the bafe dre conrain’d.in it. As for exampléd} iio 
if I cake a foot for my indiviuble meafure, - 4.4)! 
which 1 will not afterwards fubdivide s if. chi) wid 
bafe contain twelve feet fquare, and the perperl hi. 
dicular hight cen, I fhall have an hundred amid py, 
ewenty cubick feet for the folidity of the body) ij 
AB. Forthe hight containing ten feet, Imaal tt:;) 
make ten parallelograms.equal to the bafe, hav|) 
ing each afoot in thicknefs ; but che bafe wari] py 
one foot in thicknefs makes twelve cubick feett}} thi. 
the whole rherefore will make an hundred ami 
cwenty, if che highc contain ten fee. | 


PROM 


πε κο EE 
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if |. PROPOSITION XXXH. 
| A ΤΗΕΟΝΕ Μ. … 
| Parallelepipedons of the [ame hight are inthe fame 


proportion as their bales. 


| 
te | ] Have prov'd this propofition in the preced- 
wing ~ Ing, demonftrating, chac the parallelepipe- 
eid don AB has the fame proportion to che paralle- 
A Jeptpedon CD, as the bafe AH to che bafe CI, 
ni (See fig. preced,) 
|  Corolk Parillelepipedons that have equal 
de bafes  αἲς in thé fame ‘proportion..as. their 
«yf hights. As the parallelepipedons. AB:and AL, 
iy Whole perpendicular hights are AK and AE, 
«ail For1f you divide: che: ght AK into as many 
esis] aliquot parts as you pleafe, and AE into as mae 
tn (À ὮΥ 4 ic contains equal.to the former, and draw, 
if according to each part, planes parallel to che 
og bafe ; as many as AE contains of the aliquot 
‘aq parts of AK, fo many will the folid AB contain 
| of the fuperficies’s equal to the bafe, which are 
απ] the aliquot parts of the folid AL ; cherefore (by 
‘iia, défi. 5.5.) the folid AB will have the fame 
joi, Proportion to che folid AL, as the hight AE το 
| the hight. AK. 


τς 


Vv 2 ‘The 
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10e USES 

‘The three preceding propofitions. contatil) 
Salmoft-all che ways of meafuring parallelepu{ 
“pedons, and may be efleem'd.as firft principle) : 
“for that purpole. Tis after the fame manneæ|} 
talfo chat we take the dimenfions of the foliditty) * 
er Walls, by muleiplyine their bafes by cheri] !" 
“hights. 


eo eT RDA RD IE SP A IE IS TTT mn | 


PROPOSITION XXXII. 


A THEOREM 


Similar parallelepipedonsiare inthe triplicate -provy, ‘ 
portion of their homologous fides. -- | 


F'the paralfelepipeell ni 
dons AB and CD bop 4) 
fimilar, 7e. if all chi) à 
planes of one ‘be lik) 1 
thofe of the other ; ami 
all their angles equal, 41! Ἡ 
chat they may be plac’) | 
in.a tight line, i.e char AE and EF, HE amy 
EI, GE and EC, may make right lines ; am} «1 
AE has the fame proportion to EF as HE to El}! |; 
and as GE to EC : 1 fay,that here are four folicdl}) (i, 
in continual proportion according to the pro} 
portion of the fide EA to that, which is ho} 
mologous to it, EF or DJ. Dée\y 


LE 4 
te 


—= 
ae 


2 ον Ἐν στ sara = 
2 > εως -¢ » > 
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Demonstration 

The parallelepipedon AB_has the fame pros 
portion co EL. of the fame hight , as the bafe 
AH to the bale EO, (by the 32.) But the bafe 
AH has the fame proportion to the bafe EO, as 
AE to EF, (by the 1.6.) In like manner, che — 
proportion of the folid EL tothe folid BK, is 
che fame with that of the bafe EO co the bafe 
ED, ie. that of HEto ΕΙ. And laftly, the fo- 
lid EK has che fatne proportion to che folid 
EN, as the hight GE cothe hight EC, (dy the 
coroll, of the 32.) ot (taking che line EF for their 
common hight) as the bafe GI το the bafe CI, 
ie. as GEtoEC, Bur the proportion of AE 
to EB, of HE to EI, and of GE το EG, was fup- 

os’'d tobe the fame; and-confequently, the 
folid AB has the fame proportion to EL as EL 
to EK, and as EK το CD. Therefore (by de- 
fin. x1, 5.) the proportion of AB το CD will be 
the triplicate proportion of that of AB το EL, of 
of AEtoits homologous fide ΕΕ. 

Coroll, If four lines be in continual propors 
tion, che parallelepipedon defcrib’d upon the 
firt, has the fame proportion to-another fimi- 
far paratlelepipedon defcrib’d upon che fecond, 
as the firteto the fourth : for-the proportion of 
che firft το the fourth, is the triplicate propor- 
tion of that of che firft co the fecond. 

The d@ ο Ε. 

“You may perceive by this propofition that 

‘chat 


sie: he ene ΑΣ 


1 | 
WU 
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“that famous problem of che duplication of the 
“Cube, propos’d by che Oracle, confifts in find- 
“ine cwo middle terms in continual proportion. 
“For if you make che fide of ‘che firlt cube the 
“firt cerm, and the double of chac che fourth 5 
“having found cwo middle proportionals, the 
‘cube deferib’d upon the firft line will have che 
‘fame proportion το that defcrib'd uponthe {ε- 
“cond, as che firft line to che fourth, £, 6.35 one 
“το Νο. By chis propofition alfo may be cor-: 
‘reéted their error, who fancy’ fimilar folids το 
‘have the fame proportion as their fides ; as if a. 
“cube of one foot in length was: che half of a 
“cube two foot long ; when indeed it is but che 
“erehth part chereof. This is likewife che foun- 
“dation of the Rule concerning the fize of che 
“bores of Canons ; and is applicable not only το 
“bullets, but (ο 211 forts of fimilar bodies. For 
example; fhouid aman, about to build a Na- 
‘vy, and refolvine to retain the fame proportion 
“in all his veffels, :reafon thus wich himfelf ; If 
Sa Ship of an hundred tun require fifty foor in 
*<eel, another of two hundred cuns ought to 
‘have an hundred foot in Keel ; he would be 
foutity of a creat miltake : for inftead of mak- 


“ing aveffel twice as large as the former, he 


“would make one eight times fo much. He ought 
“to aflign .to che fecond veflel fomewhat lefs 
“chan fixty three feet. 

PROP. 
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sp aT mené. 


PROPOSITION ΧΧΧ, 


A THEOREM | 


Equal parallelepipedons have their bafess and 
hights reciprocal, and thofe that have their 
bales and bigkts reciprocal are equal. 

JF the paralle.. 


D 
47 iepipedons 
TAK aBand CD be 
equal, their ba- 
EF fes and hights 
will be recipro- 
cal, se the bafe AE will πανε τῆς fame pro. 
portion co the bafe CF, as the hight CH rothe 
night AG, Having made CI equal to AG,draw 
the plane IK parallel το the bafe ΟΕ. 
ος Demonfiration. 

The parallelepipedon AB has the fame pro- 
portion to CK, being of the fame hight, as the 
bafe AE to the bafe CF, (by the 32.) But as AB 
10 CK, fois CD tothe fame CK, becaufe AB 
and CD are equal; and as CD to CK, which 
haveboth the famebafe, foisthehight CH to 
che hight Cl, (by the coroll, of the 32. therefore 
as the bafe AE tothe bafe CF, fo is the hight 
CH to the bight CI or AG. 


ο 
μή 
7 
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Ladd, εἶναι if che bafe AE has the fame pro- 
portion to the bafe CF as the hight CH to the 
hight AG, che folids AB and CD will be equal. 

Demonstration. 

AB has the fame proportion to CK, being 
of the fame hight, as che bafe AE to the bafe 
CF, (dr the 32.) Alfo the hight CH has the 
fame proportion to the hight Clor AG, as CD 
co CK: bur we fuppofe that AE has the fame 
proportion to CF, as CH to GI or AG ; there- 
fore the folid AB has the fame proportion to 
che folid CK as the folid CD co the fame CK, 
and confequently the folids AB and CD are €- 


qual, (by the 9.5. 
es Na ASE. 


‘This Reciprocation of the bafes and hights 
“makes the folid very eañe to be meafur’d. And 
‘the propofition feems co bear fome analogy to 
“the 1.4. Prop. of the 6. which afferts, That e- 
“quiangular and equal patallelograms have their 
*Gdesreciprocal; and che practice of the Rule 
So Three may be demonftrared from both. 


The 35. Prop. may be omitted, 


ARE Pe # 


PROPOSITION XXXVI. 


A THEOREM. 


v | Af three lines be in continual proportion, 4 parallele- 


ey Oy 


Vile) 


ή 
#4 


pitedon made of thofe three lines ts equal to ar 
equiangular parakelepipedon, which has all its 
fides equal to the middle line. 


ἀπ 


F thelines A,B,C, be in continual propor- 
tion, the parallelepipedon EF made of thofe 
three lines, the fide FI being equal to the line 
A, HE equal to B, and HI equal to C, is equat 


to the equiangular parallelepipedon KL, whofe 


fides LM,MN, and KN, are each of them equal 


| totheline B. From the points H and N draw : 
| che lines HP and ΝΟ perpendicular to the 


planes of the bafes ; which lines will be equal, 


| becaufeche folid angles E and K are fuppos'd 


equal, (fo chat if they could penetrate, neither 
would exceed the other,) and the fines EH 
x and 
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and KN are alfo Cuppos’d equal. Therefore εἰ tit 
hiofts HP aid ΝΟ τε equal” 
Demonfir ation, | 

: There is the {fame proportion of AtoB, ali 
of Flto LM, a5°0f B to Cor LM to H/: cheree}) (iil 
fore the parallelogram FH concain’d under FA 
and /H is equal to the parallelogram LN comlli « 
cain’d under LM and MN both equal to B, (601 
the 16.6.) therefore che bafes are equal. Buc thn! 
hights HP and NQ are alfo equal ; cherefortt) 
(by the 31.) the parallelepipedons are equal. | 


EC 


PROPOSITION XXXVIL 


A THEOREM. 


If four lines be proportional, the parallelepipedoml ; 
defcrib'd upon thofe lines are proportional: anni 
af the fimilar parallelepipedons be proportionaal) | 

their homologous fides will be alfo proportional, |; 


À B [Ε the line Α Πας the famili 
iy n proportion to Bas Cd. 
— —. D, the fimilar parallelepiilf 
pedons, whofe homologow#}},,, 
fides are the lines A, B,C, D, will be in ται 
fame. proportion, conte 
Demonftration. | «4, 
The parallelepipedon Α ïs in the triplicatdl,, 
proportion to the. parallelepipedon. B, of chail 
ο) 
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“HN of the line À to the line B, or chat of the line 
| € co che line D. But che paraltelepipedon C to 

_ | the parallelepipedon D is alfoin the triplicate 
‘Hi proportion of that of the line C tothe line D, 
“lit! (by the 33.) Therefore the parallelepipedon A 
“4 has che fame proportion to che parallelepipedon — 
4 B, as che parallelepipedon C to the paralle- 
A lepipedon D. | 
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PROPOSITION XXXVII 


A THEOREM. 


+ | Tf two planes be perpendicular to each other, a per” 
pendicular drawn from a point in one of thé 
planes to the other will fall upon the common [e- 

AL Πι 

| Elton, 


ή 
ή] E 189 ΤΕ, che planes ABand CD being 
ac D perpendicular to each other, 
li | | you draw from the point E in the 
{td Le: G\ plane AB a line perpendicular to 
GC che plane CD, it will fall upon 
eld the common fection of che planes. 
uw Draw EF perpendicular to the common fection 
i) AG, Demonftration. 


| The line EF,perpendicular το AG, the com- 

4, mon fection of the planes, which are fuppos’d 
dia) το be perpendicular, will be perpendicular to 
{ή the plane CD, (by defin, 3.) and sai ee 
ῄ lines 


BEEN re AO ER Pt CE a 
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lines cannot be drawn from che point E per} !\ 
pendicular tothe plane CD, (dy the 13.) eve: Ἡ 
ty perpendicular will fall upon the common! 
feétion AG. 


The USE. 

“This propofition ought to have follow’ d nexit) 
‘after che 17¢h, becaufe ic refpe&s folids ‘ing 
‘oeneral. Tis of ufe ro us in che Treatife on 
‘Aftrolabes, to prove that in the Analemma alll 


PROPOSITION XXXIX, 


iA THEO REM. 

If in a parallelepipedon be drawn two planes, whiesl) ii 
divide the oppofite fides into two equal parts, then Wi 
common fettion and the déameter will alfo did | 
vide cach other into two equal parts. 


§ Uppote the oppofice fides) x 

of the parallelepipedorn)) jy; 

AB to be divided into tevcall) , 

equal parts by the planes} ,;: 

CD and EF, their common) |, 

fe&tion GH and che diame-4|}! }, 

- ter BA will equally divideel} 

each other at the point ©. Draw the lines BG; |. 
GK, AH and HL. Ifhall prove firft, chat chee} , 


Les 


PR 
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two firft of thefe, BG and GK, (and fo like- 
wife AH and HL,) make but one righe line. 
For the triangles DGB and KMG have their 
fides DB and KM equal, becaufe they are the 
halves of equal fides ; as allo GD and GM. Fur- 
thers DB and KM being parallel, che alternate 
angles BDG and GMK will be equal, (by the 
29.4.) and therefore (67 the 4,1.) che trian- 
gles DBG and KGM will be equal in all re- 
fpects, and confequently the angles BGD and 
KGM ; and | by the coroll, of the I5.1.| BG 
and GK make but one right line, as alfo LH 
and HA: therefore ALBK is one plane, in 
which are found both the diameter AB, and the 
common fection of the planes GH. The plane © 
ALBK cutting the parallel planes AN and CD, 
their common fe&ions GH and AK will be 
parallel : and [dy the 2.6.| BG will have che 
fame proportion to GK, as BOroOA; and 
therefore [b7 the 18. 5.] as BK ro GK, fo BA 
co BO ; and [Sythe 4.6.] fo GH or AK to 
OG, But BK ts double co BG, therefore BA is 
double to BO and AK, equal to GH, double | 
ro GO. Therefore che lines GH and AB di- 
vide each other equally at the point ©. 

Coroll. 1. Allthe diameters are divided ac 
the point Ο, 

(στο, 2, Here we may adde fome Corolla- 
laries, which depend upon divers proroñrions. 
As for example, chat triangular prifms of the 
fame 
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fame hight are in the fame : proportion as their’ 
bafes : for the parallelepipedons, of which 
they are the halves, are [by the 32.] inthe fame 
proportion as their bafes: cherefore che halves 
of their bafes, and che halves of the paralle- 
lepipedons, {. e. the prifms, will be in the fame 
proportion. 2 

Coroll, 3. : Polygon prifms of che fame hight 
are alfo in che fame proportion as cheir bafes, 
becaufe they may be refolv’d into triangular 
ones, each of which will have the fame propor- 
tion as their bafes. 

Coroll, 4. The reft of the propofitions con- 
cerning para! lelepipedons are alfo applicable to 
prifms: as for example, that equal prifms have 
their hights and bafes reciprocal ; and that fi- 
milar prifms are in the triplicate proportion 
of that of their homologous fides, 


The USE. 


“This propofition may help us to find out the 
“center of Gravity in parallelepipedons ; and to 
‘demonftrate fome other propofitions in the 
“chirceench and fourteenthbooks of Euclid, 


PROP. 
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PROPOSITION: XE: 


A THEOREM, 


À Prifm, that has a parallelogram for its bafe 
double tothe triangular bafe of another prifms, 
and of the fame hight, is equal to tt, 


1 Et ABE and CDG be two triangular prifms, 

4 of thefame hight; and the bafe of one 
the parallelogram AE, double to the triangle 
FGC, che bafe of the other prifm: I {ay thefe 
prifms are equal, Suppofe the parallelepipe- 
dons AH and GI were completed. 


Denia fFation, 


Tis fuppos’d, that the bafe AF is double ro 
the criangle FGC, but the parallelogram GK. 
15 double to che fame triangle, [27 the 34. x.) 
therefore the parallelocrams AE and GK are 
i equal 
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equal ; and confequently,che parallelepipedons 
AH and GI, having che fame bafes and rhe fame 
hights, are equal; and therefore che prifms. 
tac are the halves, [bythe 26.1 will be like. 
wife equal. 


ser" 


[| 


exe 


THE TWELFTH BOOK 
OF THE 


ELEMENTS 


EUCLID. 
| © Zchd, after having in the preceding books 
D deliver’d the general principles of folid 


‘bodies, and explain’d the manner of 


| ‘meafuring the moft regular of them, chat is, 


| fych as areterminated by plain fuperficies’s ; 


ih) “creats in chis of fuch bodies as are contain‘d in 


| “fuperficies’s chat are crooked, as che Cylinder, 
| Cone, and Sphere: comparing one with che 
| Sother, and giving rules, relating bothto their 
| “folidicy, and che manner of taking their dimen- 


nner a re PRO 


‘fons. The book is of exceeding great ufe, be- 
“caufe init we find che principles upon which 
‘che moft learned Mathematicéans have built fo 
“many famous demonftrations concerning the 

‘Cylinder, the Cone, and the Sphere, 
Y y PROP, 
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Μο eg or Er om TT TT 
: ere vanne Pc nee, 


PROPOSITION 


A THEOREM. 
Similar polygons, infcrib’a in circles, ave im thes) Wl 


fame proportion as the {quares of the diameterss Ni 


of the fame cirsles. 


ΤΕ the pelygemiy) ‘1 
© ABCDE,anca) {ή 
G FGHKL,» isi 
{crib’d in err]. 
cles, be fimilarr)| 
they will be irq) 
Lo 
tion as the fquares of the diamerers AM, ΕΝ 
Draw the lines BM,GN,AC, and FH. 
Demonftration. 
Tis Gappos'd thar the polygons are fmilati| 
that is co fay, chat the angles B and G are ery 
“qual, and thac AB has the fame proportion τι 


BC as FG to GH: from whence | infer, {by thy) 


6.6.1 thac the criangles ABC and FGH are € ” 
quiangular, and chat che angles ACE and FH) 
are equal: fochar likewife [by the 21.29] th! 
angtes AMB and ENG are equal. Bur che am} 


eles ABM and FGN, being in a femicirele, ariq) i, 
righe angles, [by the 31.3.| and confequentl yy] « 


che criangtes ABM and FON are equianoular} 
τοις, 


351 
Therefore | by the 4.6.1 AB hasthe fame pro- 
portion to FG, as AM to FN : and [by the 22, 


| 6.1 ifcwo fimilar polygons be defcril’d upon 


AB and FG,as thofe that are propos’d : and two 
other fimilar polygonsupon AM and EN which 
fhall be two fquares ; the polygon ABCDE 
will have the fame proportion to the polygon 
FGHKL , as che fquare of AM to the fquare 
of FN. | 

“This propoñtion is neceflary to deonftrate 
“char which follows. 


LEMMA. 


If a certain quantity be lefs than a circle, avegular 
polygon may be infcrib’d in the lame circle 
greater than that quantity. 


Sep che 
2” figure À 


‘co-be lefs 
thafi the cir- 
‘cle B; a re- 
‘eular poly- 
‘oon may be 
Sinferib’d its 
‘che fame circle, which fhall be greater than the 
‘foure A. Let the figure G be the difference 
Shetween the figure A and the circle, fochat the 
figures 
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“figures A and G taken together, may be equal] 
“tothe circle B. Infcribe in che circle B εις 
“{quare CDEP, [by the 6.4.1 and if the fquares|) 
‘be greater than the figure A, we fhall have) 
‘what we wanted. Ific be lefs, divide the {οτί 
“quarters of the circle CD, DE, EF, and FC, | 
“each into two equal parcs at che points H, Γι 
‘L, that fo you may have an oftogon.  Buc iffl 
‘che odtogon be fill [ες chan che figure Αι. 
“fudivide its archs, and you will have a polysom| 
‘of fixteen fides, afterwards of thirty two, andi), 
“chen of fixty four. I fay,at length you will haves) 
‘a polygon greacer than the figure A, 1.¢. a po-| 
“lycon whofe difference from the circle is lefss| 
‘chan that of the figure A, thacis, lefs chan thee] 
“figure G, - * Demonfiration. | 

“Theinfcrib'd fquareis more than half of che 
écircle, being half of che fquare defcrib’d about} 
‘the circle ; and in defcribing che o&ogon you) 
‘cake more chan half of che Remainder, ἐκδ, ofil 
‘the four feemencs CHD, DIE,EKF,and CLF.) 
‘For the triangle CHD is che half of the rect--| 
‘angle CO, [by the 34.1.] therefore it is mores 
‘chan halfof the fegment CHD; and the famee}| 
“may be faid of all che other arches. In {κει 
manner, in defcribing the polygon of fixteem)} 
fides, you take more chan half of what was ΙΕ]! 
‘of the circle ; and foinall theothers. There--|j > 
‘fore you will leave at laft a lefs quantity tham|) | 
‘G. For cis evident, char two unequal quanti—|) | 

tie ts} 
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“cies being propos’d, if you cake away more 
“chan half of che greater, and afterwards more 
“chan half of what remains, and again more chan 
“half of whac is (till Jefe behind ; ac length that 
‘which remains will be lefs chan che fecond 
‘quantity. Suppole the fecond quantity to be 
écontain°d in the firlt an-hundred times: us 
“evident that dividing the firft inco an hundred 
‘parts, in fuch fore, that che firft part may have 
‘a orearer proportion to the fecond chan two to 
‘ones. the lat will be lefs than the hundredth 
‘pare: fo that at laft you will obtain a polygon, 
‘which will be lefs exceeded by the circle,than 
“the circle exceeds the figure A; that is to fay, 
“chat what will remain of the circle, when the 
‘polygon is caken away, Will be lefs than G. 
‘Therefore che polygon will be grearer chan che 
‘figure A. | PT 


PROPOSITION IT. 


A THEOREM. 
Gircles ave in the faméproportion as the [quares 
of their diameters. 


Prove,thac 

) n = che circles 

= ) Sa, A and B are 
\ 27° À 3 ie 

eae, in the fame 

proportion,as 


the 
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the fquares of CD and EF. Suppofe the figure 


_ G to have the fame proportion co che circle B, 


as the fquare of CD τό the fquare of EF: if che 
figure G be lefs chan the circle A, (by the pre- 
ceding Lenma,\ a regular polygon may be in- | 
fcrib’d in the circle Α greacer chan G. Leta fi- 
mular reoular polygon be alfo infcrib'd in the 
circle B. baa 

-Demonftration. 

The polygon of the circle A will have the 
fame proportion to the polygon of B, : as che 
fquare of CD to the fquare of EF, 1. ¢.the fame 
as Gto che circle B: but the quantity G 1s 
lefs chan the polyson infcrib’d in A: accord- 
ingly therefore [1 the 14. 5.1 che circle B mutt 
be lefs chan che polygon inferib’d init, which 1s 
manifeftly falfe, Ic müftcherefore be granted 
that che figure G, being léfschan the circle A, 
cannot havethe fame proportion to the circle 
B, as the {quate of CD cothe fquare of EF ; and 
confequently, that the circle A cannot have a 
greater proportion to the circle B, chan the 
fquare of CD ro'the fquare of EF: Nor'can it be: 
faid to have a lefs ; for then che circle B would 
have a greater proportion to che circle A, and 
the fame demonftration would be applicable to 
rt.) 

Coroll,1. Circles are in the duplicate pro- 
portion of chat of their diameters; becaufe the 
fquares being fimilar figures, are inthe dupli- 
care 
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proportion of char of rheir fides, [6 the 


Cat: 


0.6.1 
Coe 2. Circles are in the fame proportion 


as che fimilar polygons, chat are infcrib’d in 
them 


Cac 3- This oughe.to be well obferv'd as 
a general rule : When familar figures, being in- 
fcrib'd in others, fo chat chey may approach { fill 
nearer and nearer to them, and at laft degene- 
rate into the figures chemfelves, are in the fame 
proportion ; the figures: chat conta them are 
alfo in the fame proportion. hat 1 would 
fay isthis; That fimilar ia HU in- 
Scribd in divers circles, are “always i inthe fame 
proportion as che fquares of the diameters ; and 
being made of more ides, fo 48 το approach ftill 
nearer and nearer to the circles, they fill recain 
the fame proportion ; and the circles them- 
felves are in the fame proportion as the fquares 
of their diameters, Tnis manner of meafuring 
round bodies, by infcribing in chem others, is 
of vreatufe, 
The HSE. 

“This being avery general Propofition, en- 
‘ables us to. argue about circles in the fame man- 
‘ne ras we.do of fquares. For example, we fay 
‘lin the 47. 1.] Thatin a rectangle triangle the 
‘fquare of the bafe alone is equal to the fquares 
‘of boch the fides raken together. We may fay 
“the fame of circles, à, e, “That the circle, de. 


fcrib’d 


355 


856 The Elements of Euclid. 


“ferib’d upon the bafe of a rectangle triangle, is 
“equal co the circles, whofe diameters are the 
‘ädes. And inthe fame manner may We aug- 
‘menc or diminifh circles, according to what 
‘proportion we pleafe. We prove alio by it in 
*Opticks, chat the light decreafes in the dupli- 
“cate proportion of that of the diftances of the 
‘lucid bodies. | 


\ 


PROPOSITION Ill, 


A THEOREM. 

Every Pyramid, whofe bale ts triangular, may be 
divided into two equal prifms, which make up 
more than half of the pyramid ; and into two 
equal pyramids. | 


N the pyramid ABCD 
may be found tWo equal 
prifms, EBFI, and EHKC, 
which will be greater than 
half che pyramid. Divide the 
fix fides of the pyramid e- 
qually ac the points ΕΕ» 
| HK, and draw che lines EG, 
GE, FE, El, HI, FH, IK, and ΕΚ. 
| D'emonfiration, 
In the triangle ABD, AG has the fame pro- 


portion to GB as AF to FD, becaufe AB μέ 
| A 
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AD are equally.divided in G, and F s there- 
fore | by the 2.6.| GF and BD are parallels; and 
GE will bé the half of BD, +. ¢.: equal to BH. 
In like manner, GE and BI, FE and HI, will 
be parallels, and equal τ and [07 the 15.11.) the 
planes GFE and BHI will be parallel, and con- 
fequently EBFI will be a prifm. The fme 
may be {aid of the figure HEKF, which will be 
alfo.a prifm equal to the other, [by the4o.x ε.] 
the parallelogram bafe HIKD being double the 
triangular BHI, [by the 41.1.] : 

Secondly, I fay, che pyramids AEFG, and 
ECKI, are fimilar and equal, 

Demonftration, 

The triangles AFG and FDH are equal, [67 
the 8.1} as alle FDH and ΕΙΚ $ and likewife 
AGE, and FIC, and fo ofall che other crian- 
eles of the pyramids: therefore the pyramids 
are equal, (67 defn.vo:11.) They are alfo fimi- 
lar to the great pyramid ABDC: for the cri- 
angles AGE and ECTI are fimilat, (67 the 2.6.) 
che lines GE and BC. being parallels ; and the 
like may be demonftrared of all che other eri- 
aneles of che leffer pyramids. 

Laftly, 1 fay che prifms are more than half of 
the firft pyramid. For if each was equal to one 
of the lefler Byramids, both would be equal to 
the half of che greater pyramid. Buc chey are 
each of them grearer than one of thofe pyra- 
mids; asthe prifm GHE contains the pyramid 
Zz GBH! 
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G3HI, and fomewhat more ; and thac pyramid 
is equal-and fimilar to «he others, -having all 
their triangles equal and fimilar co thefe of the 
pyramid! AGFE, as may be eafily prov’d by the 
parallelifm of their fides : from whence I infer, 
chat che two prifms taken together are greater 
than the two pyramids, and confequently 
oreater chan halfofthe great pyramid, 


= ee 


PROPOSITION IV. 


A THEOREM, 


If two triangular pyramids of the fame hight be 
divided into two prifms and two pyramids, and 
the latter pyramids fubdivided after the fame 
manner’; all the prifms of one pyramid will have 
the fame proportion to all thofe of the other, as 
the bafe of one pyramid to the bafe of the other. 


F the two pyra- 
mids ABCD, 
DEFG, of the fame 
hight; and. baving 
triangular bafes, be 
divided into two 
prifms and two py- 
ramids, according tothe method laid down in 
che chird propofition ; and the two leffer pyra- 
mids be fubdivided after the fame manner, amd 


- 
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foinorder, that, having made as many divifions 

of one as of the orher , you have the fame 

number of prifms inboth; I fay, that all the 

prifms of one will have the fame proportion to 

all che prifms of the other, as their bifes. 
Demouftration. 

The pyramids being of the fame hight, the 
prifms, produc‘d by che firft division, will have 
alfo the fame hight, becaufe chey have each the 
half of chat of their pyramids. But prifms of 
che fame hight are in the fame proporrion as 
their bafes, (by the coroll. of the 39.11.) The 
bafes BTV and EPX are fimilar roche bafes 
BDC and EGF ;. and having for their fides the 
half of chofe oreac bafes, chey can make but the 
fourth part of them, butthey are in the fame 
proportion as the great bafes are; therefore rhe 
ficft prifms will have the fame propo:tion as the 
creat bafes. After the fame manner I may prove 
that che prifms produc’d by the fecond divifion, 
i¢,0f thelefler pyramids, will be inthe fame 
proportion as the bafes of thofe leffer pyramids, 


| which are in che fame proportion as the erect 


bafes. Therefore all che prifms of one have the 
fame proportion to all the prifms of the other, 
as the bafe το the bafe. 

The “SE, 

‘“Thefe two propofitions are neceflary to 
“compare pyramids together, and το take cheir 
**dimenfions. 

PROP. 
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PROPOSITION V. 


eS 


A THEOREM. 


Triangular pyramids of the fame bight are in the 
fame proportion as their bafes. © 


A, δν E i He pyramids ABCD 
des and EFGH are in che 

fame proportion as their ba- 

D fes. For if they were not, 

Ῥ LE Ἡ one of them, e. g. ABCD, 
# would have a greater pro- 


portion tothe pyramid EFGH, chan the bafe 
“BCD to the bafe FGH ; fo that a quantity lefs 
than ABCD would have the fame proportion to 
the pyramid EFGH, as the bafe BCD to the 
bafe FGH. Divide the pyramid ABCD after 
the manner of the third propofition ; divide 
alfo the pyramids, chat refule from chat firft di- 
vifion, into two prifins and two pyramids, and 
thofe again into two other prifms, continuing 
the divifion as long as there fhall be occafion. 
Since the prifms of the firft divifion are more 
than the half of the pyramid ABCD, (by the 3.) 
and the prifms of the fecond divifion more than 
half the remainder, 7. ¢. of che two lefler pyra- 
mids, and thofe of the third divifion fill more 
chan the half of what 15 left ; it isevident, chat 

7 fo 
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fo many divifions may be made, that thar which 
remains {hall be lefs than the excefs of rhe py- 
ramid ABCD above the quantiry L, that is, 
chat all the prifms caken together fhall be 
oreater than the quanticy L. Make as many 
divifions of the pyramid EFGH, fo chat you 
may have:as many prifms ας chere are in AB 
CD. Demonftration. 
The prifms of At CD have the fame propor- 
tion to the prifms of EFGH, as the bafe BCD 
| tothe bafe FGH: bur che proportion of the 
7 bafe BCD coche bafe FGH is che fame with 
| that of the quanticy L ro the pyramid EFGH : 
therefore the prifms cf ABCD have che fame 
proportion to the prifms of EFGH, as che 
| quanticy L to the pyramid EFGH. Bur alfo the 
prifms of ABCD are greater than the quantity 
L: therefore (by the 14. 5.) the prifms con- 
tain'd in the pyramid EFGH would be greater 
thanthe fame pyramid EFGH, which 15 evi- 
dently falfe, becaufe che part cannot be greater 
than che whole. T'herefore ic muft be granted, 
chat no quantity [είς than one of the jyramids 
can have the fame proportion to the’ other as 
the bafe to the bafe, and confequently neither 
of che pyramids can have a greareég proportion 
to the other chan the bafe to the bafe. 
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PROPOSITION VI. 


A THEOREM 
AD forts of pyramids, of the (ame hight, have the 


fame proportion as their bafes. 


HE pyramids ABC 
and DEFG, of the 
fame hight, are in the 
{ame proportion as the 
| ‘|S bafes BC and EFG, Di. 
vide the bafes into triangles, 
Demonftr ation, 

The triangular pyramids AB and DE, being 
of the fame hight, are in the fame proportion as 
their bafes, (by the 5.) So alfo the triangular 
pyramids AC and DF arein the fame proportion 
as their bafes. Therefore the pyramid ABC 
has che fame proportion to the pyramid DEF, 
as the bafe BC to the bafe EF, (by the 12.5.) 
Further, fince the pyramid DEF has the, fame 
proportion to che pyramid ABC, as the bafe EF 
tothe bafe BC ; and again, che pyramid DG has 
the fame proportion to the pyramid ABC, as 
the bafe G το the bafe BC; the pyramid 
DEFG will alfo have the {ame proportion to 
the pyramid ABC, as the bafe EFG to the 
bafe BGs | PROP. 
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PROPOSITION VII. 


A THEOREM. 


Every pyramid is the third part of 4 prifm , being 
upon the (ame bale, and of the fame hight. 


D À Sy ου fir che trianen= 

| lar prifm AB be pro. 
pos'd: I fay, a pyramid, 
Ὃν having one of the triangles 
Bs E- ACE orBDF for its bafe, 
and being of the fame hight,» as the pyramid 


ACEF, will be che third parc of che prifm, ' 


Draw the three diagonals ‘AF, DC, FC, of the 
three patailelocrams, 
D emonftration, 

The prifm is divided into three equal pyra= 
mids, ACFE, ACFD, and CFBD ; therefore 
each will be the chird part of the prifm. “The 
two firft, having for théir bafes the atiangles 
AEP and AFD, which (oy the 34+1.) are equal, 
and for their hight the Perpendicular drawn 
from the top Cito the plane of their bafes AF, 
will be equal, (by the precedirg,) The pyra- 
mids ACFD, and «ΕΡΕ, which for their bates 
have che equal triancles ADC and DCB, and 
the fame top F, will be alfo equal, (by the pre- 
of thofe pyramids, e.g, 
AFCE, 


£ le \ Ther r 
CEAIRT, j tHe reérore one 
D + 
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AFCE, having the fame bafe BDF with the 
prifm, and the fame hight, which is the perpen- 
dicular drawn from the point F to the plane of 
ha bale ACE, is the third part of the fame 
prifm. If the prifin be a polygon, it muft be 
divided into divers triangulat prifms ; and thé 
prin, which has rhe fame bafe, andthe fame 
hight, will be allo divided into as many crian- 
gular pyramids 5 each of Which. will be the 
chird part ofits prifm. “Therefore (by the 12. 
sx) che polygon pyramid will be che third part 
of the polygon prifm. 


eS 


PROPOSITION VII, 


A TRreorEm. 
Similar pyramids are in the triplicate proportion 


of that of their homologous fides: 


TF the pyramids be triangular, compleat the 
prifms, which will be alfo fimilar, becaufe 
they will have certain planes the fame with 
thofe ofthe pyramids. Buc the fimilar prifins 
are inthe triplicate proportion of their homo- 
logous fides, |by Coroll.4.of the 39.11. | cherefore 
the pyramids, which [by the preceding| are the 
third parts of the prifms, will bein che cripli- 
cate proportion of that their homologous fides. 
If che pyramids be polygons, they mutt be re- 

duc’ to triangular pyramids, 
PROP. 
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PROPOSITION IX, 


A THEOREM. 


Equal pyramids have the hights and bales recipro 
cal, and thofe that have their hights and bafes 
reciprocal, are equal, 


F ewo equal triangular pyramids be propos’d, 

make prifms upon che fame bafe, and of che 
fame hight. Since every prifm ts triple his py- 
ramid, (by the-7.) they will alfo be equal. Bur 
equal prifms have their bafes and hichts reci. 
procal, (by coro. 4.0f the 39.11.) therefore che 
bafes and hights of the pyramids, which are 
the fame with thofe of the prifms, will be alfo 
reciprocal 
Secondly, if the bafes and hights of the py- 
ramids be reciprocal, the prifms will be equal, 
as alfo che pyramids, which are che third parts 
of che prifms. 

If che pyramids propos’d be polyzons, chey 
muft be reduc’d to triangular pyramids, 

Coroll, Ocher propofitions may be made cone 
cerning pyramids: as for example; That py, 
ramids of the fame hight, are in the fame pro. 
portion as their bafes ; and thofe thac have the 
fame bafes, are in che fame proportion ‘as their 
hights. 

Aaa The 
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The HSE, 
‘From thefe propofitions is drawn the mans 
‘ner of meafurine pyramids,. whichis, by mul- 
“ciplying their bafes by chechird: part of their 
‘hights. Orher propofitions ‘may alfo be made, 
‘as, That 1£a prifm. be equal ro a pyramid, the 
‘bafes and the hight of che prifm, wich the thitd 
‘part of the hight of the pyramid, will be reci- 
“procal ; which tsas much as cofay, that if the 
‘bafe of the pyramid has the fame proportion t6 
‘the bafe of the prifm, as:the hight of the'prifm 
‘co the third pare of the hight.of the pyramid, 
“the prifm and the pyramid. will be.equal, (i: 


are: 


A LEMMA, 


If a quantity le[s than a Cylinder be propos’ d, a 
polygon prifns; may be inferib’d in the Cylinder 
greater than that quantity. 


Τε che quantity 

A be lefs than 
“the cylinder , 

. ‘whofe bafe . is 
‘the circle By -a 
polygon prifm 
may be. in- 
fcrib’d in the 
‘cylinder greater chan che quanticy Α. Της 
fquare 


ς 
€ 
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“fquare CDEF infcrib’d in, and ΤΚ citcum- 
“ferib’d about, the circle. CLDMENFO is an 
‘oStogon infcrib‘d. Draw the rangenc PLQ: and 
“fuppofe you had fo many prifms 4$ there are 
"polygon bafes, and all of the fame hight wich 
“the cylinder. Thac which has the circumferib’d 
“fquare for its bafe, wifl encompafs che cylin- 
“der; and chat whofe bafeis the infcrib’d fquare, 
“will be alfoinfcrib’d in the ‘cylinder. 
Demonfir. Prifms of the fame’ hight are in 
‘the {ame proportion as their bafes, (by coroll. 3. 
“of the 19.11.) and the infcrib’d fquare being 
‘che half of thac which is circumferib’d, its 
‘prifm will be che half of the ocher, : and there- 
“fore more than che half of the cylinder. . And 
* making the prifm with the cétogon bafe, you 
‘cake away morethan halfof what remain’d of 
‘the cylinder, after the prifm of the infcrib’d 
*{quare was taken from it, becaufe the trian- 
‘ole CLD is the half of the reétanole CQ. And 
“becaufe prifms of the fame hight are in the 
“fame proportion as their bafes,rhe prifm,whofe 
“bafe is the triangle CLD, will be che half of 
‘che prifm, which forits bafe has che retanele 
“ΡΟΡΟ: it will therefore be more than the 
Shalfof that parc of the cylinder, whofe bafe is 
“che fegment DLC. The fame may be faid of 
‘all che other feoments. After che fame manner 
“I may demonfirate, thac making a polygon 
“prifm of fixteen fides, I take away more rept 
alg 
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half of what remains of the cylinder, ‘after che 
“oétoson prifm is taken from it: fo that chere 
will remain ac lafta pare of the cylinder, lefs 
‘chan che οχι εἰς of the cylinder above the quan- 
‘tity A. We fhall have therefore a prifm in- 
<ferib’d in the cylinder, which fhall be ‘lefs ex- 
cceeded hy the cylinder chan the quantity A, 
«26, which fhall be greater chan che quantity A. 
«The fame way of arguing will hold of the py- 
eramids tnfcrib’d in a cone. 


PROPOSITION x. 
A TREOREM. 


A Cone is the third part of a cylinder y having the 
fame bafe, and being of the fame hight. | 


Sy TF 4 cone and a cylinder have 
* QE: | the circle A for their bafe, 
XD and be of che fame highr, rhe 
cylinder will be criple che 
cone. For if the proportion of 
E che cylinder co the cone was 

greater than the criple propor- 
tion, che quanuity B lefs chan che cylinder 
would have che fame proportion to the cone as 
three to one: and (dy the preceding Lemma) a 
polygon prifm may be infcrib’d in che cylinder 
e reater than the quantity B. Suppofe chat which 
has for its bafe the polygon CDEFGH to be 
fuch an one. Make alfo upon the fame bafe a 
pyramid infcrib’d in the cone. Dew 


L 


A ο μια μα ας NAT η 


The Twelfth Book, 


Demonfir. The cylinder, the cone,the prifm, 

t and the pyramid, are of the fame hight ; there- 

U{ fore the prifmis che triple of the pyramid, (by 

Ι the 7.) But the quantity B is alfo che criple of 

the cone ; therefore the prifm has che fame pro- 

portion το the pyramid,as che quantity B το the 

cone: and (47 the 14.5.) the prifm being 

greater chon the quantity B, che pyramid 

] would be greater than che cone, in which ic is 
infcrib’d, which is impoffible. 

But if it be faid, that che cone has a oreater 
proportion tothe cylinder than one to three, 
the fame method may be made ufe of to demon- 
{trace the contrary. 


PROPOSITION XL 
A THEOREM. 


Cylinders and cones of the fame bight are inthe 
fame proportion as their bafes, 


ιν, ΕΤ evo 
7 
‘ dr À “ones 
à on ? : ‘ 
KE Α S KK B N ;- }.) OF CWO Cy- 


| \ J) | AR 
\ | L |: linders, of 
KY NZ, a? the fame 
hight , be 


propos’ d, having for their bafes che circles À 
and B; I fay, they are in the fame proportion 
astheir bafes. For if nor, one of them, ¢.g.the 
cylinder A would , have a greater proportion x 
the 
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the cylinderB, than the bafe A has co the bafe 
B ; fuppofe chen char che quantiry Ly lefs than 
the cylinder A, has the fame proportion to the 
cylinder B, as the bafe A co che bafe B. There: 
fore à polygon prifm may be infcrib’d in the 
cylinder A, which fhall be greater than ché 
quantity L. Suppofe it chat therefore, whofe 
bafe is the polygon CDEF ; and infcribe a fi- 
mular polygon GHIK in the bafe B, which is alfo 
the bafe of a cylinder of the fame hight. 

Demonftr, The prifms of A and B are in the 
{ame proportion as their polygon bafes, (by co: 
roll, 4. of the 39.11.) and the polygons are in 
the fame proportion.as che circles, (by coroil, 2. 
ef the 2.) thereforethe prifm A has the fame 
proportion to the prifm B, as che circle Α ιο 
the circle B, Butasthe circle A to the circle 
B, {ο is che quantity L coche cylinder B: there- 
foreas the prifm A tothe prifm B, f{o.is the 
quantity L tothe cylinder B. But che prifm A 
is greater than the quantity L, and confequent- 
ly [49 the 14.5.] che prifm B, infcrib’d in che 
cylinder B, would be greater than ics cylinder, 
Which 15 impoffible. Therefore neither of the 
cylinders has a greater proportion to the other, 
than its bafe co che orher’s bafe. 

Coroll. Cylinders are triple the cones, of the 
fame hight, therefore cones of che fame 
hight are in che fame proportion as their bafes. 

| PROP, 
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PROPOSITION XIL 
A THEORE M. 


Cylinders and cones, that are fimilar, are in the 


triplicate proportion of thdt of the diamerers of 


their bafes, 
eee ae [ ET tm 
Boe ie αν”. L 
IX \ KE CS cones’ or 
. | B ; tWo :cylinders s 


| 
| 
G | 
ον | a | / > thatvare fimilar, 
BN RU e |; be propos d ; 
| “ having the cits 

cles A and B for their bafes “1 fay, chac the 
proportion of the cylinder A:tothe cylinder B 
is thé triplicate, proportion of chat of the dia. 
meter DC to the diameter EF, : For if it be noe 
the triplicate proportions ler the quantity G, 
Iefs chan the cylinder A, be; tothe cylinder B, 
in the cripliéate propértion of thar of che dia- 
meter DC tothe diameter EF # and infcribe 2 
prifm in the cylinder A greater than G, and an- 
other fimilar to-ic in the cylinder B : they will 
be of thé fame hight wirh the cylinder, becaufe 
fimilar cylinders have their hights and che di- 
ametersof their bafes pfoportional, as well as 
prifms, (by defin,22.1 1.) 

Demorfie.: The diameter DC has the fame 
Propottion: ito’ the diamerer BR’ 4s the fide DI 
to the fidé EL,’ or as DC to EF} ΑΓ bave bewe 


e 
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inthe frst. Buc fimilar prifms are in che tri. 
plicace proportion of that of their homologous 
fides, (by coroll. 4. of 39.11.) therefore the prifm 
Aco the prifm B is in che triplicate proportion 
of that of DG to EF. Buc we fuppos'd chat the 
quantity G in refpea of rhe cylinder B was in 
che triplicate proportion of thac of DC to EF ; 
therefore the prifm À will have che fame pro- 
portion to the prifm B as che quantity G coche 
cylinder Bs and (bythe 14. 5.) the prifm A be- 


ing greater than the quantity G , the prifm B, 
infcrib’d in che cylinder B, will be greater chan 
che cylinder B, which is impoffible. ‘There. 
fore fimilar cylinders are in the triplicate pro- 
portion of that of the diameters of their bafes. 

Cones are che third parts of Cylinders, [by the 
1ο.) therefore fimilar cones are in the criplicate — 
proportion of that of che diameters of theirbafes. 


PROPOSITION XIIL 
A T'HEORE M. 


If a cylinder be cut by aplane, that is parallel te 
to itsbafe, the parts of sts axis will be in the fame 
proportion as the parts of the cylinder. 


Ve ET the cylinder AB be cut by 
; 


the olane DC parallel το ics 
 bafe: I fay, che cylinder AF will 


LI) have the {ame proportion to che οὗ” 
és S Jinder FB; as the line AF to the 
line 
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line FB, Draw the line BG perpendicular το 
the plane of the bafe A. Draw alfo upon che 
planes of the circles DC and A the lines FE 
and AG, Demonftr ation. 

The plane of the triangle BAG cuts the pa- 
rallel planes A and DC ; therefore the fections 
FE and AG are parallel, (by the 16.11.) So that 
AF hasthe fame proportion to FB, as the hight 
GEto EB. Take any aliquot part of EB; and 
having divided GE and EB into parts equal to 
ic, draw fomany planes parallel ro the bafe A ; 
then will you have fo many cylinders of the fame 
hight ; which, having their bafes and hights 
equal, will be equal, (2 the 11.) : 

Further, the lines AF and FB will be divided 
after the fame manner as EG and EB, {by the 
741.1 fo chac the line AF will as oft contain 
any aliquot part of the line FB, as the cylinder 
AF contains the like aliquot part of the cylin- 
der FB; therefore the parts of che cylinder 
will be in che fame proportion as the parts of 
their axis. 

Coroll, The parts of the perpendicular are in 
the fame proportion as the parts of the cylinder. 


Bbb ο PROP. 
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PROPOSITION XIV. 


A THEOREM. 
Cylinders and tones, having the fame bafes, are in 
the fame proportion ds their hights. 

D CT WO cylinders of equal 
Ῥ bafes being Ῥιοροδ, as 
Aw and CD, cuc in che greater 
a cylinder of the fame highe with 
the lefs, drawing a plane EF pa- 
rallel co ics bafe. Tis evident [by the 11.1 chat 
the cylinders CF and AB are equal; and chat 
ΟΕ has che fame proportion to CD, as GI to 
GH , or | ὄ} the coroll, of the preceding] as che 
hight of CF to the hight of CD ; therefore AB 
has che fame proportion to CD, as the hight of 

CFor AB to the hight of GD, 
Cones, being the third parts of cylinders, if 
their bafes be equal, will be alfo in the fame 

proporcion as their hights. 


PROPOSITION Xv. 
A THEOREM. | 

Cylinders and cones that are equal, have their ba- 
fes and bights reciprocal : and thofe, thar have 

their bafes and hights reciprocal, are equal. 
E the cylinders AB and CD 
be equal, che bafe B will 
have the fame proportion to 
the bafe D, as che hight CD 
το 
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tothe hight AB. Take the hight DE equal to 
the hight AB. 


Demonfir. The cylinder AB has the fame pro- 
portion to che cylinder DE, of che fame high, 
as the bafe B το the bafe D, [by the 11.| Buras 
the cylinder ABisto che Cylinder DE, fois 
the cylider CD, equal το AB, to the cylinder 
DE ; 5e. fois the hight CD tothe hight AB 
or DE, Therefore as the bafe B το the bafe D, 
fois the hight CD to the hight AB. 

Secondly, if the bafe B has the fame proror- 
tion to the bafe D,as the hight CD to the hight 
AB, che cylinders AB and CD will be equal. 
For the cylinder AB is in the fame proportion 
to the the cylinder DE,as the bafe B to the bafe 
D: andthe cylinder CD will have the fame 
proportion to DE, as the hight CD το che high 
DE: therefore AB has the {ame proportion to 
DE, as CD to DE ν and [by the 9.5.| the cy- 
linders AB and CD will be equal. 

The 16. and 17. Propoficions are very dif. 
“‘ficulc, and of no other ufe but-co prove the 18. 
“which may moreeafily be done by che foliow- 
‘ing Lemma’s, 


LEMMA 1. 
If a quantity be propos’d lefs than a [phere, cylin- 
ders of the [ame hight may be isferib'd in the 
fame [phere greater than that quantity, 


qu? 
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SEE A 
ἔ BC tobe 
‘a great femi- 

‘circle of the 

‘fohere,where- 

fof we treat ο 

‘and the quantity D to be the quantity lefs 
“chan chat {phere : I fay, feveral cylinders of 
‘the fame highe may be infcrib’d in the fphere, 
‘which taken together will be greater than the 
‘quantity D. For if che femi-fphere exceed the 
‘quantity D, ic will exceed ic by fome magni- 
‘rude ;_ ler it then be che cylinder MP, fo that 
‘che quantities D and MP taken together may 
‘be equal το the femi-fphere. Make a great cir- 
“cle of the fphete τὸ have the fame proportion 
“co the bafe MO, as the hight MN το the hight 
«ΠΚ, Then divide rhe line EB into as many €- 
‘qual parts as you pleafe,’ each ‘being lefs chan 
‘R: and drawing parallels to the line AG, de- 
“fcribethe infcrib’d and ‘cireumfcrib’d paralle- 
“lograms. The number of the circumfcrib’d 
«will exceed that of che infcrib’d by one. But all 
‘the retangles circumfcrib'd will furpafs all che 
‘infcrib’d by the little reétangles through 
“which the circumference of the circle pañles ; 
‘all which taken together are equal to the rect» 
‘anole AL. I imagine then the femicircle to 
“be turn’d about upon the diamerer EB; the fe- 
‘micirché will by char motion defcribe a femi- 
. “Sphere; © 
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“fphere,. and che rectangles infenib'd fo many 
“cylinders infcrib’d in the femifphere ; and the 
‘circumfcrib’d, othér cylinders circumfcrib'd, 
Demenftr. The circumfcrib’d cylinders furs 
“nafs rhe infcrib’d' more ‘than the femi-fphere 
“furpaffes the fame infcrib’d cylinders; it being 
“conrain’d Within the circumfcrib’d cylinders. 
| ‘Bur che circumferib’d furpafs che inferib’d by 
i ‘the cylinder AL: therefore the femifphere 
‘will furpafs chofe infcrib’d cylinders. by {είς 
‘chanthe cylinder defcrib'd by the rectangle 
“AI, But the cylinder AL islefsthan the cy- 
| “inderMP+ for there is the fame proportion 
1 | ‘ofa great circle of the, fphere,.: which,,is che 
ke ‘bafe of the cylinder ΑΙ, {ο MO,, as-of MN to 
i ‘R ; therefore. (by thenpreseding ) a cylinder, 
‘which fhould have a great-circle of the {phere 
«| forirs bafe, and che hight R, would be equal 
“| tothecylinder MP: but the cylinder AL, tho 
» |: Sthave the fame bafe, yerits bight CL 1s lefs 
‘chan R : therefore che cylinder AL. is lefs chan 
‘che cylinder: MP.- -Confequently. the femi- 
“phere, that exceeds the quantity D by the cy- 
“linder MP, and: the infcrib’d cylinders by a 
quantity lefs than"AL ; exceeds che inicribd 
‘cylinders by lefs, chanic exceeds the quantity 
D ; therefore the quantity D is lefs than the 
‘cylinders infcrib'd in che femifphere. 
“That which I have faid of the femi-fphere, 1s 
‘applicable to an entire fphere. 
LE M- 
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LEMMA II. | 
Similar cylinders, inferib’d in two fpheres, are in 
the triplicate proportion of the diameters of the 
Spheres. 


F τνο fi- 
milar cys 

F inders CD 
‘and EF be 
‘infcrib’d in 
‘the fpheres 
‘A and B, 


“snd IF. S Demonftration. 

“The tight cylinders’ CD and EF are fimi- 
Jar; cherefore HD hag the fame proportion τὸ 
«ΡΕ as Q.F to FS,as alfo KD has che fame pro- 
“portion to DS as PF co ΕΙ. Confequently che 
“criangles GDK and IFP are fimilar, (by the 6, 
“6.) therefore KD has the fame proportion to 
‘to PF as GD to /F, or LM to ON. But the 
“fmilar cylinders CD and EF are in che cripli- 
“cate proportion of KD and PF, the femidiame- 
“cers of their bafes, (by the 12.) therefore che 
“fimilar cylinders CD and EF, infcrib’din che 
‘fpheres A and B, are in the triplicace propor- 
ion of the diameters of the fpheres. 


PROP, 
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PROPOSITION X VIIL 


A THtorem. 
Spheres are inthe triplicate Proportion of their dia 
meters, 

HE fpheres A and B are in the triplicate 
proportion of that of cheir diameters CD 

and EF, For if nor, one of the ipheres, fuppofe 
A, Will be in a greater Proportion to B, chan 
the triplicate of chat of the dismerers CD and 
EF; therefore che quantity G, lefs than the 
{phere A, will bein che triplicate proportion 
of that of CD to EF, to the fphere B; and then 
fome cylinders may (according to the Lem.t) be 
inferib’d in the {phere A, greater than the quan- 
tity G. Infcribe an equal number of cylinders 
in the {phere B, Gimiler co chofe in the {phere A, 


Demonffr, ‘The cylinders of the {phere A to 
chofe of the {phere B are in che triplicate pro- 
portion of that of CD to Ef, but che quan city 
G to the (phere Bis alfo in the triplicate pro- 
portion of chat of CD to EF: therefore the cy- 
linders of the {phere A have the {ame propor- 
tion co the familar cylinders of the (phere B, as 


? 
the 
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che quantity G ro che fphere#. “Confequently 
the cylinders of A being gfeater than the quan- 
cicy G, the cylinders of B, + ε. infcrib’d tn che 
fphere B;. will be gfeater chan che fehere B, 
which is impofhblé Therefore the fpheres A 
and Bare in the criplicate proportion of that of 
their diametets. , | 

Coroll, Spheres are in the fameproportion as 
the cubes of thejr diameters ; becaufe. cubes, 
being fitnilar folids, are in che criplicate pro- 
portion of heir fides, [by the 33.119] 


The END. 


ERRATA. 


Pic, χ. line τα. read Propoftions. Pag. ro. 1. 8. 
add Aa, p. 24.1. υἱε. ἀεὶα δὲ. Prop. 22, 1 Sch, the letters 
A and B are Tranfpoled. p.64 Sch.2 add F to line EB pro” 
duced belowCD. p. 7851. 15+ re 70% |. 23. ©. bythe 37. 
pag. 99. i penuic. dele of, pe 101.2. for EC read FB. pag. 
rg¥.1.6.for4Et. 41. ps 167. |.3 , for EF ¢, DF.p.180.l.10- 
for EH+. FH. p.199.\.20- del. of Ρ. 299. 1.9. for had read 
have Ρ.ζόο. 1 τὸ. for ACY. EC, | 17. for AB x. DB. Pe 263ν 

fch, transfer À to che other fide of the {cheme. 
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